LECTURE NOTES ON TOPOI AND CONDENSED MATH

JOHANNES ANSCHUTZ

ABSTRACT. These notes are prepared for the M2 course “Topoi and condensed math” given at
Paris-Saclay in 2024-2025.
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1. PREREQUISITES AND USEFUL REFERENCES

Prerequisites for the course are:
(1) algebra (rings/groups/modules/...)
(2) topology (compact Hausdorff spaces/...)
(3) category theory (category/functor/natural transformation/(co)limits/...)
(4) later: homological algebra (complexes/injectives/projectives/derived functor/...)

Knowledge of sheaves and sheaf cohomology will be helpful, scheme theory will only show up in
some examples.

Useful references for this course are [Sch|,[Sch19], [CS23], [RC24], [Ked24] (for condensed math-
ematics), and [AGV72], [Ans23| (for topoi). Another valuable reference is provided by [LS].

2. INTRODUCTION

This class has the following two aims:
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(1) Give an introduction to condensed mathematics, and in particular, how to replace (prop-
erties of ) topological spaces by (properties of) condensed sets,

(2) Explain the formal aspects of condensed mathematics in their natural framework, that is,
topos theory.

According to [Schl Introduction] the basic question adressed by condensed mathematics is the
following:

How to do algebra when rings/modules/groups carry a topology?

In fact, algebraic structures like rings/groups/modules differ in an important aspect from topo-
logical spaces: given a homomorphism f: Y — X of rings/groups/modules, which is bijective, then
the inverse f~! is again a homomorphism of rings/groups/modules. The analog is not true for
topological spaces, i.e., a continuous bijection f: Y — X of topological spaces is not necessarily a
homeomorphism as the inverse f~! is not necessarily continuous.

In a similar vein, a continuous bijection of topological rings/groups/modules need not be an
isomorphism of topological rings/groups/modules. For example, this is the case for the identity
map

(1) a: RYC = (R, discrete topology ) — R = (R, natural topology).
This descrepancy leads to heavy foundational problems when doing homological algebra with topo-
logical modules/abelian groups/... . Namely, consider an exact sequence
ML NSQ
of continuous group homomorphisms of topological abelian groups, i.e., H := Ker(g) = Im(f).

Then the abelian group H can be given two in general different topologies:

(1) let H' be H equipped with the subspace topology for Ker(g) C N,
(2) let H” be H equipped with the quotient topology for the surjection M — H.

There exists then a natural continuous bijection H” — H’, which need not be an isomorphism,
e.g., if f=a from and g = 0.

The solution to this problem, which is offered by condensed mathematics, rests on the following
well-known fact.

Lemma 2.1. Let f: Y — X be a continuous surjection of compact Hausdorff spaces. Then f
is a topological quotient map. In particular, if f is bijective, then f~' is continuous and f a
homeomorphism.

Proof. 1t suffices to show that f(K) C X is closed for each closed subset K C Y. But K is
compact (being closed in Y'), and hence the image f(K) C X is compact. But a compact set in
the Hausdorff topological space X is closed. This implies that f(K) is closed as desired. O

In condensed mathematics we will now profit from this fact by considering the category of
condensed sets, which consists only of objects, which are “built out of compact Hausdorff spaces”
in a sense that we specify below. Up to some set-theoretic issues, the category of condensed sets
will be given by a topos, and thus be a category, which behaves very much like the category of sets.
Let us specify what we mean by this.

Definition 2.2. (1) IfCisa smalﬂ category, we define the category PSh(C) of presheaves on
C as the category of functors C°P — (Sets) (with morphisms given by natural transforma-
tions).

(2) A Grothendieck topology on a category C is a collection 7 of sets of morphisms {Y; — Y },;¢;
for each Y € C (called coverings in 7, or just coverings) such that the following properties
are satisfied:

(a) If Z — Y is an isomorphism, then {Z — Y'};_(,, is a covering.

(b) If {Y; — Y}ier is a covering and {Z; ; — Yi}jey, is a covering for each i € I, then
{Z;; = Y}ier jey, is a covering.

(c¢) If{Y; = Y}ier and Z — Y is a morphism, then the fiber product Y; xy Z exists for
any ¢ € I and {Y; Xy Z — Z};c5 is a covering, where Y; Xy Z — Z is the projection
for each 7 € I.

Iwe say that a category is small if the class of isomorphism classes of its objects is a set. This condition
guarantees that PSh(C) is a category as the collection of natural transformations between two functors is actually
a set.
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(3) A presheaf F € PSh(C) is called a sheaf for a Grothendieck topology 7 if for any covering
{fi: Yi = Y}ier in 7 the natural map

F(Y) = {(si)ier € H]—"(Yi) | pi;(si) = q;;(s;) for all i, j € I}, s+ f7(s)
iel
is bijective. Here, p;;: Y; Xy Y; — Y; and ¢;5: Y; Xy Y; — Y are the two projections. A
morphism of sheaves is a natural transformation of functors.
(4) A site is a pair of a small category C and a a Grothendieck topology 7 on C.
(5) A topos is a category, which is equivalent to the category Sh,(C) of sheaves on some site

c,).

For example if Z is a topological space, then its category of sheaves of sets is a topos. Let us
specify some of the good categorical properties of topoi, that we will prove during the course.

Theorem 2.3 (Theorem [3.11)). Let X be a topos.

(1) X has all colimits and all limits.
(2) F z’lterecﬂ colimits in X commute with finite limits.
(3) A morphism in X is an isomorphism if and only if it is a monomorphism and an epimor-
phism.
Moreover, in X colimits are universal and epimorphisms are effective (we refer to Theorem
for explanations of these terms).

Because of the similarity with the category of sets, one often transfers set-theoretic notions to
a topos: a morphism f: X — Y in a topos is
e injective if it is a monomorphism.
e surjective if it is an epimorphism.
In loose terms, a topos X = Sh(C) is “built out” of the objects in C under colimits. As said

before, condensed sets will be built out of compact Hausdorff spaces. In fact, we will even built
them from the very important class of profinite sets.

Definition 2.4. A profinite set is a compact Hausdorff space, which is totally disconnected, i.e.,
the only non-empty connected subsets are singletons.

We will study profinite sets in more detail. In particular, we will show the following theorem.

Theorem 2.5 (Theorem [3.35). (1) A topological space S is a profinite set if and only if S =
yLnieI S; is a cofiltered’| limit of finite sets S;.

(2) Each compact Hausdorff space admits a surjection from a profinite set.
(3) The full subcategory Prof C Top := {topological spaces} of profinite sets is stable under all
limits.
Profinite sets exist therefore in abundance, e.g., the Cantor set {0, 1} is profinite, or the p-adic
integers Z, = @neN Z/p™ for a prime p.
There are set-theoretic issues when working with the category of profinite sets due to the fact
that it is a proper class. For this reason we will cut them down in size. We fix an infinite cardinal
K, e.g., Kk = wi is the first uncountable ordinal.

Definition 2.6. A profinite set S is called k-light, or just a k-profinite set, if the set {U C
S | U open and closed} has cardinality < x. We let Prof, C Prof be the full subcategory of
k-profinite sets.

It follows from Theoremthat automatically |S| < 2%, so that Prof, is a small category. We
can now define x-condensed sets for an uncountabldd cardinal .

Definition 2.7. (1) Define a Grothendieck topology on Prof, by saying that a family {S; —
Stier is a covering if I is finite and [[;.; S; — S is surjective.
(2) A k-condensed set is a sheaf on Prof, for this Grothendieck topology.
(3) We let CondSet,, := Sh(Prof,) be the topos of k-condensed sets.

We can conclude that CondSet, has the excellent categorical properties mentioned in Theo-
rem [2.3] To lighten notation, we will later often omit the  if it is understood from the context.
The most important example of a condensed set is the following.

2We recall that a colimit is filtered if its indexing category [ is fitered, and this means that [ is non-empty, for
4,7 € I there exists k in I with morphisms i — k, j — k, and for two morphisms i = j there exists a morphism
7 — k such that the two compositions i = j — k agree.

3A cofiltered limit is a limit over a cofiltered category, and a category is cofiltered if its opposite is filtered.

Af ks countable, then Prof, is just the category of finite sets.
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Lemma 2.8. Let X be a topological space. Then the functor X : ProfiP — Sets, S — Homes(S, X)
s a k-condensed set.

Proof. Let {f;: S;i — S}tier be a covering in Prof,;. We need to see the map

®: X(S) = {(gi)ier € HK(Si) | giopij = gjoqy foralli,jel}, g—gof;
iel
is bijective, where p;;: S; xg S; — S, qij: S; xg S; — S; are the projections. Because the
morphisms f;: S; — S are jointly surjective, i.e., S = U;er fi(S;), the map @ is injective. Assume
that (g;)ier € [] Si is an element of the target. We define a map g € S — X as follows: if s € S,
i€l
choose some i € I, and ¢ € S; such that f;(t) = s. Now set g(s) := g;(t). We need to see that this
map is well-defined: take ¢’ € S; with f;(t') = s. Then (t,t') € S; x5 S; by the definition of the
fiber product, and
9i(t) = gi o pij(t,t') = gj 0 qi5(t, ') = g;(t')

as desired. Hence, g: S — X is a well-defined map, and g clearly satisfies that go f; = g; for i € I.
Now, [[ S; — S is a surjection of compact Hausdorff spaces (we use here that I is finite!), and

il
thus a quotient map by Lemma [2.I} Because each g; is continuous, we can therefore conclude that
g is continuous, i.e., g € X(95). |

We will prove the following properties of the functor (—) (among others).

Theorem 2.9 (Lemma [1.10] Lemma [£.24] Lemma [4.3] Lemma [£.18). (1) The functor (—): Top —
CondSet,, commutes with limits, and sends proper/open surjections of locally compact
Hausdorff spaces (satisfying a mild set-theoretic condition) to epimorphisms.

(2) The functor (=) admits a left adjoint CondSet,, — Top, X — X (%)op, and (—) is fully
faithful on k-compactly generated topological spaces. -
(3) The functor (—) induces an equivalence between compact Hausdorff spaces, admitting a

surjection by a k-profinite set, and quasi-compact, quasi-separated k-condensed sets.

Here, a topological space Z is k-compactly generated if a map f: Z — Y to a topological space
is continuous if and only if the composition S — Z — Y is continuous for any x-profinite set S. For
example, each first countable topological space Z, e.g., Z metrizable, is wi-compactly generated
because f is continuous if and only if it f maps convergent sequences to convergent sequences.
However, convergent sequences in Z are exactly maps from the one-point-compactification NU{oo}
of N to Z. Thus Theorem shows that the functor (—) preserves a lot of informations on
topological spaces. o

Replacing functors with values in sets by functors with values in abelian groups, one obtains the
category CondAb,, of x-condensed abelian groups, which allows to mix homological algebra with
topological abelian groups. More generally, given a topos X, we can consider its abelian group
objects Ab(X), i.e., sheaves of abelian groups.

The category Ab(X) behaves very well.

Theorem 2.10. (1) The category Ab(X) is a Grothendieck abelian category, i.e., it is abelian,
filtered colimits are exact and it has a generator.
(2) Assume X = CondSet,. If x is a strong limit cardinal, i.e., A < k implies 2* < K, then
products are exact in Ab(X). For general k, countable products are exact.

We will discuss properties of Grothendieck abelian categories in more detail later. For now we
just note that Theorem implies that CondAb, = Ab(CondSet,) behaves very much like the
category of abelian groups, especially if x is a strong limit cardinal.

It is instructive to revisit in condensed sets: the morphism a: R95¢ — R of condensed sets
is injective, but not surjective. Indeed, given S € Prof,, then

RYEC(S) = C°(S,R) := {¢: S — R | ¢ locally constant}
while
R(S) = C(S,R) := {¢: S — R | ¢ continuous}.
If S is finite, then C'¢(S,R) = C(S,R), but both differ in general, e.g., if S = NU {oc}. Hence,
the cokernel of a ought to be the functor S+ C(S,R)/C'(S,R). That this is indeed true requires
some work. In fact, we will aim for a more general statement.

Theorem 2.11. For any k-compactly generated compact Hausdorff space K, and any abelian group
M (viewed as a discrete topological space), the condensed cohomology H¢,,qser, (K, M) is naturally
isomorphic to the sheaf cohomology on K with coefficients in M.
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Here, the condensed cohomology of K is a special case of the topos-theoretic notion of coho-
mology: given a topos X and an object X, then H3 (X, —) denotes the right derived functors of
the functor

Ab(X) — Ab, F — F(X) = Homx (X, F).
In particular, if K is moreover locally contractible, then sheaf cohomology on K agrees with
singular cohomology of K, and hence is quite explicit. Theorem [2.11] is vital for calculations in
CondAb,. We will illustrate this by proving the following non-obvious result.

Theorem 2.12. We have

i L]0 ifi#E1d
Extcondab, (ila Z)= {Z ifi=1

with the generator in degree 1 given by the extension 0 = Z —- R — S* — 0.
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3. CONDENSED SETS

We now start to develop enough topos theory to be able to prove Theorem As defined in
Definition [2.2] a general topos is the category of sheaves on some site.

Topos theory is very general, and we will provide some examples later, which show their useful-
ness in other contexts, e.g., étale cohomology or group cohomology.

3.1. Interlude: sites, sheaves and topoi. We recall the definition of a site and a topos, Defi-
nition

Definition 3.1. (1) IfCisa smalﬂ category, we define the category PSh(C) of presheaves on
C as the category of functors C°P — (Sets) (with morphisms given by natural transforma-
tions).

(2) A Grothendieck topology on a category C is a collection 7 of sets of morphisms {Y; — Y },;¢r
for each Y € C (called coverings in 7, or just coverings) such that the following properties
are satisfied:

(a) If Z — Y is an isomorphism, then {Z — Y'};_(,, is a covering.

(b) If {Y; — Y},es is a covering and {Z, ; — Y;};ey, is a covering for each ¢ € I, then
{Z;; = Y}ier,jes, is a covering.

(¢) I {Y; > Y}ier and Z — Y is a morphism, then the fiber product Y; Xy Z exists for
any ¢ € I and {Y; Xy Z — Z},cs is a covering, where Y; Xy Z — Z is the projection
for each 7 € I.

(3) A presheaf F € PSh(C) is called a sheaf for a Grothendieck topology 7 if for any covering
{fi: Yi = Y}icr in 7 the natural map

FY) = {(si)ier € H}—(Yi) | pi;(si) = q;;(s;) for all i, j € I}, s f7(s)
iel
is bijective. Here, p;;: Y; Xy Y; — Y; and ¢;5: Y; Xy Y; — Y are the two projections. A
morphism of sheaves is a natural transformation of functors.
(4) A site is a pair of a small category C and a a Grothendieck topology 7 on C.
(5) A topos is a category, which is equivalent to the category Sh.(C) of sheaves on some site

(C, 7).

Given a functor F: C°? — Sets, Y — F(Y) and a morphism Z — Y in C, then we use the
notation F(Y') — F(Z), s + sz, and call it the “restriction” from Y to Z. We also use the
notation I'(Y, F) := F(Y).

We can directly give relevant examples.

Example 3.2. (1) Let Z be a topological space, and let Ouv(Z) := {U C Z open} be its
poset of open sets (viewed as a category). Now we say that collection {U; = U},cr, i.€., a
collection of open subsets U; — U, is a covering if for each u € U there exists some i €
with u € U;. Tt is easily verified that this defines a Grothendieck topology. The sheaves for
this Grothendieck topology are exactly the sheaves on Z (as introduced in any discussion
of sheaves on topological spaces).

(2) Let C = CHaus be the category of compact Hausdorff spaces. Given K € CHaus and a
collection {K; — K};cr of morphisms in CHaus, we say that it is a covering of K if T is
finite and the morphism [[,.; K; — K is surjective. This notion of coverings is easily seen
to define a Grothendieck topology. Restricting to k-profinite sets recovers Definition [277]

(3) Given any small category C, we can say that a covering {Y; — Y };¢; is a collection such that
I contains a single element i € I, and Y; — Y is an isomorphism. For this Grothendieck
topology, the category of sheaves is just PSh(C) as the sheaf condition becomes vacuous.

(4) One of the central motivations for introducing topoi was étale cohomology: let X be a
scheme, and set X¢; := {Y — X étale} with coverings {f;: Y; — Y };er given by collections
of maps, such that (J;c; fi(Y;) = Y. The cohomology of the topos Sh(Xt), i.e., the derived
functor of global sections, calculates the étale cohomology of X.

(5) Given a group G, we can consider C as the category of G-sets, i.e., the category of sets
with a G-action and G-equivariant morphisms. We define a collection {S; — S}ier of
morphisms in C to be a covering if [, ; S; — S is surjective. The cohomology of this
topos calculates the group cohomology of G.

Our first task will be to understand limits and colimits in a topos. The case of limits is easy.

SWe say that a category is small if the class of isomorphism classes of its objects is a set. This condition
guarantees that PSh(C) is a category as the collection of natural transformations between two functors is actually
a set.
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Lemma 3.3. Let X be a topos. Then X has all limits, and these can be computed as follows: pick
any site (C,7), such that X 22 Sh(C). Then the fully faithful inclusion Sh(C) — PSh(C) preserves
limits, and limits in PSh(C) exists and are computed pointwise, i.e., for any X € C the functor
PSh(C) — (Sets), F — F(X) commutes with limits.

Proof. We leave the description of limits in PSh(C) as an exercise. For limits of sheaves, it suffices
to see that the full subcategory Sh(C) C PSh(C) is stable under limits. This follows because the
sheaf condition is defined in terms of limits and limits commute with limits. ]

The case of colimits needs more works: we need to discuss sheafification first.

Definition 3.4. Let C be any category. Let Y € C. We say that a collection U = {f;: Y; = Y }ier
of morphisms in C refines another collection V = {g;: Z; — Y} ¢ if there exists a map ¢: I — J,
and morphisms h;: Y; — Z,;),1 € I, over Y, i.e., g,;) o hy = fi for i € I.

Let (C,7) be a site. Given a covering Y = {Y; = Y}y of Y € C, and a presheaf F € PSh(C),
we set
U, F)=eqJ[Fi) = [] 7O xy V),
il ijel
where the two morphisms in the equalizer are induced by the two projections Y; xy Y; = Y;, Y; xy
Y; — Y;. Note that the sheaf condition for F is asking that the natural map I'(Y, F) — I'(U, F)
is an isomorphism for any covering U.

Lemma 3.5. Assume that the coveringU = {Y; — Y }ieq refines the cover V = {Z; — Y}jcs as
witnessed by a map @: I — J, and morphisms g;: Yi — Zy;),i € I, over Y. Let F € PSh(C).
(1) The map
ruy: TV, F) = TU,F), (sj)jer = (9; (5p@)))icr
is well defined and independent of the choice of ¢, g;,i € I.
(2) If F is separated, i.e., for any coveringU’ of an object Z the morphism T'(Z, F) := F(Z) —
DU, F) is injective, and the natural map F(Y) — T'(U, F) is bijective, the same holds for
FY)—=TW,F).

Proof. The well-definedness follows easily by using the map (g;,, gi,): Yi, Xy Yi, = Zy(i) Xy Zip(is)-
Let now j € J. Assume that h;: Y; — Z; is any map over Y. Then we have a map h :=
(gishi): Yi = Zyy Xy Zj. Let p1: Zyy Xy Zj = Zy(s), D2t Zyiy Xy Z; — Zj be the projections.

Then
(s5)5 €LV, 7)

9i (o)) = P (1 (5(0(3))) h*(p3(s5)) = hi(s;)-

This implies that 7,y is independent of ¢, g;,% € I.
Now, assume that the map r,: F(V) — I'(U, F) is bijective. Then clearly,
ry: F(V) = TW,F)
is injective, as its composite with 7y is ry. Take now (s;); € I'(V, F). Then ryv((s5);) = ru(s)
for some s € F(Y). Now fix j € J and consider f;: Z; — Y. We need to see that 517, = f/(s) = s;.
The collection
{h@jl Y; Xy Zj — Zj}iGI
is a covering of Z;. Let g; ;: Y; Xy Z; — Y; be the projection. Then for all ¢ € I
hi i (17 (s)) = g3 ;(s1v.) = 93597 (sp(2)))
and if g 1= (gs,1dz,): Yi Xy Z; = Z,;) Xy Z; this equals
9 (Sp@)1 Zoiy xv 25) = 97 (8512, xv 2;) = i 5(55)
by definition of I'(V, F). If now F is separated, this implies that

fi(s) = s,
and thus the second statement is proven. O
Definition 3.6. Let (C,7) be a site. Let F € PSh(C), then we define the presheaf F* € PSh(C)
as
(Y e X)) FH(Y) = lim rU,F),

U covering of Y
where the colimit is taken along the maps 774, from Lemma if U refines V. If f: Y — Z isa
morphism in C and U = {Z; — Z},cs a covering of Z, then U xz Y :={Y x5 Z; - Y}jes is a
covering of Y and the pullbacks along Y Xz Z; — Z; define a natural morphism

F'U,7) =TU xz Y, F),
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which is compatible with refinement. Passing to the colimit over all coverings yields the restriction
morphism

FHZ)—= FH(Y)
for FT.

Remark 3.7. The colimit lim is filtered. Indeed, given two coverings {Y; — Y }icr, {Z; —
U covering of YV
Y'}jes are two coverings, then {Y; Xy Z; — Y }(; jyerxs is a common refinement of both.

We can now establish the existence of sheafification.

Theorem 3.8. Let (C,7) be a site.
(1) If F € PSh(C), then the presheaf FT is separated.
(2) If F € PSh(C) is separated, then FT is a sheaf and F — F1 is the initial morphism from
F to a sheaf.
In particular, the functor F — F* := (FT)*t yields a left adjoint (“sheafification”) to the inclusion
Sh(C) — PSh(C). Finally, the sheafification (—)*: PSh(C) — Sh(C) is an ezact functor, i.e.,
preserves finite limits.

Proof. The first statement follows easily from the definition of F* and of being a separated
presheaf. Let us prove the second and assume that F is a separated presheaf. We have to show
that F7 is a sheaf. Thus fix Y € C and a covering U = {Y; — Y },c;. We have to show that

a: FHY)—=TU,F")
is bijective. As FT is separated (by (1)) the map « is injective. Let
(Si)ie[ S P(U,J—'J”)

Then there exist coverings U; = {Z; ; — Y;}je, such that s; € F1(Y;) can be represented by some
(tij)jes; € T'(U;, F). Now the collection of morphisms

V=A{Zi; =Yi—Yhici e
is a covering of Y. By construction, the element
rvu((si)i) €LV, FT)

lies in the subset T'(V, F*) N[, ; F(Zi;) (here we identify F(Z;;) C F*(Z;;) as a subset by
separatedness of F). Now, if G is any separated presheaf and W = {Z; — Z}rck one has the
equality
row,6")n I 6(z) =rw,9)
keK
because the map [[ G(Zk xz Z;)) = ] G1(Zy xz Z;) is injective. Applied in our situation we
klEK klEK
see that

ti=ryy((si)i) €TV, F) =TV, F) N[ F(Z,).
0.
But this implies that t € T'(V,F) C FH(Y) restricts to (s;); € T'(V, FT) as desired. It follows from
the definition that a presheaf F is sheaf if and only if the map F — F* is an isomorphism. This
implies that (—)* satisfies the universal property of sheafification. In particular, it is left adjoint
to the inclusion Sh(C) C PSh(C). It suffices to see that (—)* commutes with finite limits. By
Lemma limits in Sh(C) agree with limits in PSh(C). As filtered colimits commute with finite
limits, it follows by Remark that the functor (—): PSh(C) — PSh(C) commutes with finite
limits. In particular, (—)* = ((—)%)* commutes with finite limits. O

Remark 3.9. Given a morphism f: F — G of sheaves, then it is an epimorphism if and only if for
each object Y € C, and each section s € G(Y') there exists a covering {Y; — Y},c; and elements
t; € F(Y;), i € I, such that s)y, = f(t;) for each i € I. In particular, 7(Y) = G(Y') need not be a
surjective, even if f is an epimorphism.

Remark 3.10. Let Prof, be the site of x-profinite sets from Definition 2.7, and let * be a one
point profinite set. Then each surjection S — % admits a splitting. But this implies that the

covering {* — x} is cofinal among all coverings. From the description of sheafification we can
conclude that F(x) = F¥(x) for any F € PSh(Prof,).

We can now prove Theorem
Theorem 3.11. Let X be a topos.
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(1) X has all colimits and all limits.

(2) Filtered colimits in X commute with finite limits, i.e., are exact.

(3) A morphism in X is an isomorphism if and only if it is a monomorphism and an epimor-
phism.

(4) For a morphism' Y — X in X the functor X/X — X/Y, (Z - X) —» (Y xx Z = Y)
preserves colimits. Here, X/X s the category of objects Z — X with a morphism to X
(and morphisms respecting the morphism to X ).

(5) An epimorphism f:Y — X in X is an effective epimorphism, i.e., the natural morphism
coeq(Y xx Y =Y) = X is an isomorphism.

Proof. That X has all limits was noted in Lemma [3.3] The case of colimits follows formally from
Theorem and we can give the following recipe for computing them: let (C,7) be a site with
X = Sh(C). Given a diagram F;,i € I, in Sh(C), then the pointwise colimit G € PSh(C) (with its
natural maps F; — G) is their colimit in PSh(C), and F := G¥ (with the natural maps F; — G — F)
is their colimit in Sh(C). Because sheafification preserves finite limits, we see therefore that filtered
colimits in X preserve finite limits.

Clearly, each isomorphism is a monomorphism and an epimorphism. Thus, assume that f: F —
G is a morphism in X = Sh(C), which is a monomorphism and an epimorphism. Given Y € C, the
map F(Y) — G(Y) is therefore injective (because f is a monomorphism, and taking sections over
Y preserves these). Take s € G(Y'). As f is an epimorphism, there exists a covering {Y; — Y}
in C and sections t; € F(Y;) with image s)y, € G(Y') under f. Given i,j € I with Yj; :=Y; xy Y7,
the sections ¢y, ¢y, € F(Y;;) agree. Indeed, because f is a monomorphism this can be checked
after applying f, but

fay,) = sy, = f(tv,)-

Thus, the t; glue to a section ¢ € F(Y'), and necessarily f(t) = s because f(t))y, = s}y, for each
i € I. This shows that F(Y) — G(Y) is bijective for any Y and hence f is an isomorphism.

Last statement on base change and effective epimorphisms are true in sets, but then they are also
true in presheaves, and thus by exactness and left-adjointness of sheafification also for sheaves. [

Remark 3.12. Giraud’s axioms characterize topoi among all categories: a category C is a topos
if and only if it is generated under colimits by a set of objects, has universal colimits, disjoint
coproducts and effective quotients (JAGV72, Exposé IV, Théoéme 1.2]). In fact, one defines that
a collection {Y; — Y},c; of morphisms in a generating set of objects of C is a covering if and only
if [T,c;Y: — Y is an epimorphism. Then one checks that the category of sheaves on the resulting
site is equivalent to C.

Remark 3.13. From Remark we can conclude that the functor
I'(x,—): CondSet,, — Sets, X — X(x)

commutes with limits and all colimits. In more pitoresque terms, the set X(x) is called the
“underlying set” of the condensed set X (in Section we will upgrade X () to a topological
space). From the perspective of topos theory, this example is quite special: usually coverings of
the terminal object are much richer, e.g., for topological space.

We note another important case, where the sheafification of a certain colimit is not necessary.

Definition 3.14. (1) A site (C,7) is finitary if for each covering {Y; — Y};cs in 7 the set I
is finite.
(2) A topos X is finitary if it is equivalent to Sh(C) for a finitary site.

Example 3.15. (1) We have seen that x-condensed sets form a finitary topos.
(2) Let X be a spectral space, e.g., the spectrum of a ring. Then Sh(X) is finitary because
one can realize it one the site C = {U C X open and quasi-compact} (with finite open

covers). Note that in this example, Ouv(X) is not necessarily a finitary site, yet Sh(X) =
Sh(Ouv(X)) is finitary.

Lemma 3.16. Let (C,7) be a finitary site, and F; € Sh(C), i € I, a filtered system of sheaves
with colimit F. Then the natural map

lim(F, (X)) — F(X)
el

is bijective for any X € C.
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P
Proof. Let U = {X; — X },cs be a covering of some object X € C, and denote by hgl the colimit

P
in presheaves on C. We need to see that lign}"i is already a sheaf. As J is finite by assumption,
iel
the natural map
P

@F(X,]:i) ~ liﬂf(u,}}) — F(Z/l,lig}'i)

icl iel icl
is bijective using that each F; is a sheaf in the first step, and that filtered colimits commute with
finite limits in the last step. O

Let us give a general construction for sheaves on a site.

Example 3.17. Let C be a site.
(1) Let Y € C. Then the representable presheaf

hy = Hom¢(—,Y) € PSh(C)

need not be a sheaf in general (if it is for any Y € C the site is called subcanonical). By
the Yoneda lemma we have a natural bijection

Hompgn ey (hy, F) = F(Y)
for any F € PSh(C). If F is a sheaf, we can conclude that
HomSh(C)(hﬂva) = F(Y),

where the “representable sheaf” hg, is the sheafification of hy. We call hg, the free sheaf
on Y. The functor Y — hy commutes with all limits (by definition of limits), and thus by
exactness of sheafification ¥ — hg/ commutes with finite limits.

(2) Note that if {Y; — Y'}ies is a covering, then a: [];c; hy. — h} is an epimorphism: given
Z € Cand s: hi,(Z), then we can find a covering {Z; — Z} ;e such that 5|z, is represented
by a morphism s;: Z; — Y, i.e., 5|z, is the image of s; under hy (Z;) — hg,(Zj). Over the
covering {Y; xy Z; = Z;}je, SilYixy2; € hy (Y; xy Zj) to a section t;; € hy,(Y; xy Z;),
namely the projection to Y;. This shows that « is an epimorphism.

(3) Let F,G € Sh(C). Then there exists a sheaf Homgy,(¢)(F,G) (the “internal Hom”), which
is defined by the requirement that

Homg, ) (hY, Homgy, o) (F, G)) = Homgy ey (hfy x F.G)

for Y € C. Indeed, sending Y to the right hand formula defines a functor C°? — (Sets),
and if {Y; — Y},er is a covering, then (as we saw before) M =[] hg,i = N = hg, is
an epimorphism. Hence, it is effective, and

coeq(M Xy M = M) =2 N.

By the universality of colimits ( Theorem [3.11)), this implies that 8: M x F — N x F is
also an effective epimorphism. Now,

Homgyc) (M x F,G) = Homsye) ([ [ 1}, x F.G) = [ Homsue) (b, x F,9)
el i€l

iel

and similarly,
Homgy(cy (M xx M x F,G) = ] Homgpe)(h}, Xt Wy, x F,Q),
ijel
so that the sheaf condition for Homgy, ¢y (F,G) unravels exactly to the statement that 3 is

an effective epimorphism.
(4) We note that the natural isomorphism

Homgy ¢y (h, Homgy, o) (F, G)) = Homgy, ¢ (h} x F,G)

generalizes to a natural isomorphism
Homgy ¢y (H, HomSh(C)(}', G)) = Homgpcy(H x F,G).

Indeed, it suffices to write H as a colimit as in Lemma [3.I8] and then to pull out the
colimit in the first variable to a limit.

The category of sheaves is generated by the free sheaves.
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Lemma 3.18. Let C be a site and F € Sh(C). Then the map

G:= hﬂ hg, - F
YecC, seF(Y)~Hom(h!, ,F)

is an isomorphism, which is natural in F. In particular, Sh(C) is generated by the sheaves huy, Y e
C, under colimits.

Proof. The statement for Sh(C) follows from the one for PSh(C) by sheafification. Hence, assume
that C is just a small category, and F € PSh(C). By the Yoneda lemma it suffices to show that for
any H € PSh(C) the map
Hompgyc)(F,H) — Hompgpc) (G, H) = fm  Hompgy(c)(hy, M) = fm  H(Y)
YecC, seF(Y) Yec, seF(Y)
is a bijection. But starring at this last inverse limits reveals that it specifies exactly a natural
transformation n: F — H. |

We can know make the following important definitions.

Definition 3.19. Let (C,7) be a finitary site, and X := Sh(C). Let f: Y — X be a morphism in
X.

(1) X is called quasi-compact if there exists a surjection [];_; hg( — X for Xq,..., X, €C.

(2) f is called quasi-compact if for any X’ — X with X’ quasi-compact, the object ¥ x x X’
is quasi-compact.

(3) [ is called quasi-separated if the diagonal Ay, x:Y — Y xx Y is quasi-compact.

(4) X is quasi-separated if for any quasi-compact object X’ each morphism X’ — X is quasi-
compact, i.e., for any two quasi-compact objects X', X" with morphisms to X, the fiber
product X’ x x X" is quasi-compact.

We often adress quasi-compact to “qc” and quasi-separated to “qs”.

Corollary 3.20. Let X be a finitary topos, and X € X qcqs. Then for any filtered colimit F; €
X, i € I, with colimit F the natural map

lingomx(X,]:i) — Homx (X, F)
il
1s bijective.
Proof. Write X = Sh(C) for a finitary site (C,7). Let Y := [],;
X1,...,X, € C. Note that each hg( X x h&j is quasi-compact because X is quasi-separated. In
particular, we can find a surjection Z — Y X x Y with Z a finite disjoint union of representables.

If G € X, we can conclude that Homx (X, G) is the equalizer of Homz(Y,G) = Homz (Y xx Y, G),
or equivalently of Homx (Y, G) = Homzx(Z,G). But then the claim follows from Lemma O

hf‘X? — X be a surjection with
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3.2. Interlude: compact Hausdorff spaces. Before discussing profinite sets in detail, we pro-
vide a recollection of properties of compact Hausdorff spaces.

Lemma 3.21. Let Top be the category of topological spaces with continuous maps, and let CHaus C
Top be the full subcategory of compact Hausdorff spaces.

(1) CHaus C Top is stable under all limits.

(2) If f: Y — X is a quotient map of topological spaces with Y compact Hausdorff, then X is
compact Hausdorff if and only if Y xx Y CY XY is closed.

(3) The functor CHaus C Top admits a left-adjoint : Top — CHaus, called the Stone-Cech
compactification [StalT, Tag 0908].

Proof. (i): We recall that it suffices to show that CHaus is stable under products and fiber products.
That CHaus is stable under products is Tychonoff’s theorem: any product of compact Hausdorff
spaces is compact Hausdorff. We now recall that a topological space X is Hausdorff if and only if
its diagonal A: X — X x X has closed image. From here, it follows easily that if Y — X, Z — X
are morphisms in CHaus, then their fiber product Y xx Z = X x xxx (Y x Z) is closed in Y x Z,
and hence compact Hausdorff.

(ii): If X is compact Hausdorff, then ¥ xx Y is closed in Y x Y as it is a base change of the
diagonal A: X — X x X. Conversely, assume that Y xx Y C Y X Y is closed. Let us note the
following: if K C Y is closed, then also f~(f(K)) = pry((K x Y)N (Y xx Y)) is closed, because
the projection pry: Y x Y — Y is a closed map (using that Y is compact Hausdorff). In other
words, the quotient map f is even a closed map. Let xz,2’ € X, = # z’. We need to see that
there exist disjoint open neighborhoods U,U’ C X of z,z’. Note that by the above observation
the fibers f=1(f(y)), f~'(f(y')) are compact subspaces of Y, and hence, there exist disjoint open
neighborhoods V, V' of them. Now, U := X \ (Y \ V), which is an open neighborhood of z, and
U’ := X\ (Y \ V'), which is an open neighborhood of 2. As f~1(U) C V, f~1(U’) C V', these
neighborhoods are disjoint as desired.

(iii): Fix X € Top. If f: X — Y is a continuous map with f(X) C Y dense and Y Hausdorff,
then Y] < 92! *1, indeed, each point of Y is the unique limit of a ﬁlterﬁ on X, and the set of
filters on X is bounded by |Y] < 92X Hence, we can consider the set f;: X — Y;,i € I, of
representatives for the isomorphism classes of Hausdorff topological spaces Y with a continuous
map f: X — Y with dense image. We can now set §(X) as the closure of the image of X in
I Foi XY Y;. The universal property is easily checked. O

Example 3.22. Assume that X is a locally compact Hausdorff space. Then X is an open subset
of its one-point-compactification X U {oo} (here, a system of neighborhoods of oo is given by
X\ KU{oo} for K C X compact). By the universal property of the Stone-Cech compactification
there exists a continuous morphism ¢: 3(X) — X U {co}. One checks that X is dense in p~1(X)
(as X is dense in 3(X)), but also closed (as X is Hausdorff and X — ¢~1(X) is a section of the
map ¢~ }(X) — X). Hence, X = ¢~ 1(X) is open in B(X). Note that this example is already quite
wild if X is discrete, e.g., if X = N, then (N) \ N has cardinality 92" [nLa]!

Inverse limits of non-empty compact Hausdorff spaces can be shown to be non-empty.

Lemma 3.23. Let (K;, fij: K; — K;),1,5 € I,j — 1, be a cofiltered system of non-empty compact
Hausdorff spaces. Then K := @iel K; is non-empty.

Proof. We first note that if L € CHaus, and Z, C L, a € A, is a collection of closed subsets such

that Zq # 0 for each finite subset B C A, then (| Z, # 0. Indeed, L = J,ca L\ Z, is a
a€cA
union of open subspaces, and by compactness of L a finite subcovering exists.

Now recall that K is the subspace
{(ki)ier € [[ Ki | fij(kx) = ki for all j — i in I}

a€B

iel
of the topological product [[,.; K;. For any finite subset J C I we consider the subspace
Ky = {(ki)icr € [ [ Ki | fij(k;) = ki for all j — i in J}.
il

Because each K; is Hausdorff, and the f;; are continuous each subspace K is closed (this reduces
to the observation that the graph of f;; is closed in K; x Kj;, which itself follows from closedness
of the diagonal of K;). By definition, K = {J;c; gy 7, and hence it suffices to show that each

6A filter on a set S is a subset B of the power set of S, such that S € B, 0 ¢ B, B is stable under finite intersections
and if '€ Band T C T, then T’ € B.
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K; is non-empty (using that K; C Ky if J' C J). Using that I is cofiltered and finiteness of J,

there exists some iy € I such that iy admits a unique morphism to any j € J. Then one can pick

any k € K;, and set k; := fj;,(k) for j € J, and any element in IT K # 0, to see that
ieI\JN{io}

K; #0. |

Corollary 3.24. Let K;,i € I be a cofiltered system of compact Hausdorff, and assume that for
J — 1 the morphism f;;: K; — K; is surjective.
(1) For each i € I the projection f;: K := yinje[ K; — K; is surjective.
(2) A morphism L — K from a compact Hausdorff space L is surjective if and only if for each
1 € I the composition L — K — K; is surjective.

Proof. For (i): Let k € K;, and for j — i let Z; := figl(k), which is a closed subspace of K;. Note
that Z; # () as f;; is surjective. Then fi_l(k:) = yLan # () by Lemma [3.23
J—i

For (ii): If g: L — K is surjective, then L — K — K; surjective by (i). Assume that each
gi: L — K; is surjective. Then g~ (k) = N;¢; g; ' (fi(k)) is a cofiltered limit of non-empty compact
Hausdorff spaces, and hence non-empty by Lemma [3.23] O

Remark 3.25. If M;,¢ € I, is a countable cofiltered system of non-empty sets with surjective
transition functions f;;: M; — M;, then @iel M; # 0 (using induction). This fails if the f;; are
not surjective (e.g., M; = Z\ {0}, and f;; multiplication by 2), or if I is uncountable (e.g., let I be
the poset of finite subsets of R, and M; := {injective maps i — Z}, then @iel M; identifies with
the set of injections R — Z, and hence is empty).

Lemma 3.26 ([Stal7, Tag 08ZN]). Let K be a compact Hausdorff space, and x € K. Then the
connected component of x is the intersection of all open and closed subsets Z,, a € A, containing
x.

Proof. Tt suffices to show that S := (1 ,c 4 Z, is connected (as it contains the connected component
of  because any Z, is open and closed in K). Assume that S = B[] C with B, C open and closed
in S. Then B, C are closed in K. As K is compact Hausdorff, there exists open subsets U,V C K
with BCU,C CVand UUV = 0. Now, K’ := K\ UUYV is closed in K, and hence compact.
As SNK' == ,c4 Za N K' =0, it follows from Lemma that there exists some a € A with
Z,NK' =0 ie, Z, CUNV. Now, Z, = (UNZ,)[[(VNZ,) is a decomposition into open and
closed subsets, and x must lie in them, say x € U N Z,. But this implies that S C U N Z, cannot
intersect V' N Z,, and hence C = 0. O

Quasi-compact spaces admit the following characterization.

Lemma 3.27 (Kuratowski’s theorem). Let K be a topological space. The following are equivalent:
(1) K is quasi-compact
(2) for any topological space X the map f: X x K — X, (z,k) — x is closed.

Proof. Assume that K is quasi-compact, and let Z C X x K be closed. Let z € X \ f(Z). This
implies that {z} x K C X x K\ Z. As K is quasi-compact, we can find an open subset V' C X
with {z} x K CV x X C X x K\ Z (this follows from the definition of the product topology, and
is sometimes called the tube lemma, [Stal7, Tag 005N]). But this implies that V' C X\ f(Z) is an
open neighborhood of x.

For the converse, we refer to [Stal7, Tag 005P)]. O

We can note the following corollary.

Lemma 3.28 (Whitehead’s theorem). Let f: Y — X be a quotient map of topological spaces, and
K locally quasi-compact, i.e., each point has a fundamental system of quasi-compact neighborhoods.
Then

9:Y x K = X XK, (y,k) = (f(y),k)

18 a quotient map.

Proof. Let V.C X x K be a subset such that g=}(V) C Y x K is open. Let (z,k) € V. We
need to find some open subsets U C X,W C K such that U x W C V and (x,k) € U x W.
Let y € Y with f(y) = 2. As g~ %(V) is open, we can find some open subset W C K such that
k€ W and {y} x W C g~%(V). Shrinking W we may assume that {y} x W C ¢g=%(V). Here,
W denotes a quasi-compact neighborhood of k. We note that if 2 € Y with {z} x W C g=}(V),
then f~1(f(2)) x W C g~ (V). Indeed, g(f~*(f(2)) x W) = g({z} x W). set U := {2’ €
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X | f~Y2") x W C g=}(V)}. It suffices to see that U is open in X (asx € U). As f: Y — X is
a quotient map, it suffices to check that f~*(U) ={y €Y | f7H(f(y) x W C g L (V)} ={y €
YV | {y}xW Cg Y (V)}. Let m: Y x W — Y be the projection. Then 7 is closed by Lemmaﬁ
and f~HU) =Y \ (n(Y x W\ g~}(V))) is open in Y. 0
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3.3. Profinite sets. Profinite sets are very special compact Hausdorff spaces. We recall their
definition.

Definition 3.29. A profinite set S is a compact Hausdorff space, which is totally disconnected,
i.e., the only connected subspaces of S are singletons.

Actually, profinite sets arise “in nature”.

Example 3.30. (1) S = {0} U{l/n | n € N} C [0,1] is a profinite set for the subspace

topology. Note that S = NU {oo} is homeomorphic to the one-point-compactification of
N.

(2) Let X; :=[0,1] be the closed unit interval. We can consider the inverse system

o= Xy = 0,1/27 U [1/270,2/2 UL U 20 —1/27 1) = Xpq — ... — X3 = [0,1]

of compact Hausdorff spaces. Then S := lim _ X, is a profinite set: by Lemma [3.21
it is compact Hausdorff, and it is totally disconnected. Indeed, assume that Z C X is
closed and connected. Then the image of Z in X, lies in [a,/2",a, + 1/2"] for some
an € {0,2™ — 1}. Because 1/2™ — 0 for n — oo, Z cannot contain two distinct points as
those have to map to different points in some X,,.

(3) If S is a profinite set, and Z C S is closed, then Z is profinite. Indeed, Z is compact
Hausdorff, and each non-empty connected subset of Z is also connected in .S, and hence a
singleton.

Lemma 3.31. Let S be a topological space. Then S is a profinite set if and only if S = @iel S;

is a cofiltered limit (in topological spaces) of finite, discrete sets S;. In particular, each point s € S
has a basis of neighborhoods which are open and closed.

Proof. Assume that S = im,_ S; with S; finite, discrete. Then Lemma implies that S is
compact Hausdorff. If U C S is connected, and non-empty, then the image of U in each §; is a
point. This implies that U is a singleton as S = @ie s S;. Conversely, assume that S is a profinite
set. We consider the cofiltered partially ordered set I of quotient maps S — S; with S; finite
and discrete. There exists a natural continuous morphism ¢: S — l'miE s S; of compact Hausdorff
spaces. By Lemma [2.] it suffices to show that ¢ is bijective. By Corollary it is surjective
because each S — S; is. Note that for x € S the inverse image ¢~ (p(x)) is exactly the intersection
of all open and closed subsets containing x. By Lemma therefore o= (¢)(x) = {z} as S is
totally disconnected and ¢ is injective. For the final assertion note that for each s € S = @ie s Si
with projections fi: S — S;, and S; finite, discrete, the inverse images f; ' (fi(s)) form a system of
open and closed neighborhoods (by the definition of the limit topology over a cofiltered diagram).
This finishes the proof. O

We now give equivalent description of the category of profinite sets. Note that the two other
categories in Proposition don’t refer in any way to topological spaces.

Proposition 3.32 (Stone duality). The following categories are equivalent:

(1) The full subcategory Prof C CHaus of profinite sets.

(2) The pro-category Pro(Fin) of finite sets, i.e., the category with objects ” Liiniej”Si given
by cofiltered diagrams S;,i € I, of finite sets, and morphisms

Homp,o(pin) (" ]'gl” Si,” l'gl”Tj) = 1<i£1h_n>1HomFin(Si, T;).
il jeJ jeJiel

(3) The opposite of the category of Boolean algebras R, i.e., commutative rings with x? = x

for all x € R.

Proof. Let S = I-Lnie s S, T = @je J T; two cofiltered limits of finite discrete sets. Then

HomProf(57 T) = m HomProf(Sa Tj) = I&H ]ﬂ HomProf(Si7 11])7
J€J jeJiel
which implies by Lemma that Prof is equivalent to Pro(Fin).

Given a profinite set S we set A := Cont(S,Fs) as the ring of Fo-valued continuous functions
on S. Then A is clearly a Boolean algebra. Given conversely a Boolean algebra R, we define
S := Spec(R) as the spectrum of A. Using basic results in scheme theory, one can now argue that
S is a spectral space, which does not admit any specializations (because R is Boolean), and hence
is a profinite set. Avoiding this recursion into spectral spaces, one can also argue as follows: let R
be a Boolean algebra. The following statements are easily checked:

e Ris an Fy-algebra as 27 = (22)? = 4,
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e each finite Fo-subvector space V' C R generates a finite Fo-subalgebra (because Fa[z1, . .., x,] /(23—
T1,...,22 — x,) is finite),

o if Ris finite, then R = C(T,Fy) = F1 for some finite set T (indeed, R is a finite dimensional,
reduced Fs-algebra, and hence a finite product of fields, which necessarily have to be
isomorphic to Fy as they are Boolean),

e the category of finite Boolean algebras is anti-equivalent to the category of finite sets via
the functors R — Homgings(R,F2) and T +— C(T,F3).

Thus, R is the filtered colimit of its finite Boolean subalgebras, and these finite Boolean algebras
are C(T,F9) for some finite set T. This implies that Hompgings (R, F2) is naturally a profinite set.
One checks that the functors S +— C(S,F2) and R +— Hompgings(R, F2) are mutually inverse. O

We used the following lemmata.

Lemma 3.33. Let S := @iel S; be a cofiltered limit of finite discrete sets. Let M be a set, viewed
as a discrete topological space. Then the natural map
@ Homets(S;, M) — Homes (S, M)
iel
18 bijective.
Proof. Injectivity is easy. So let us assume that ¢: S — M is a continuous map. Then ¢ is locally

constant, but then ¢ must be constant on the fibers of S — S; for some ¢, and thus descents to a
map ¢: S; — M, which is then automatically continuous. O

Remark 3.34. We leave it as an exercise to check that a morphism 7" — S of profinite sets is
injective (surjective) if and only if Cont(S,Fy) — Cont(T, Fq) is surjective (injective).

We can now prove Theorem 2.5

Theorem 3.35. (1) A topological space S is a profinite set if and only if S = @iel S; is a
cofiltered limit of finite sets S;.
(2) Fach compact Hausdorff space admits a surjection from a profinite set.
(3) The full subcategory Prof C Top := {topological spaces} of profinite sets is stable under all
limits.

Proof. (i) is Lemma[3.31]

(ii): Let K € CHaus. We set I as the cofiltered poset of finite open coverings {U;; — K }icy,, @ €
I. Forie I set K; := HjeJi W-j, where in is the closure of U;; in K. Then each K; is compact
Hausdorff, and also S := @ie s K;. By Corollary the morphism S — K is surjective. It
suffices to see that S is totally disconnected. But this is clear: given two different points s,t € S,
their images z,y in K; must be different for some i € I. Passing to a refinement i’ — ¢ of the
covering given by i, we can arrange that s,¢ map to different T/a of K;/. Indeed, we can refine 4
in such a way that z,y lie in a single U,/; of the covering 7’.

(iii): This follows from stability of profinite sets under products and Example stability of
Prof under closed subsets. O

Remark 3.36. Note that in the proof of Theorem we can assume that the U;; lie in some
fixed basis for the topology of K. In particular, if K is second-countable, then I will be countable.
Note furthermore that the argument in the proof of Theorem [3:35 also shows that

S = sz = kgl Ji,

il il

via the map sending U;; C K; to j € J;. In particular, each second-countable compact Hausdorff
space admits a surjection from a profinite set, which is a countable inverse limits of finite sets, that
is, an wj-profinite set in the terminology of Definition [3.51]

Corollary 3.37. Let S be a set, viewed as a discrete topological spaces. Then
8S = lim S;
S—S; finite quotient
is a profinite set. Moreover, each surjection S’ — BS with S’ € CHaus admits a continuous
splitting S — S'.

Proof. We first show the last assertion: we can pick a set-theoretic section S — S’, and then by the
universal property of the Stone—éech—compactiﬁcation this map extends to a continuous morphism
BS — S’, which has to be a section of S” — 35, because this is true on the dense subset S C 35S.
Now, we check that S is profinite. Indeed, this follows by picking any surjection S’ — (S with
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S’ profinite (such a surjection exists by Theorem , and then any section 8S — S’ will realize
BS as a closed subset of S”. This implies that 85 is profinite. Knowing that 85 is profinite implies
that 55 yiniej S; with S; finite, discrete quotients of 5S5. Note that by density of S in 8S, S — S;
is still surjective. Moreover, any finite quotient of S extends to a finite, discrete quotient of 55 by
the universal property of 4S. This finishes the proof. ]

Remark 3.38. Corollary [3.37]shows that 85 for a set S is a projective object in CHaus, also called
an extremally disconnected or Gleason space. Moreover, for any K € CHaus the map B(K%5¢) —
K shows that each CHaus admits a (canonical) surjection from a projective objects. Note, however,
that |B(K%s¢)| = 22! is very big. For completeness we note that C(BS,Fy) = Hom(S,Fy) = F5
is the Boolean algebra associated with 5.

Lemma 3.39. Let S € CHaus. Then S is a profinite set if and only if for each open cover U;,i € I,
of S the map [[,c; Ui — S admits a continuous splittings.

Proof. Let s,t € S with s # t. As in the proof of Theorem [3.35] we can find an open cover
U;, i € I, of S with s,t contained in the same U;. But then the existence of a continuous splitting
of [[,c; Ui — S implies that s,t must lie in different connected components. In other words, S
is necessarily profinite. Assume now that S is profinite, and U; — S, i € I. Because each point
Lemma has a neighborhood basis consisting of open and closed subsets, we may assume (by
refining) that I is finite and the U; are open and closed. But then V; := U, \ U;»;U; define a
covering V;, i € I, of S with the V; pairwise disjoint. But then [[,.; Vi — S is an isomorphism,
and thus admits trivially a splitting. O

iel

We can also note the following description of closed subspaces of profinite sets.

Lemma 3.40. Let S € Prof and Z C S closed. Then Z is the intersection of all its compact and
open neighborhoods.

Proof. Write S = @iel S;, and let Z; C S; be the image of Z. Then Z = liéniej Z; because Z is
closed in S (indeed by Corollary gl Z is dense in @ie 1 Zi © S). But, then the inverse images
of Z; under the projections S — S; define a cofinal system of compact and open neighborhoods of
Z, with intersection Z. ]
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3.4. Interlude: ordinals and cardinals. As explained in Section [2] we have to bound the size of
profinite sets in order to use topos theory in condensed mathematics. In this subsection we gather
some definitions and results on ordinals and cardinals.

Definition 3.41. A set « is an ordinal if every element of « is also a subset of «, and if « is
well-ordered for the relation: = <y for « if z C y.

For example,
0:=0, 1:={0} ={0}, 2:={0,1} ={0,{0}}, ...

Ordinals are very rigid. We leave the following assertions as exercises.

Remark 3.42. (1) Each element of an ordinal is an ordinal, and if «, 8 are ordinals, then
aCpforfpCa.

(2) Each well-ordered set is uniquely order-isomorphic to a unique ordinal, and by the axiom
of choice each set is in bijection with an ordinal. In particular, ordinals form a class and
not a set.

(3) Via “C” the class of ordinals is well-ordered. In fact, the lower bound of a set of ordinals
is their intersection

(4) Given an ordinal «, its successor is the ordinal a + 1 := aU {a}, and a successor ordinal
« is one of the form 8 + 1 for some ordinal 5.

(5) If a is not a successor ordinal, it is called a limit ordinal, and @ = (Jg,, B. The first limit
ordinal is & = {0,1,2,...}.

(6) The first uncountable ordinal w; is the union of all countable ordinals, and w; is a limit
ordinal.

(7) Because ordinals are well-ordered one can use transfinite induction to prove statements on
ordinals: Let P be a property of ordinals and suppose P(«) is true, whenever P(3) is true
for any 6 < . Then P(«) is true for any «. Similarly, one can use transfinite recursion to
construct functions on ordinals.

Ordinals provide a convenient way to define cardinals.

Definition 3.43. Given a set A its cardinality is the least ordinal « such that there exists a
bijection A = . A cardinal « is an ordinal, which is the cardinality of some set A.

Remark 3.44. (1) R := w is a cardinal as is Ny := w;. More generally, for a cardinal « let
k™ be its successor cardinal, i.e., the least cardinal > & (this exists because the class of
ordinals is well-ordered). Then

leNg, NQ SZNT,

(2) One can define X, for any ordinal « using transfinite induction. If o = 0, then Ny := w. If
a=B+1, then X, = Ng, and N, = Uﬁ<a Ng if « is a limit ordinal.

(3) Given cardinals s, A, then x + A is the cardinality of x [] A, £- A is the cardinality of K X A,
and * is the cardinality of Hom(X\, ).

(4) If K, X\ are infinite, then kK + A = kK x A = max{k, A} (the maximum is taken with respect
to the ordering of ordinals).

(5) For any cardinal », one has k™ < 2.

Definition 3.45. A strong limit cardinal « is a cardinal, such that 2* < & for any cardinal A < k.
Lemma 3.46. There exist arbitrary large strong limit cardinals.

Proof. The proof uses Beth numbers, which are defined using transfinite recursion:

° 30 = No,

o Jogg =27,

e 1, :=sup{3s | 8 < a} if a is a limit ordinal.
By transfinite induction, one can show that Jg < 3, if 3 < «, and that o < 3J,. Now, if « is
a limit ordinal, then s := 3, is a strong limit cardinal. Indeed, if A < &, then there exists some
B < a with k < Jg (by the definition of the supremum). But then 2% < 273 = J5,; < & (because
B+1<a). O

Remark 3.47. The generalized continuum hypothesis is the statement that J, = R, for any
ordinal o.

Finally, we can relate ordinals to profinite sets.
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Definition 3.48. An ordinal space is a topological space given by an ordinal o with its order
topology, i.e., the open sets of a are unions of sets of the form [0,2) := {8 € a | 8 < a},

(@y)={Bealz<B<y} (v,00):={Bcalz<p}forzyca

Note the similarity with the topology on the real numbers R. In particular, we can also consider
the closed intervals [z,y] for z,y € a. If @« = w + 1, then for example [0,w] is the one-point-
compactification N U {oo} of N.

Lemma 3.49. An ordinal space o is Hausdorff and locally profinite, i.e., admits an open cover by
profinite sets. It is a profinite set if and only if « is a successor ordinal or zero.

Proof. Assume that z,y € o, x #y. Wlog z < y. Then (z,00) and [0,z + 1) are disjoint open
subsets separating = and y. Thus « is Hausdorfl. Assume that = € a. Then [0, z] C « is closed as
its complement is (z, «), but it is also open because [0,z] = [0,2 4+ 1). By transfinite induction it
is easy to see that [0, z] is compact: any neighborhood of = needs to contain some (y,x] for some
y < z (if z # 0), and by induction [0,y] is compact. The last assertion is easy. O

Remark 3.50. It can be shown that Sw; = w; + 1 and that any continuous function wy; — R is
eventually constant.
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3.5. k-condensed sets. Fix an uncountable cardinal k. We can now turn to the discussion of
k-condensed sets (following [CS23| Lecture 2| closely).
Let S = Ligliel S; be a profinite set with S;, ¢ € I, finite and discrete.

Definition 3.51. (1) The size of S is k(S) :=|S].
(2) The weight of S is A\(S) := |Cont (S, F2)|.
(3) Assume that s is an uncountable cardinal S is called a k-profinite set, or x-light, if A < &.
(4) If k = wy, then we abbreviate s-light to light, i.e., S is light if A < w.
If S is clear from the context, we abbreviate x(S), A(S) to &, A.

Note that Cont(S,F2) is in bijection with open and closed subsets U C S. Thus, the definition
in Definition B.51] recovers Definition 2.6
For example, NU {oco} and [[{0,1} are light profinite set as is Z; = fm Z/p™ for a prime
p, while [T{0, 1} is not light if I is uncountable.
I

Remark 3.52. Write S = lim,_ .S;. If A < oo, then S is finite and we can assume that I = {x},
and thus potentially |I| < A = 2. If however, A is infinite, then the smallest possible |I| is A.
Indeed, we may assume that S — S; is surjective for any ¢ € I, and that S; — S; is an isomorphism
if and only if ¢ = j. Then |I| < A follows easily from the definition. Conversely, A < |I| because
each open and closed subset of S is pulled back from some S; (here we use that A is infinite, which
implies that [I| = Y, _; 2!5).

We mention some examples.

Example 3.53. (1) If S is a finite discrete set, then x = |S| while A = 2.
(2) If S=NU{oo} =lim _ {0,1,...,n,00}, then K = A = w.
(3) If S =[[y{0,1} is the Cantor set, then x = 2 and A = w.
(4) If S = BN is the Stone-Cech compactification of N, then Cont(S,Fy) = Cont(N,Fy) =
{subsets of N} and thus A\ = 2¢, while x = 22",

In particular, uncountable profinite sets such as the Cantor set can be light. Size and weight
are related.

Lemma 3.54. We have A\ < 2% and k < 2. Moreover, if k is infinite, then A < k.

Proof. We have
A = |A| < |[Homges (S, Fo)| = 27
for A := Cont(S,F3) and
R = |H0mRings(A7F2)| S |H0msets(A,F2)| = 2)\.

Assume that x is infinite (or equivalently that X is infinite). Let I be the set of finite subsets of
S. Note that |I| = |S| because k is infinite. For any finite subset J C S we can consider a finite
discrete quotient S — S of S such that J — S is injective. We can moreover arrange that the
quotients S form a cofiltered system. Then S — lim _ 5y is injective (by construction) and

surjective (by Corollary [3.24). By Remark we see that A < |I| = k. O

Corollary 3.55. Assume that k' is a strong limit cardinal. Then S is k'-light if and only if
k(S) < K.

Proof. This follows from the definition of a strong limit cardinal and Lemma m if A < &/, then
k <2 < K/, and if kK < K', then A < 2F < K/ O

Lemma 3.56. We denote by Prof, C Prof the full subcategory of k-profinite sets. Then Prof,, C
Prof is stable under countable limits, and passage to closed subsets/quotients.

Proof. By Proposition the Boolean algebra associated with a limit of profinite sets, is the
colimit of the associated Boolean algebras. Now colimits of Boolean algebras are calculated in
the category of rings (in fact quotient/subalgebras/tensor products of Boolean algebras are again
Boolean because being Boolean means that the Frobenius  — 22 on an Fy-algebra is the identity,
which is stable under these operations), and countable colimits of Boolean algebras of size < x will
again be of type k. The last statement follows from Remark [3.34] ]

Let us now recall the definition of a x-condensed set.

Definition 3.57. (1) We define a Grothendieck topology on Prof, by saying that a family
{Si — S}ier is a covering if I is finite and [[,.; S; — S is surjective.
(2) A k-condensed set is a sheaf on Prof,.
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(3) We let CondSet,, := Sh(Prof,) be the topos of k-condensed sets.

From Theorem |3.11| we can conclude that CondSet, has all limits and colimits, and that filtered
colimits commute with finite limits.
For a strong limit cardinal x one can note an easier description of CondAb.

Definition 3.58. Let x be a strong limit cardinal. We let ExtDisc, C Prof, be the full sub

category of projective object, i.e., the subcategory of retracts of the s-profinite sets 5(T"), where
T is a discrete set of cardinality < k.

Lemma 3.59. Let k be a strong limit cardinal. Then the restriction along ExtDisc, — Profy
defines an equivalence
®: CondSet,, — Fun™ (ExtDisc;P, Sets),

where the right hand side denotes functors ExtDisc,? — Sets preserving finite products.

Proof. Clearly ® is well-defined. We can construct a functor in the reverse direction: given F €
Fun™ (ExtDisc)?, Sets), we define

U(F) € CondSety,
to be the functor S € Prof, +— @Tﬁ& TeBxtDise, F(T). One checks that ¥(F) is indeed a sheaf.

Namely, given a surjection S’ — S, and a morphism 7' — S with T' € ExtDisc,, there exists a lift
T — S" of T — S, and from here one checks that eq(¥(F)(S") = ¥(F)(S’' xg S")) = U(F)(S).
Moreover, ¥ o &, ¢ o U are naturally isomorphic to the identity functors. When checking that
¥ o ® = Idcondab, one needs to use that each S € Prof, admits a surjection ' — S with
T € ExtDisc,. This is implied by x being a strong limit cardinal as we may take T = 3(S%5¢). 0O

Remark 3.60. The critical property needed for Lemma is the fact that the condition on
surjections in Prof, in the definition of a condensed set becomes obsolete when restricting to
ExtDisc,. Indeed, thanks to Lemma the sheaf condition is vacuous for coverings that admit a
splitting.

Via sites Lemma[3.59] can be reinterpreted as follows: we can equip ExtDisc,, with the structure
of a site where a collection {T; — T'};cr of morphisms is a covering if and only I is finite and the
map [[,.; T; — T is an isomorphism. Sheaves for this Grothendieck topology are exactly functors
preserving finite products. Now, Lemma [3.59|is an instance of the observation that sheaves on a
site can
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4. TOPOLOGICAL SPACES AS CONDENSED SETS

In this section we want to explain in detail how to pass between topological spaces and condensed
sets through the functor

(—): Top — CondSet,, X — Homs(S, X)

from Lemma In full generality, this matter is quite subtle, e.g., the functor is not invariant
under enlarging x. The strongest results hold for metrizable topological spaces and light condensed
sets, and we will discuss this in more detail in Section [£:4]

4.1. Topological spaces and x-condensed sets. Let x be an uncountable cardinal. We will
denote by x € Prof, the profinite set with a single point. We note that by definition S =
Homp,of, (—, S) for a k-profinite set Prof,, and thus by the Yoneda lemma we have the following
consequence: given T' € CondSet,;, then each ¢ € T'(S) defines a morphism S — T of condensed
sets, and thus a map S = S(x) — T(x).

It is very common to identify an object in a category C with its associated Hom-functor, and
thus to view the Yoneda lemma as the identity functor. To avoid confusion, we will only do this
in later subsections, and for now we write S € CondSet,, instead of just S, for S € Prof,.

Lemma 4.1. The functor (;): Top — CondSet,, X — X has a left adjoint T — T (*)rop, which

can be described as follows: the underlying set of T(*)iop 95 T'(*) = Homcondaset (%, T), and the

topology on T (x)op is the quotient topology for the morphism H@ET(S) S — T(%).

Proof. We have to see that there is a functorial bijection
I’IornCondSetN (T7 X) = HomTop (T(*)topa X)

for T' € CondSet, and X € Top. Note that for S € Prof,, the map X(S) — [[,c¢ X({s}) =
[I,cs X is injective (it identifies with the inclusion of continuous functions S — X to all functions).
This implies that a morphism T — X of k-condensed sets, i.e., a compatible system of maps
T(S) — X(S) for S € Prof,,, is equivalently given by a map T'(x) — X, such that for each element
in T'(S), the induced morphism S — T'(x) — X is continuous. But these are exactly the continuous
morphisms T'(*)¢op — X. g

Fully faithfulness of (—) translates in the question for which X € Top the morphism X (%)iop —
X. This leads to the following class of topological spaces, that we will study in more detail in
Section

Definition 4.2. Let x be an uncountable cardinal, and let X be a topological space.

(1) X*~°¢ is the topological space with underlying set X equipped with the quotient topology
for the morphism [[_, v cont., SeProf,, O —* Xﬂ
(2) X is called k-compactly generated if the natural morphism X*~ — X is an isomorphism.

We can check fully faithfulness of (—) on k-compactly generated topological spaces.

Lemma 4.3. The functor (—): Top™™® — CondSet,, is fully faithful, and its left adjoint Y —
Y (%)top commutes with finite products.

Proof. We need to see that the morphism X (*)¢op, — X is a homeomorphism if X is x-compactly
generated. But this follows from the definition. To check that Y +— Y (%)p commutes with
products, take Y,Z € CondSet, and surjections Y’ — Y, Z/ — Z of disjoint unions Y’, Z’ of
r-profinite set. Then (Y’ X Z’)(%)top = (Y X Z)(*)top is & quotient map (by the definition of the
topology), and moreover for each S € Prof,, with a continuous map to Y (*)top X Z(*)iop there
exists a covering S’ — S and a lift to a morphism S — (Y’ X Z')(%)op = Y (*)sop X Z’(%)top (here
we use that the product topology for k-profinite sets is xk-compactly generated). But this implies
that the set (Y X Z)(*)top = Y (*)top X Z(*)4op With its quotient topology from (Y’ x Z”)(%)sop is
the product in Top”~ %, as desired ( Remark . O

Thus on the large category of k-compactly generated space (Lemma [4.27) the functor from
topological spaces to CondSet,, is fully faithful.

Remark 4.4. Let X be a topos. Then there exists a unique (up to unique isomorphism) morphism
X — Sets, Y — Homz(*,Y), where * is a terminal object of X. Indeed, the left adjoint necessarily
needs to send a point set to a terminal object of .’{ﬁ We can describe this adjunction differently for
X = CondSet,,. Let (—)4¢: Sets — Top be the functor equipping a set with the discrete topology.

Tk is a strong limit cardinal, then this definition agrees with from [Schl Paragraph before Remark 1.6].
8This crucially uses that the left adjoint of a morphism of topoi preserves finite limits.
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. (—)dise (=) . .
The composition Sets = = Top = CondSet,; is then the left adjoint to CondSet, — Sets, T +—

T(x) (sending a condensed set to its “underlying set”). Note that the functor Sets — CondSet,, is
fully faithful.

The functor (—) also preserves some categorical constructions.

Lemma 4.5. The functor (—): Top — CondSet,; preserves

(1) limits,
(2) coproducts, i.e., disjoint unions.

Proof. The preservation of limits follows directly from the definition, and the preservation of co-

products is a direct consequence of the description of the coproducts of condensed sets: given

F; € CondSet,,, i € I their coproduct Hie[ F; is the functor

S € Prof, — {(S = ]_[SZ-7 s; € Fi(S;) | S; € S open and closed}. O
iel

In general, the functor (—) does not commute with a filtered colimit, even along injections
Remark We mention some positive results.

Lemma 4.6. Let X be a topological space, which is the filtered union X = J;c; Xi of subspaces
X; € X. The natural morphism \J;c; Xi — X is an isomorphism of k-condensed sets if one of the
following conditions is satisfied:

(1) the interiors of X; cover X,
(2) I is countable and X is Hausdorff.
(3) X is a CW-complez, and the X; are subcomplexes.

Proof. We need to see that for any S € Prof,, the natural map

lig Homys (S, X;) — Homs (S, X)
iel

is bijective. This is clear in the first case because S is quasi-compact, so its image is contained in
some interior of some Xj;.

Thus, assume the second case. We assume I = N, and that there exists a continuous map
f: S — X, such that f(S) is not contained in X,, for any n € N. Then we obtain a sequence of
points s; € S such that f(s;) € X; \ X;—1 (potentially reindexing and omitting some of the X;’s).
As S is compact Hausdorff, there exists a map S(N) — S, which extends the map i — s;. We may
then replace S by S(N). Set T := {f(s;) | s; € N}. Assume that 2 € X \T. Then z € X, for some
j. For i > j, the intersection T'N X; is finite (by construction of the s;). As X; is Hausdorff, we
find an open neighborhood U; C X; of x such that U; NT = (). As X; has the subspace topology of
Xi+1, we can find U; 1 C X; 41 an open neighborhood of  with U; 1 N X; = U;, and then we may
also assume that U; 11 N T = () by removing the finitely many point T'N X;;1. These properties
imply that U := [J;c Us is open in X (by definition of the colimit topology), and hence an open
neighborhood of  that misses 7. Hence, f~1(U) = N = (), and hence f~1(U) = () as N C 3(N) is
dense. This shows that f(S) = T. Now, T' C X is discrete because for any point x € TNX;, we can
as before inductively find open neighborhoods V; of x € X; with X; NU;11 =U; and TN X; = {«}
for i > j. But then T is discrete and compact (being contained in the compact image of S in X).
This is a contradiction.

Now, assume that X is a CW-complex, and the X; are subcomplexes. By the closure finite-
ness property of CW complexes, each morphism S — X for S € Prof, factors through a finite
subcomplex. This reduces the statement to (2). O

We can also compare internal Hom'’s of (k-compactly generated) topological spaces with that of
r-condensed sets, Definition [£.14] Example [3.17]

Lemma 4.7. Assume that X,Y are topological spaces, with X k-compactly generated. Then

mTop (X’ Y) = H:OirnCondSetN (X7 X)
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Proof. Let S € Prof,. Note that if X is k-compactly generated, then X is compactly generated,
and X x S = (X x 5)° by Lemma Then
HoirnCondSet,.i (X’ X)(S) :HOInCondSct,c (§ X X, X)
Lemma ﬁLenzma @HOIHTOP(S % me(*)’ X)
= Hommop(S X X,Y)

X k-comp. gen.

Lem'rja HomTOP (S’ I—IoirnTop (Xa Y))

:mTop (X7 Y) (S) )

and this isomorphism is natural in S. Hence, the claim follows. O
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4.2. Interlude: k-compactly generated topological spaces. Let x be an uncountable cardi-
nal. In this subsection, we want to collect some material on k-compactly generated topological
spaces (following the account [Str] for compactly generated topological spaces).

We recall their definition from Definition

Definition 4.8. Let X be a topological space.
(1) X*~°8 is the topological space with underlying set X equipped with the quotient topology
for the morphism [[_, v cont., SEProf,, S — X.
(2) X is called k-compactly generated if the natural morphism X*~ — X is an isomorphism.
(3) X is called k-weakly Hausdorff, if for any continuous map f: .S — X with S € Prof,, the
image f(S) C X is closed.

We note the following equivalent characterizations.

Lemma 4.9. Let X be a topological space. The following are equivalent:

(1) X is k-compactly generated,

(2) there exists a collection S; € Prof,, i € I, and a quotient map f: [[,.; Si = X.

iel
Proof. The forward implication is the definition. Assume there exists such a quotient map f. Then
f factors visibly over X"~ and thus X*~° — X is a quotient map, and thus an isomorphism. [J

The functor (—)"~°8 is a right adjoint.

Lemma 4.10. Let Top”™ @ C Top be the full subcategory of k-compactly generated spaces.
(1) The fully faithful inclusion Top™ “® — Top has the right adjoint (—)~~°8.
(2) Top"™™“® has all colimits and all limits. Colimits are calculated in Top, while limits are
calculated as follows: take the limit in Top, and then apply (—)"°®.
(3) Top™ ™8 is stable under quotients.

Proof. Let f: X — Y be a continuous map of topological spaces, and assume that X is k-compactly
generated. We need to see that f promotes to a continuous map X — Y*~°. By definition, we
may reduce to the case that X = S € Prof,. But then the map S — Y lifts to [[¢,_,, 5" =Y,
with S’ running through all s-profinite sets with a continuous morphism to Y. By the definition
of Y*7° we can conclude that S — YY"~ is continuous as desired.

The second statement is a formal consequence. The stability under quotients follows from the
stability under coequalizers, and the observation that a coequalizer coeq(Y = X) in Top with
X € Top"™“® does not change if Y is replaced by Y"~°€. a

Remark 4.11. We spell out how to access finite products in Top"~“®: let X,Y € Top”~ 8, and
choose the quotient maps [[;.; Si — X, HjeJ S; — Y with S;,S; € Prof, and I,J running
through all continuous maps to X resp. Y. Then the quotient topology for
H Si X Sj - X xY
(i,§)EIXT
is the topology on (X x Y)®~¢8. Indeed, each morphism S — X x Y with S € Prof, factors as

S — S x 8 — X xY, which shows that the quotient topology agrees with x-compactly generated
one (one can also use Remark [4.16]).

There are cases when the topology on the product need not be changed.

Lemma 4.12. Let X € Top” 8 and let K € CHaus. Assume that K admits a surjection from a
k-profinite set. Then the natural morphism
(X xK)"® - X x K
18 a homeomorphism.
The same assertion holds true if K is replaced by a k-locally compact space, i.e., i.e., a locally

compact space, which admits an open covering by the interiors of compact Hausdorff spaces as in
Lemma

Proof. Pick a surjection S — K, S € Prof,, and a quotient map ]|
Lemma [3:28] the map

il S; — X, S; € Prof,. By
[[(SixK) = X xK
iel

is a quotient map. As the same is true for each S; x S — S5; x K. We can conclude that

the topological product X x K is already s-compactly generated, and hence agrees with (X x
K)H—Cg. |:|
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Remark 4.13. The product X x Y of first countable topological spaces X,Y is again first count-
able. But any first countable topological space is k-compactly generated (as it admits a quotient
map from a disjoint union of NU {infty}’s), and so (X x Y)"°® =2 X x Y in this case as well.
Note that this argument generalizes to countable products of first-countable spaces.

The x-compactly generated topology is useful in discussion internal Hom’s. We first clarify what
we mean by this.

Definition 4.14. Let X,Y be topological spaces. We set
Homr,,(X,Y) :={f: X =Y | f continuous},

and equip it with the compact-open topology, which is the topology generated by subsets U (u, K, V) :
{f € Homr,,,(X,Y) | fou(K) C V} for K a compact Hausdorff space, u: K C X continuous, and
VY openﬂ

If X is Hausdorff, the map u: K — X in Definition may assumed to be injective as this
does not change the compact-open topology.
We note that Homr,, is naturally a functor

Top x Top — Top, (X,Y) + Homp, (X,Y),

i.e., composing with a continuous map Y — Y’ yields a continuous map HomTOp(X, Y) —
Homr,,,(X,Y’), and similarly for precomposition with a continuous map X’ — X.
We can note the following general lemma.

Lemma 4.15. Let X,Y, Z be topological spaces. Assume that X,Y are compactly generated. Then
the map

Homeop (X % Y)*®, Z) = Homrop (X, Homy, (Y, Z)), [ (2= (y — f(z,y)))
s a well-defined bijection.

Here, (X x Y)°8 denotes X x Y with the compactly generated topology (defined as the k-
compactly generated topology without the restriction imposed through x).

Proof. Assume that f: (X x Y)® — Z is a continuous map. Let g: X — Homr, (Y, Z), =
(y — f(z,y)). AsY is compactly generated, f(z, —) is continuous for each x € X. Let u: K — Y
be a continuous map from a compact Hausdorff space, and V' C Z open. Let U(u,K,Y) C
Homr,,(Y, Z) be the open set from Definition We need to see that g~} (U(u, K,Y)) = {z €
X | f(z,u(K)) € V} C X is open. Note that h: X x K — (X x Y) is continuous (using
Lemmafor some large enough x). Now, W :=h~1o f71(V) C X x K is open in X x K, and
as the projection p: X x K — X is closed ( Lemma [3.27), X \ p(X x K \ W) is open in X. But
this open subset is exactly ¢! (U(u, K,Y)).

For the converse, assume that g: X — Homr,,(Y;Z) is continuous. We need to see that
f: X xY = Z, (z,y) — g(z)(y) is continuous. Let K € CHaus with a continuous map K —
X xY. We need to see that the composition K — X x Y 4 7 is continuous. Factoring the
first map as K AKxK = X x Y, we see that we can replace X =Y by K, and assume that
X,Y are compact Hausdorff. Let V C Z be open and (x,y) € f~1(V). As g(z) is continuous,
there exists a compact neighborhood K of y in Y with g(z)(K) C V. We can now consider the
open subset U := U(K — Y,K,V) C Homq,,(Y,Z). Then W := ¢g~'(U) C X is open and
(x,y) € W x K C f~Y(V). Indeed, if z € W by construction of K, and if (w,y) € W x Y, then
fw,y) = g(w)(y) € V as g(w) € U. Thus, f is continuous as desired. O

Remark 4.16. Let Y, X', X € Top®® and X’ — X a quotient map, then f: (X'xY )% — (X xY)®
is again a quotient map. Indeed, it suffices to show that f is an effective epimorphism. But this can
be tested by mapping to Z € Top®, and then Homr, ((X x Y)®, Z) = Homr,, (X, Hom,, (Y, Z))
by Lemma This implies the claim.

oNf X C Cis open, and Y = C, then the compact-open topology generalizes the topology of uniform convergence
that is often used in complex analysis (for example).
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4.3. Quasi-compact and quasi-separated condensed sets. Recall that in Definition [3.19] we
defined quasi-compactness and quasi-separatedness in a finitary topos. In this subsection, we study
them for condensed sets.

As a first consequence, we can show that the functor (—) preserves subobjects of x-compactly
generated spaces. More precisely, one has the following.

Lemma 4.17. Let X be a k-compactly generated space, and let Z C X be a closed subspace.

(1) Z is k-compactly generated,

(2) Z — X is a quasi-compact injection of k-condensed sets,

(3) each quasi-compact injection Y — X is isomorphic to the inclusion W — X for a closed
subspace W C X

Proof. (i): This follows from the fact that, because Z is closed in X, the base change Z x x (—)
preserves topological quotients and k-profinite sets.

(ii): We need to see that for any quasi-compact object T' € CondSet,, the fiber product 7' x x Z
is again quasi-compact. Note that the base change (—) x x Z preserves epimorphisms (in any topos
base change preserves epimorphisms). By the definition of quasi-compactness we may therefore
assume that 7' = S is a profinite set (identified with the condensed set S = hg through the Yoneda
embedding). But then S xx Z = S xx Z because (—) commutes with limits, and S xx Z is a
profinite set (being closed in S). In particular, S X x Z is a quasi-compact condensed set as desired.

(iii): Assume that ¥ — X is a quasi-compact injection. Assume first that X = S is a k-
profinite set, and pick a k-profinite set S’ with a surjection S — Y (this is possible because S
and that the morphism Y — S are quasi-compact, so Y is quasi-compact). We get a factorization
S" =Y —:=W — S of condensed sets, where W := Y (x)op. Note that as S” — Y is surjective,
we have W = Im(S" — S) (as sets). But this implies (by Lemma that W must already
carry the subspace topology of S, and that it is closed in S. In particular, W is a k-profinite
set. Moreover, the morphism S = S’ — W is an epimorphism of k-condensed sets (as follows
from the definition of the Grothendieck topology on Prof, E[) This implies that ¥ — W is
an epimorphism. But as Y — S is a monomorphism, ¥ — W must be an isomorphism (using
Theorem . Now, assume that X is a general x-compactly generated space. We have the
surjection f: [[,c; Si — X of topological spaces, where I runs through all continuous morphisms
S; — X from s-profinite sets. With this choice of I it is clear that [[,.; S; — X is an epimorphism
of r-condensed sets. This implies that g: [[,.; Y xx S; — Y is an epimorphism. By the previous
case, each Y xx S; is the inclusion of a closed subset W; C S;. Moreover, we can note that
Wi Xx Sj = YXX(SiXXSj) = SZ X x Wj, and thus WiXSi (Sl Xij) = Wj ij (SZ'XXSJ'). This
implies, that there exists a unique closed subspace W C X such that W x x S; = W; (because f is
a topological quotient morphism). From the surjectivity of g, we can then conclude that W =Y,
and that necessarily W = Y (x)qp. g

Motivated by Lemma one can define that a morphism Y — X of k-condensed sets is an
open immersion if for each S — X with S € Prof, pullback Y xx S — Sisof the formU — S =S
for an open subset U C S.

We can now relate qcgs condensed sets to classical objects.

Lemma 4.18. The functor (—) induces an equivalence between:

(1) the category CHaus, of compact Hausdorff spaces K, which admit a surjection from a
K-profinite set
(2) qcgs objects in CondSet.

Proof. We first check that if S — K is a surjection from a k-profinite set to a compact Hausdorff
space, then the morphism S = S — K is an epimorphism. It suffices to see that S" x g S — S’ is
an epimorphism for any map S’ — K from some S’ € Prof,. Note that S’ xx S = 5" xx S, and
that S’ xx S C S’ x S is closed, hence profinite. But as S — K is surjective, S’ xx S — 5’ is
surjective, and hence a covering in the Grothendieck topology in Prof,. But any covering defines
an epimorphism of (associated representable) sheaves.

We can conclude that S — K is even an effective epimorphism (Theorem 7 i.e., K is the
quotient of S by the equivalence relation R := S xg S C § x S. In particular, it follows that K

100ne can observe the following general statement: Let (C,7) be a site, and {Y; — Y}ies a collection of
morphisms in C. Then Hie] h%,i — h%, is an epimorphism in the topos X = Sh(C) if and only if the collection
{Y; = Y}ics can be refined by a covering {Z; — Y};¢cs in C, Example
E.g., if x is a strong limit cardinal, then K € CHaus lies in CHaus,, if and only if | K| < & (this follows because
B(Kd15¢) has cardinality < k).
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is qcgs because it is the quotient of the qcgqs condensed set S along a quasi-compact equivalence
relation R C S x S.

Assume conversely that X € CondSet,, is qcgs, and pick an epimorphism S — X with S € Prof,,
(this is possible as X is qc). Now, the equivalence relation R := S xx S C S x S is quasi-compact,
because X is gs. This implies (using that S x S is quasi-separated) that the morphism R — S x S
is quasi-compact. By Lemma .17} this implies that R = W C S x S, for a closed subspace S x S,
which necessarily must be a profinite set. Note that W C S x S is again an equivalence relation.
By Lemmawe can conclude that the quotient K := .S/W is a compact Hausdorff space (which
trivially admits a surjection from a x-profinite set), and from the previous discussion we know that

K = coeq(W = ) 2 coeq(R = §) = X

through the natural maps. More precisely, we use effectivity of epimorphisms in CondSet,, in the
last isomorphism (Theorem [3.11]) ]

We now want to study quasi-separated condensed sets. Let us note some stability properties of
quasi-separated objects.

Lemma 4.19. Let X be a finitary topos.

(1) Let Y — X be a monomorphism, with X quasi-separated. Then'Y is quasi-separated.
(2) Filtered colimits of quasi-separated objects along injective transition maps are quasi-separated.
(3) Each quasi-separated object X is the filtered colimit of its qcgs subobjects.

Proof. Write X = Sh(C) for a finitary site C. If Y — X is a monomorphism, then S xy T = Sxx T
for any S,T € X over Y. From this formula, first two statements follow from Corollary
Assume now that X is quasi-separated. There exists a surjection [, ;Y; — X with ¥; € C
(in particular, each Y; is quasi-compact). Thus, it suffices to see that for Y € X quasi-compact,
the image Z of a morphism Y — X is a qcgs subobject of X. Being a subobject of X, Z is
quasi-separated. Being a quotient of Y, Z is also quasi-compact. This finishes the proof. O

Hence, one can describe quasi-separated objects via certain filtered colimits. Recall that if C
is a category, then its Ind-completion Ind(C) has objects ” li_lr)ni€ s ”Y; given by filtered diagrams
Y;,i € I, of objects in C, and morphisms

Homyyq(c) (7 lim Y5, ” lim " Z;5) := lim lim Home (Y5, Z;).
icl jeJ jeJiel
Thus, Ind(C) is dual to the notion of a pro-category that we saw in Proposition In fact,
Ind(C) = (Pro(C°P))°P.

Lemma 4.20. Let X be a finitary topos, and let X9 be its subcategory of qcqs objects. Then the
functor
Ind(X9°%®) —» X, 7 h_r)n”Xi — ligXi
iel iel
1s fully faithful.

Proof. This follows formally from Corollary and the definition of an Ind-category O

We can now deduce from Lemma a convenient description of quasi-separated condensed
sets. We see in particular that x-compactly generated Hausdorff spaces yield a large supply of
quasi-separated condensed sets.

Lemma 4.21. (1) The functor
®: {gs condensed sets} — Ind(CHaus,), X — " lig”ﬁg)(, KeCHaus, K

18 fully faithful with essential image given by Ind-systems with injective transition maps.

(2) Let X € Top" 8. Then X is quasi-separated if and only if it is k-weak Hausdorff, i.e., for
each continuous map f: S — X with S € Prof,; the image f(S) C X is compact Hausdorff
for the subspace topologyd. E|

Proof. The first assertion follows formally from Lemma and Lemma

Let us show the second statement. Assume that X is quasi-separated. Then X = X (%) as X is
assumed to be x-compactly generated. Hence, it suffices to show that T'(x). is weak Hausdorff for
any quasi-separated set 7. As such we can write T' = |J;; K; as a filtered union for K; € CHaus,.
The functor T' +— T'(x). being a left adjoint, it suffices now to see that the colimit ¥ = hﬂiel K;in

topological spaces satisfies the statement in the lemma. Let S € Prof,, with a map S — Y. each

12This notion is a k-variant of the condition of being weak Hausdorff: the image of a continuous map from a
compact Hausdorff space is compact Hausdorff for the subspace topology.
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morphism S — X with S € Prof, is quasi-compact, and hence so is Y := Im(S — X)) —. But this
implies that Y = K for some closed subspace X by Lemma Necessarily K = Y () = Im(S —
X) (by Remark . Assume the converse, and let S, S5 € Prof,, with maps S; — X, Sy — X.
Set K :=Im(S; ][ S2 — X), which by assumption is a compact Hausdorff space for the subspace
topology of X. This implies that
Sl Xxsz %Sl XKSQ

is compact Hausdorff, and thus its associated k-condensed set is qcgs (it also admits a surjection
from a k-profinite set as it embeds into Sy x Ss). O

Remark 4.22. The fully faithful embedding
Ind(CHaus,,) — CondSet,

is likely not essentially surjective, even the condensed sets are generated by k-profinite sets under
colimits. The problem is the following: Let X € CondSet,,. We can write X as a filtered colimit of
quasi-compact objects (by considering images for morphisms S — X with S € Prof,;), thus assume
that X is quasi-compact, and take a surjection S — X. Now, we’d like to write the equivalence
relation S x x .S — S x S as a filtered colimit of closed equivalence relation (because their quotients
will be in CHaus,, by Lemma . We can again write the subspace S xx S x S x S as a filtered
colimit ligrliE ! K; of closed subspaces of S x S (because S x x S is quasi-separated). However, the

equivalence relation in S x S generated by K; need not be closedH

Remark 4.23. One has to be careful not to confuse an ind-system along injective maps with
a union as a topological space. In general, it can happen that a compact Hausdorff space K is
the union K = J,; K of closed subspaces, such that K carries the colimit topology. Indeed, let
[ 1Lie;(NU{oo}) = K := {0,1}", with the coprod taken over all continuous maps NU{oo} — K.
Because K is metrizable (it embeds as the Cantor set into [0, 1]), the map f is a topological quotient
map. For i € I let K; C K be the image of the corresponding map N U {co}. Then the morphism
Uier Ki — K of quasi-separated condensed sets is not an isomorphism (otherwise K would be a
finite union of K;’s). Note that the indexing set for such an example is necessarily uncountable,
Lemma [£.6]

We can delve into this example: the subobject |J;.; K; € K is not induced by a subspace of K,
and hence is a genuinely “new” condensed set (in particular the quasi-compactness assumption in

Lemma is crucial).

Another property of (—) is that it does not preserve epimorphisms. This is actually a feature,

and not a bug as the example R4 — R shows. However, this might even happen for quotient

maps Remark

We mention some positive results in this direction.

Lemma 4.24. Let f: Y — X be a quotient map of k-compactly generated spaces. Then f: Y — X
is an epimorphism if one of the following conditions are satisfied:

(1) X is k-weak Hausdorff, i.e., X 1is quasi-separated, and each compact Hausdorff subspace
K C X with K € CHaus,, lies in the image f(L) of a compact Hausdorff subspace L CY,
which lies in CHaus,.

(2) K is a strong limit cardinal, Y, X are locally compact Hausdorff spaces with |Y|,|X| < k&,
and f is proper or open.

In Lemma we establish a version of (2) for k = wj.

Proof. (1): This is almost directly the definition of an epimorphism of condensed sets: let S €
Prof,,. We need to see that ¥ xx S — S is an epimorphism. But K :=Im(S - X) C X is a
compact Hausdorff subspace of X (using that X is quasi-separated), and hence lies in the image
of some L CY, L € CHaus,. But this means that

Y xx S=LXpu) S=L x5 8

lies in CHaus,, and surjects onto S. But this implies that the morphism to S is an epimorphism
as desired.

(2): Because k is a strong limit cardinal a compact Hausdorff space K lies in CHaus, if and only
if | K| < k. This implies that each compact subspace of X or Y lies in CHaus,. If f is proper, then
by definition for each compact subspace K C X the inverse image f~*(K) C Y is compact, and
hence (1) is satisfied. Assume that f is open, and let K C X be compact. For each y € f~!(K),
pick some compact neighborhood L, of y in Y. As f is open, f(L,) is a neighborhood of f(y).

131t would be nice to have a concrete example, where this happens.
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This implies that K is covered by finitely many f(L,)’s, and thus lies in the image of a finite union
of the L,’s. |

Any topological space admits a maximal Hausdorff quotientE Similarly, each condensed set
admit a maximal quasi-separated quotient.

Lemma 4.25. The inclusion {¢s k-condensed sets} — CondSet,, admits a left adjoint X — X9
which commutes with finite products. In particular, limits of quasi-separated k-condensed sets are
quasi-separated.

Proof. Let X € CondSet,, and choose a surjection X' = [[,.;S; — X with S; € Prof.. Let
R := X' xx X' C X' x X’ be the induced equivalence relation. Note that for any map X — Y
with Y quasi-separated, the induced map X’ — Y has the property that X’ xy X’ C X’ x X' is a
quasi-compact injection (hence identifies with the inclusion of a closed subspace by Lemma ,
and it contains R (because X’ — Y factors over X). Let R C X’ x X’ be the minimal closed
equivalence relation containing R. Note that R exists because any intersection of closed equivalence
relations in X’ x X’ is again a closed equivalence relation. In particular, we can set X9 := X'/R
as it satisfies the required universal property.

Let us now check that X +— X9 commutes with finite products. It suffices to see that if
RC XxX and R' C X’x X' are two equivalence relations on quasi-separated condensed sets X, X',
then the minimal closed equivalence relation R x R’ on X x X', containing R x R’ is given by Rx R’.
Note first that for 2’ € X' fixed, R x R needs to contain Rx {(z/,2')} C X x X x X'x X’. Similarly,
for fixed z € X, we have {(z,7)} x " C R x R’. Now, assume that (z1,2}), (v2,25) € X x X' are
two elements, such that z,xo are equivalent through R, and 2}, x5 through R’. Then (z1,z}) is
R x R'-equivalent to (z2,2}) (because R x {(z},27)}) € R x R’) and (z2,2}) is R x R’-equivalent
to (zg,x4). This implies that R x R’ C R x R’ as desired. O

Example 4.26. The equivalence relation R C R x R given by the action of Q by addition, i.e.,
R ={(z,y) e RxR | z—y € Q}, has closure R x R, and hence the quasi-separated quotient of

R/Q is {*}.

4.4. Sequential spaces and light condensed sets. We now assume that k = w; is the first
uncountable cardinal, so that wi-condensed sets are by definition light condensed sets. We will
therefore use the notation

Prof 8" := Prof,, , CondSet"s" := CondSet,,, .

As the case of light condensed sets is the most relevant case, we spent some time to discuss this
case.
Let us first discuss wi-compactly generated spaces.

Lemma 4.27. Let X be a topological space. The following are equivalent:
(1) X is wi-compactly generated, Definition[{.3,
(2) X is a sequential space, i.e., X is a topological quotient Y — X of a first countable space
Y,
(3) X is a quotient of a metrizable space,
(4) X is a quotient of [[;c;(NU {oo}) for some set I.

Note that an w;-compactly generated space will be k-compactly generated for each uncountable
cardinal k.

Proof. Assume that X is wi-compactly generated. By definition, this means that X admits a
quotient map [[,.; S; — X for some set I and S; € Prof'8" i € I. By Lemma we may
replace S; by the Cantor set {0, 1}. But the Cantor set is metrizable (as is any countable product
of metrizable spaceﬁ) Now, each first countable space X is the topological quotient along the
natural map
H NU{oo} = X,
NU{oco}—X cts.

because a map X — Y to a topological space is continuous if and only if it maps a convergent
sequence z, — z, n — oo in X to the convergent sequence f(z,) — f(z), n € N. We note
that NU {oco} 2 {0} U {1/n | n € N} is clearly metrizable. Hence, we are left with proving that
a sequential space is wi-compactly generated. Thus assume that X is sequential. Each quotient

14This follows from the fact that limits of Hausdorff spaces are Hausdorff.
151f X,,, n € N are metrizable with metrics dy, then [T.en Xn is metrizable with metric d((zn), (yn)) =

Z dn (Tn,Yn)
n€N 27 (T+dy, (@n,yn))
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of a k-compactly generated space will be k-compactly generated, so we may assume that X is
first-countable. Let V C X be a subset, such that for all S € Prof"®" mapping to X, the preimage
of V in S is closed. We need to see that V is closed. Take x € X in the closure of V', and choose
a sequence U; 2 Uz D ... of cofinal open neighborhoods of z (using that X is first-countable). As
V N U, is nonempty for each n, we can choose some z, € V N U, a produce a continuous map
NU{oo} = X, n — z,, co — z. Now NU {oco} € Prof, (this uses that x is uncountable), and
thus the inverse image of V' is closed in NU {oo}. As it contains N, it must be NU {oco}, and thus
x €V and V is closed. O

Lemma 4.28. Let S € Prof"8™. Then S admits a surjection {0,1}N — S from the Cantor set
{0, 1},

Proof. Write S = [],,cy Sn With S, finite and discrete. There exists some mg > 1 and a surjection
0,1™° — Sy. Then there exists some m; > my and a commutative diagram

{0,1} —— S

ml

{0,1}m0 —— Sp.

Continuing we find a surjection {0, 1} = lim{0,1}7* — S. 0
=0

Definition 4.29. We denote by Top™®* C Top*® C Top the full subcategories of metrizable resp.
sequential spaces.

We warn the reader that the functor (—) does not in general preserve quotients of metrizable
spaces.

Example 4.30. Any topological quotient f: [[;c;NU {oo} — C := {0,1}" to the Cantor set
does not induce a quotient on (light) condensed sets. Otherwise, there would exist a surjection
S — C with S profinite and a map g: S — [[,.; NU {oo} lifting f. But the map g has to factor
through finitely many summands (because S is compact), and hence C would be countable.

We can identify qcgs light condensed sheaves conveniently by metrizable compact Hausdorff
spaces.

Lemma 4.31. The following categories are equivalent:

(1) metrizable compact Hausdorff spaces,

(2) second-countable compact Hausdorff spaces,

(3) compact Hausdorff spaces, which admit a surjection from a light profinite set,
(4) qegs light condensed sets.

Moreover, if K' — K is a surjection of metrizable compact Hausdorff spaces, then K' — K is an
epimorphism of light condensed sets.

Proof. The equivalence of the first two points is a special case of Urysohn’s metrizability theorerrﬂ
and rests on Urysohn’s lemma, which in our case implies that points in the compact Hausdorff space
K can be separated by maps to the interval [0, 1]: Given a point € K and a closed subset Z C K
in the compact Hausdorff space K with « ¢ Z, there exists a continuous function f: K — [0, 1]
with fiz = 1 and f(x) = 0. If K is second-countable, then a countable collection of continuous
maps K — [0, 1] as before will define an embedding (equivalently an injection) K — [0, 1]Y into
the Hilbert cube. But the latter is metrizable, so K is metrizable. Moreover, the Hilbert cube
admits a surjection from light profinite set, by taking the product of the surjections

{0, 13" = [0,1], (an)n — ianZ‘”.

If a compact Hausdorff space admits a surjection from a light profinite set, then it must be second-
countable by Lemma [4:33]
The equivalence to qcgs light condensed sets follows from Lemma [4.18 (]

Example 4.32. The following example of a first countable (hence sequential), but not metrizable
compact Hausdorff space K was explained to us by O. Gabber. For a finite set J C [0, 1] consider
the subspace X; = [0,1] x {0} U U, {j} x [0,1] € [0,1] x [0,1]. For J" C J we get a natural
transition map X; — X which is the identity on X, but which is the projection to the first

16Any second-countable regular Hausdorff space is metrizable.
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factor on {j} x [0,1] for j € J\ J'. As a set, the inverse limit X := I'&nJC[O 1 is in bijection to
[0,1] x [0,1], but the topology is different. In fact, each {j} x [0,1) for j € [0,1] is open, and
from here one sees that X cannot be second countable. On the other hand, each point in X has a
countable neighborhood basis by using the usual balls in [0, 1] x [0, 1] of shrinking radii for points
in [0,1] x {0}, and the usual neighborhoods in {j} x [0,1) for j € [0,1].

We used the following lemma.

Lemma 4.33. Let f: S — K be a surjection from a metrizable compact Hausdorff space, e.g., a
light profinite set, to a compact Hausdorff space. Then K is metrizable, and hence second-countable.

Proof. Let d: S xS — R>¢ be a metric, and for z,y € K set
@<33,y) = inf{d(S]_, 82)+~ . ~+d(8n—1; Sn) ‘ T = f(sl)a f(SQ) = f(83)7 vy f(sn—l) = f(sn)v f(Sn) = y}

One easily checks that e: K x K — R>( defines a pseudo-metric. We show that it is even a metric,
ie., e(z,y) = 0 forces x = y. Thus, assume that e(z,y) = 0 and = # y. As K is Hausdorff,
there exist disjoint open neighborhoods U,V C K of z,y. But then for some ¢ > 0 the inverse
images f~1(U), f~1(V) contain some e-neighborhood of f~!(z) resp. f~!(y), i.e., the union of the
e-neighborhoods of each point in f~!(z) resp. f~'(y). This implies that e(x,y) must be bigger
than e, contradiction.

Given that e is a metric, it is clear that f is continuous when K is equipped with the topology
for e. However, as f is a quotient map, this forces the given topology on K to agree with the
metric topology for e. a

We get the following description of quasi-separated light condensed sets.

Corollary 4.34. The category of quasi-separated light condensed sets is equivalent to the full sub-
category Ind;,; (CHaus™*") C Ind(CHaus™®") consisting of filtered systems with injective transition
maps.

Proof. This follows from Lemma [£.31] and Lemma [:21] O
Sequential spaces exist in abundance.

Example 4.35. The following are examples of sequential spaces:

(1) Metrizable topological spaces,
(2) CW-complexes (being a quotient of a disjoint union of closed balls).

We note cases, where surjections of sequential topological spaces map to surjections of condensed
sets, in addition to Lemma [4.24]

Lemma 4.36. Let f: Y — X be a surjective maps of metrizable topological spaces. Assume that
[ is proper or open. Then f:Y — X is surjective.

Proof. Note that each compact subspace of Y or X is metrizable, and hence the assertion follows
from the proof Lemma [£.24] O
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4.5. Interlude: morphisms of topoi. In this section we want to discuss the notion of a “mor-
phism between topoi”. The basic example for a topos is the category of sheaves on a topological
space (Example . Assume that f: Y — X is a continuous map of topological spaces. Then we
obtain a pullback functor

fol Ouv(X) = Ouwv(Y), (Z = X)— (ZxxY =Y)

sites *

on associated sites, which preserves finite limits and maps a covering {Z; — Z};cs to the covering
{Z; xx Y — Y}ier (in anticipation of the general case we write fiber products and not the
intersection of open subsets). This implies that the functor

P PSh(Ouv(Y)) — PSh(Ouv(X)), F s Fo fo

sites
induces a functor
S Sh(Y) — Sh(X).
In any discussion for sheaves on topological spaces, one quickly proves the existence of a left
adjoint f—1, which is exact, i.e., commutes with finite limits. This commutation with finite limits

is important, e.g., it implies that f~! preserves sheaves of abelian groups/ring/... and defines an
exact functor for such. Motivated by this we make the following definition.

Definition 4.37. A morphism f: ) — X of topoi is a functor f.: ) — X, which admits an exact
left adjoint f~': X = 9. If g: 3 -9, f: Y — X are morphisms of topoi, then their composition
f o g is given by the functor f, o g., whose left adjoint ¢~ ! o f~! is indeed exact.

As equality of functors is badly behaved for categories it is often better to also keep track of the
natural transformations 7n: f, — f, for two morphisms f, f': 2) — X of topoi. Thus topoi form
naturally a 2-category. We will not enter this discussion in this lecture as it will not be important.

The next lemma is a basic source for constructing morphisms of topoi.

Lemma 4.38. Let u: C — D be a functor between small categories and define the functor
uPSP: PSh(D) — PSh(C), F — Fou.
(1) The functor uPSt admits a left adjoint upg, : PSh(C) — PSh(D).
(2) If G € PSh(C), then u;slh(G) is the “pointwise left Kan extension” of G along u, i.e.,
(ZeD)w— @ G(Y).
{Yec, Z—u(Y)}or
(3) If Y € C with contravariant Hom-functor hy := Home(—,Y) € PSh(C), then
upgn (hy) = huy).

(4) Assume that C has finite limits, and u preserves these. Then u;slh is exact. In particular,

ulSt defines a morphism uF>*: PSh(D) — PSh(C) of topoi.

Note that the smallness of C, D implies here that the colimits in (2) exists for any Z € D. Before
starting the proof let us consider the example

u=f"': Ouv(X) — Ouv(Y)
for a continuous map f:Y — X of topological spaces from before. Then

upgn(9)(U) = liy G(v).

VCS open, UCf—1(V)

Proof. We can define ugslh by the formula in (2). Then it is straightforward to check that ugslh is
left adjoint to ufSt by identifying elements in Hompgy(p) (upgy, (G), F) and Hompgy, ¢ (G, ulSh(F))
with systems of maps ¢v,z r: G(Y) = F(Z) for any Y € C,Z € D and morphism f: Z — u(Y),
which are compatible for varying the data Y, Z, f.

Let us show (3). Take Y € C and G € PSh(D). Then

Hompgy(p) (upgp(hy),9)

@ Hompgy ey (hy, ufsh(G))
Yogeda U (g)(y)
= G(u(Y))

Yoneda
= Hompgp(p) (hu(yy, 9)-
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By a third application of the Yoneda lemma we can conclude that u;slh(hy) and h,(y) are naturally
isomorphic. Finally let us prove (4). From the pointwise construction of upg, it suffices to check
that for each Z € D the category

I;:={Y eC, Z—-ul)}>®

is filtered. But as C has finite limits and u commutes with these, it follows easily that I, has finite
colimits. But any category with finite colimits is filtered. O

Definition 4.39. Let C,D be sites and let u: C — D be a functor. Assume that

(1) the category C has finite limits and u commutes with these.

(2) if {Y; = Y}ier is a covering in C, then {u(Y;) — u(Y)}ier is a covering in D.
Then we set

f«: Sh(D) — Sh(C), F = ulSM(F) = Fou
and
f71Sh(C) = Sh(D), G = (upg,(9))F,

and call the associated morphism f: Sh(D) — Sh(C) of topoi the morphism associated with w.
Example 4.40. Let x < k' be uncountable cardinals. Then the inclusion u: C := Prof, — D :=

Prof, satisfies the assumptions of Definition [£:39] because the fiber product of x-profinite sets is
again k-profinite (this is Lemma [3.56)). Hence, we get an exact, left adjoint functor

CondSet,, — CondSet,.
to the restriction functor CondSet,s — CondSety, F + Fipyosor-
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4.6. Interlude: Dependence on k. By definition, k-condensed sets depend on the chosen car-
dinal k. In this section, we now want to adress the (subtle) question, what happens if one enlarges
k. We note that for most applications it is sufficient to take x = wq, so that the discussion below
is most often not very relevant.

Definition 4.41. A cardinal k is regular if for any union S = |
also |S| < k.

ser Si of sets with [Si|, [I| < &

For example, w and w; are regular (more generally, each infinite successor cardinal is regular),

but 3, = 3, is notm

n<w

Proposition 4.42. Let k < k' be uncountable cardinals. Assume that k is regular. Then the
pullback functor
v~ 1 :=v71,: CondSet,, — CondSet,

K,k
from Example|4.40 is fully faithful, and its essential image are those G € CondSet,s such that for
any T € Prof,,, which is written as a cofiltered limit T = @iel T; of T; € Prof,, the natural
morphism lim, G(T;) — G(T) is bijective.

Proof. Let u: Prof,, — Prof, be the inclusion, and let u = upg, : PSh(Prof,;) — PSh(Prof,) be
the left adjoint from Lemmamm the restriction functor utS?: PSh(Prof,/) — PSh(Prof,), G
Gou. Let v,: CondSet,, — CondSet, be the restriction of ul>? to condensed sets, i.e., sheaves.
Let F € CondSet,. Recall that v~!(F) is the sheafification of ugslh(]:). It suffices to see that the
natural morphism
F = v, H(F)

is an isomorphism. Evaluating on S € Prof,;, we see that it suffices to see that ugslh (F) is already
a sheaf on Prof,s. Let T € Prof,s. Recall from Lemma that

upgp(F)(T) = lim  F(S).

T—S, SeProf,

Let T' = @ja S; € Prof,; with S; € Prof,. and J m—coﬁlteredﬁ We claim that

updy (F)(T) = lim F(S,),
jeT

i.e., the above colimit may be replaced by a suitable over colimit. To prove this claim it suf-
fices to see that any continuous morphism 7' — S with S € Prof, factors over some T' — S;.
On boolean algebras this means that the morphism h: Cont(S,Fs) — Cont(T,F3) factors over
some Cont(S;,F2). Now, the image of h will be contained in the image of some Cont(S;,F2)
because Cont(S,F3) < k, and J is k-filtered. Similarly, the at most xk-many relations of < xK-many
generators of Cont(S,Fy) will be realized already in some Cont(S;,F2). This implies the claim.
Now, k being regular implies that we can write each T' € Prof,s as a k-cofiltered inverse limits of
S; € Prof,.. E| Indeed, we can write Cont (7T, F2) as the filtered union of all of its Boolean subalge-
bras of cardinality < k, and because k is regular, this union is x-filtered. Let now U := {T; — T }ier
be a covering in Prof,,. By applying Lemma below to [[;.; T3 — T we can write T; — T as
a cofiltered inverse limit of coverings U; := {S;; — S;}ier, j € J, with S;,S;; € Prof,.. As k is
regular, we may by the same reasoning as above even assume that this inverse limit is x-cofiltered.
But combining the previous assertions, we see that (in the notation of Section

D(T, upg,F) = im (S, F) = im T'(U;, F) = DU, upg, F)
jeJ jed
using in the last step that filtered colimits commute with finite inverse limits. The description of
the essential image expresses the statement the counit
nu~'v,G — G is an isomorphism, and hence this describes the essential image. This finishes the
proof. |

We needed the following lemma when comparing k-condensed sets with x’-condensed sets for
K< K.

L7The existence of arbitrary large regular and strong limit cardinals cannot be proved within ZFC, so we avoid
them in this course.

I8 A k-filtered colimit is a colimit over a x-filtered category I and a category [ is k-filtered if any diagram f: J — I
with J having < k arrows, has a a cocone, i.e., there exists some ¢ € I with compatible morphisms f(j) — ¢ for all
j € J. The dual notion to being x-filtered is beign k-cofiltered.

191 fact, Prof,.s is the Pro, _gitera-category of Prof ., where the s-filtered Pro-category considers only x-cofiltered
pro-systems.
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Lemma 4.43. Let k < k' be uncountable cardinals. Let S’ — S be a surjection of k'-profinite set.
Then S" — S is a cofiltered inverse limit of surjections T; — S; of k-profinite sets.

Proof. Set A := Cont(S,F3) — B := Cont(S’,F3) as the associated morphism of Boolean algebras
(Proposition . Note that surjectivity of S’ — S is equivalent to injectivity of A — B. Let
C C B be a subset with |C] < k. Then the Boolean algebra generated by C in B has size < &
(because it is a quotient of Fa[X.|c € C]/(X2 — X.)). Hence, we can write B = lim B; as a filtered
iel
colimit of Boolean subalgebras B; with |B;| < k. Set A; as the inverse image of B; in A. Then
A; — B; is injective, and hence |A;| < k. Thus, the morphism T; := Spec(B;) — S; := Spec(4;) is
a surjection of k-profinite sets. Because, A — B is the filtered colimit of the morphisms A; — B;,
the morphism S’ — S is the filtered colimit of the T; — S;. O

Remark 4.44. Generalizing the assertion that filtered colimits (=w-filtered colimits) of sets com-
mute with finite limits, one can show that s-filtered colimits commute with k-small limitsm As
a corollary from the proof of Proposition one sees therefore that the functor v, i, commutes
with k-small limits if x is regular.

We make a warning.

Remark 4.45. If x < ' with pullback »~!: CondSet,, — CondSet,, then v, o (—)Hl = (—)K by
definition, but v~ o (—)K 2 (—)H/, i.e., the realization of a topological space X as a condensed set
depend on k! Namely, let X = {n, s} be the Sierpinski space, i.e., the opens of X are (), {n}, {n, s}.
Then
Hom,s(S, X) = {Z C S closed}, ¢ — ¢ 1(s)

is a bijection for any profinite set S (even any topological space). If v=1(X,) = X/, then for any
S € Prof,:, written as a cofiltered limit S = ].ﬂliel S; with S; € Prof,, then each closed subset
Z of S is the inverse image of a closed subset of some S;. But on Boolean algebras, this implies
that the kernel of Cont(S,Fsy) — Cont(Z,Fs) is generated by < x many elements. But this is not
necessarily possible: Take « a sufficiently large ordinal, and set S = a4+ 1. Then the closed point
Z := S\ «a gives a counter-example.

There exist worse counterexamples: if K is a sequential compact Hausdorff space, which is not
metrizable, cf. Example then v 1K, # K, if 22" < k. Indeed, v1K, is given by the
non-quasi-compact, quasi-separated k-condensed set given by the filtered colimit @ie s K, with
I running through all metrizable compact subspaces K; — K, while K, is qcgs as it admits the
surjection from the s-profinite set B(K4i5).

To solve this issue it helps to require that there exists (not too many) closed subsets separating
points.

Lemma 4.46. Let k < «' be uncountable cardinals, and assume that k is reqular. Let X be a
k-compactly generated space such that for each quasi-compact subset Z C X there exists closed
subsets K;,j € J, with |J| < k, such that for each x,y € Z,x # y there exists j,j' € J with
KiNKjy=0andx € Kj, ye Kj. Thenv X, =X,,.

The proof is an adaption of [Schl, Proposition 2.15].

Proof. By Proposition [£.42] and Remark [£.44] it suffices to see that the natural map
P: li_n>qumcts(Si,X) — Hom(S, X)
iel
is bijective for any S € Prof,/, which is written as the k-cofiltered limit S = @ie ! S; of all maps
S — S; with S; € Prof,. Note that within the cofiltered system of all maps S — S; to k-profinite
sets, the surjections are cofinal because the image will be x-profinite (by Lemma. This implies
that ® is injective. Let f: .S — X be a continuous map. It suffices to see that there exists some 1,
such that
Sxg, SCSxx SCSxS.

Note that the image Z := f(X) C X is quasi-compact (but not necessarily Hausdorff). By
hypothesis, there exist < xk-many closed subsets K, j € J, such that for any x1,z2 € Z there exist
J1,J2 € J with z, € K, and K;, N Kj, = (). Thus, the sets T} j; :== f~1(K;) x f~1(K;;)) CS xS
for j,7" € J with K; N Kj # 0 cover S x S\ S xx S. Set Tj s, := S xg, SNT} ;. Then the
cofiltered limit over ¢ of all the compact subspaces T} j/; of S x S is empty (because Tj ;: does not
meet the diagonal of S). But this implies that for any pair j,j’ € J as above, there exists some

20A limit is k-small if its indexing category has < k arrows.
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i, with T} j ; = 0. As I is r-filtered and |J| < &, this implies that we can find a single ¢ € I with
Sxg, SN(SxS\SxxS)=0ie,S x5, SCS xx S as desired. O

Let us give some cases where a topological space X satisfies the (mild) assumption in Lemmam

Example 4.47. Let X be a topological space, and x a regular uncountable cardinal, e.g, Kk = wy.

(1) Assume that X satisfies the condition of Lemma m Then X is necessarily 77 because
each point can be written as the intersection of some of the closed subsets K.

(2) Assume that X is metrizable. Then X satisfies the assumption of Lemma for Kk = wy:
Indeed, if Z C X is quasi-compact and n € N, then the covering of Z by closed balls
of radius 1/n has a finite subcovering, say by closed balls K ,,...,K;, », and one can
consider the countable collection of the sets K .
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5. CONDENSED ABELIAN GROUPS

We can now pass to condensed abelian groups. In fact, each topos admits a category of abelian
group objects as we will first discuss.

5.1. Interlude: abelian group objects in topoi. Let X be a topos, and assume that C is a site
such that X = Sh(C).

Lemma 5.1. The following categories are naturally equivalent:

(1) Sheaves of abelian groups on C, i.e., the full subcategory of functors Fun(C°P, Ab) such that
the composition C°? — Ab — Sets with the forgetful functor is a sheaf of sets.

(2) Pairs of (A€ X, u: Ax A — A) such that for each X € X the set A(X) := Homz (X, A) is
an abelian group for the multiplication A(X) x A(X) =2 Homx (X, A x A) — A(X) induced
by p.

(3) Tuples (A€ X, u: AxA— A, 0: %« — A1 A— A) such that the diagrams commute, which
express associativity and multiplicativity for u, unitality of 0 for u, and that v provides an
inverse for multiplication.

(4) Product-preserving functors Lat — X, where Lat is the category of finite free abelian groups.

Proof. We only sketch the respective functors, and leave checking the details as an exercise. Given
a sheaf F of abelian groups on C, the underlying sheaf of sets A is an object of X, and the addition
in F defines a multiplication A x A — A satisfying the condition in (2). The data in (2) defines the
data in (3) by the Yoneda lemma. Namely, for Y — X the maps A(X) — A(Y) will automatically
be morphisms of groups (because p is compatible with the restrictions). This implies that the
inversion on A(X) is underlying a natural transformation of representable functors A(—) — A(—),
and thus is given by a morphism ¢t: A — A by the Yoneda lemma. Similarly, one can construct
the morphism 0: x — A. As for any C € C the evaluation A — A(C) commutes with limits, and
the diagrams in (3) only involve products, one sees that the data in (3) yields a sheaf of abelian
groups C' — A(C). Finally, given a functor F': Lat — X, we set A := F(Z) with multiplication
Ax A2 F(Z x Z) — F(Z) induced by the addition Z x Z — Z. Similarly, one can equip A with
a unit 0: * = F({0}) — A, and an inverse t: A — A (induced by the multiplication by —1 on Z).
Conversely, given a sheaf F of abelian groups on C, we can construct a product-preserving functor
Lat — X by sending L € Lat to the sheaf C' +— Homay (L, F(S5)). O

Definition 5.2. We let Ab(X) be the category of abelian group objects in X, i.e., any of the
equivalent categories in Lemma [5.1

We will freely use the different viewpoints from Lemma [5.1]

Theorem 5.3. The category Ab(X) is a Grothendieck abelian category, that is,

(1) it is abelimﬂ and has all limits/colimits,

(2) filtered colimits in Ab(X) are exact,

(3) there exists a generator G € Ab(X), i.e., if A € Ab(X) such that Homx(G, A) = 0, then
A=0,

(4) Ab(X) has enough injectivesg

Proof. We leave the first two assertions as an exercise, the existence of a generator will be discussed
in Remark [5.5] By Grothendieck’s theorem, the exactness of filtered colimits and the existence
of a generator already imply the existence of enough injectives. However, one can also give a
direct argument, [Stal7, Tag 01DL]. In fact, one can construct a functor J: Ab(X) — Ab(X) and
a natural transformation Id — J, such that for each A € Ab(X) the morphism A — J(A) is an
injection into an injective object. (]

Similarly to the case of sets one has a notion of a “free abelian group”.
Lemma 5.4. The forgetful functor Ab(X) — X has a left adjoint X — Ab(X), X — Z[X].

Proof. If X = Sh(C), then we can set Z[X] as the sheafification of the functor C' +— Z[X(C)] and
check that it satisfies the desideratum. ]

It is not clear how to describe Z[X](C) in general. Nevertheless, this abstract construction
allows us to check the existence of a generator.

21\e leave it to the reader to check the definition of an abelian category.
27 ¢ ADb(X) is injective if its contravariant Hom-functor is exact.



LECTURES NOTES ON TOPOI AND CONDENSED MATH 39

Remark 5.5. If X = Sh(C) and the objects in C form a set (which can always be assumed), then we
can conclude that G := @ Z[hﬁc] is a generator for Ab(X). Indeed, for A € Homapx) (Z[hnc], A)
Homx(hﬁc, A) =2 A(C) and A is zero if and only if all A(C) are zero.

Remark 5.6. In general, the “free abelian sheaves” Z[X] are far from being projective, e.g.,
Homapx)(Z[*], —) is the global section functor for X, which very often is not right exact (it yields
sheaf cohomology). In fact, enough projective objects exist rarely in Ab(X): in any category with
enough projective objects products are exact, but this happens rarely.

There does exist a convenient class of topoi for which countable products are exact.
Definition 5.7. A topos X is called replete if for any sequential diagram

o= G >G> G

of surjections in X, the projections @ieN G; — G; are surjective for each j € N.
Lemma 5.8. Let X be a replete topos. Then countable products are exact in Ab(X).

Proof. Let ¢,: F,, = G, be a morphism of sequential diagrams {F, } nen, {Gn}nen such that each
on and each F,, 41 — F,, Xg, Gn41 is surjective. Then we claim that @neN F, — @nEN G, is
surjective. Indeed, given a morphism X — limn N G, i.e., a compatible collection of morphisms
sp: X = G, then we can inductively find compatible surjections X,, — X and lifts ¢,,: X,, — F},
of sp: set Xo := X x¢g, Fo and X,41 = X, X Fnx g, Gni1 Fn+1. By repleteness, @neN X,— Xis
surjective, and thus @neN F, — rglnEN G, is surjective.

Given now a countable collection of surjections ¢;: G; — F;, we need to see that their product is
again surjective. But this follows from the previous claim, by considering the surjections []\, G; —
[Ty Fi with inverse limit [T, o ¢n- O

Example 5.9. (1) The topos of sets is replete.
(2) Topoi associated to topological sets are often not replete as a countable limit of open
coverings need not be an open cover anymore.
(3) For any cardinal x the topos CondSet, is replete: each countable inverse limit of surjections
of k-profinite sets is again a surjection (using Corollary .

Frequently, we will also use the following variant for module categories in topoi.

Definition 5.10. Let X be a topos, and let A € X be a ring object. We let Shp (X) be the category
of pairs (M € Ab(X), u: Ax M — M) such that for each X € %, the map A(X) x M(X) — M(X)
makes M (X) into a A(X)-module.

Lemma 5.11. Let X be a topos, and let A € X be a ring object. Then Shp(X) is a Grothendieck
abelian category, and the forgetful functor Sha(X) — Ab(X) has a left adjoint M — A[M].

Proof. We leave the first part as an exercise. For the second, one can construct A[M] as the
sheafification of X € X — A(X)[M(X)], where the latter is the pointwise free A(X)-module on
M(X). O

One also has the following formal constructions.

Lemma 5.12. Let X be a topos, and A € X a ring object. Then Shp(X) has a unique closed,
symmetric monoidal structure (—) @ (=), which commutes with colimits in each variable, and
makes the left adjoint X — Shy (X), X — A[X] symmetric monoidal.

Here, A[X] denotes the free A-module on X, i.e., A[—] is the left adjoint to the forgetful functor
Shp (X) — X (and thus A[X] should not be confused with the notation in Lemma [5.11)).

Proof. One again constructs M ®; N as the sheafification of C'— M (C) @y N(C), and checks
the desired properties. O

Remark 5.13. The internal Hom Hom, (—, —) from Lemma admits the following description:
let M, N € Shp (%), and C € X, then

Hom, (M, N)(C) = Homg,, (x)(A[C], Hom, (M, N)) = Homgy,, (x)(A[C] @4 M, N).
Remark 5.14. Let * € X be the terminal object. Then the sheafification of C' +— Z defines a
sheaf Z of rings in X, and Shz(X) = Ab(X). Hence, one deduces from Lemma the existence

of a natural tensor structure and of internal Hom’s in Ab(X). We will simplify notation and write
7 instead of Z if X is understood.
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5.2. Generalities on condensed abelian groups. Let x be an uncountable cardinal.

Definition 5.15. We let CondAb, be Ab(CondSet,), i.e., the category of functors Prof(® — Ab
whose composition with the forgetful functor is a k-condensed set. We call objects in CondAb,
condensed abelian groups.

Specializing Lemma [5.8] Theorem [5.3] to condensed sets we arrive at the following theorem.

Theorem 5.16. The category CondAb, is Grothendieck abelian, and countable products in CondAb,,
are exact.

Proof. This follows from Lemma [5.8 and Theorem [5.3] ]
In the case that k is a strong limit cardinal, one obtains even better properties.

Theorem 5.17. Assume that k is a strong limit cardinal. Assume that k is a strong limit cardi-
nal. Then CondAb,, identifies with the category Fun™ (ExtDiscoP, Ab) functors ExtDisc?? — Ab
preserving finite product. In particular, CondAb, has enough projectives, given by Z[S] for S €
ExtDisc,, and all products in CondAb, are exact.

Proof. Asin Lemmaone verifies that CondAb = Fun™ (ExtDisc;”, Ab). Moreover, one verifies
that Z[T] for T € ExtDisc,, is projective, because F — F(T') = Homcondaab, (Z[T], F) is exact
(because any surjection 77 — T splits). We can conclude that a morphism F — G is a surjection
in CondAb, if and only if F(T') — G(T) is a surjection for any T € ExtDisc,. This implies that
all products are exact in CondAby. ]

In the case k = w; Theorem [5.17] does not apply, but one has the following very strong re-
placement. We note that the statement is surprising as Z U {oo} is not projective in Prof,,, (the
surjection 2N U {oco} [[(2N 4+ 1) U {oco} — NU {oo} does not split)ﬁ

Theorem 5.18. Assume k = wy. Then Z[NU {oco}] € CondAb,, is internally projective, i.e., the
internal Hom-functor Home,pqap,, (Z[INU 0], —): CondAb,, — CondAb,, is eract.

Proof. We note that Z € CondAb,, is internally projective because Home,qap,, (z,M) = M for
any M € CondAb,, (because Z[S] ®z Z = Z[S] for any S € Prof,,,). We note that Z[N U {oo0}] &
P ®Z for P := ZINU {oo}|/Zoo. Hence, it suffices to show that P is internally projective. Let
A — B be a surjection of light condensed abelian groups. We need to see that for any S € Prof,,
and any map ¢g: Z[S] ®z P — B there exists a covering T' — S such that the map Z[T|®z P — B
lifts to A. We have
Z[S) ®z P = 7Z|S x (NU{o0})]/Z[S x <]
by Lemma and right-exactness of Z[S] ®z (—). Thus, the map g identifies with a map
g S x (NU{oo}) = B,

sending S x {oo} to 0. As A — B is a surjection, there exists a covering f: S’ — S x (NU {c0})
and a map h: S’ — A lifting g. For n € N set S/, := f~1(S x {n}) (so that S/, = S x {n} is still
surjective). By Lemma we can find retractions r,: S’ — 5], to the injections S}, — S. We
can combine these retractions into a commutative diagram of disjoint unions of profinite sets

S xN o™ g

LIN Jf

S'x (NU {c0})

We can extend S x N — S’ to a map S” — S’ of light profinite sets, which is then necessarily
surjective. Indeed, we can first extend to a surjection B(S’ x N) — S’ then choose a countable
boolean subalgebra A C Cont(8(S” x N),Fs), which contains the image of Cont(S’,Fa), and then
set S” := Spec(A). Moreover, we may assume that S’ x N — S” is injective, with a complement
D C S”. By Lemma [5.19 we can find a retraction r: S — D. Let h: 8” — S — A be the
composition. Then h — h o r induces a map

g":Z|S"|)Z|D] = Z|S' @z P — A,
which lifts ¢ as desired. Indeed, we can apply Lemma to the compactifications S” and

S’ x (NU {oo}) with boundaries D and S x {oo}, to see that Z[S”]|/Z[D] = Z[S'] ®z P. Now,
h — h o r restricts to 0 on D (because r is a retraction). This implies that ¢” exists. To see

230n the other hand for S € ExtDisc, the k-condensed abelian group Z[S] is not internally projective, cf. [Sch20}
Proposition 3.7].
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that ¢” lifts g, we note that clearly h: S” — A lifts ¢’ (because already f lifts ¢’), and that
hor: D — 8" — A — B is the zero map (because ¢': S x (NU {oco}) = B maps S x {oo} to 0
and §” — 8" — S x (NU{oco}) maps D to S x {oco}: take a sequence (s!,,n) € S’ x N converging
to some d € D, then r,(s},,n) € S;, and this maps to S x {n} C S x (NU {cc}). Thus, d has to

no

map to S x {oo}. O

Lemma 5.19. Let S be a light profinite set. Then any injection f: S — T with T € Prof admits
a splitting, i.e., there exists a map g: T — S with fog=1Idg.

In other words, S is an injective object in Prof.

Proof. Write S = limn N S, as a countable cofiltered inverse limit of finite discrete sets S,. Re-
placing S,, by the image of S in \S,,, we may assume that S, .1 — S, is surjective for any n € N. By
induction, we can construct subsets ®,, C S such that the composition ®,, — S — S,, is bijective
and ®,, C ®,, ;. Because f is injective, we can find a decomposition of T into §(®,,)-many clopen
subsets, or equivalently a map T" — T,, such that the composition ®,, — T — T, is bijective.
Moreover, we may construct the T;, in a compatible way and get maps T, 11 — T}, i.e., refine the
clopen decompositions. This constructs the desired splitting g as the inverse limit of the maps
T—1T,as S — @neN T, is a continuous bijection of light profinite sets. O

Lemma 5.20. Let U be a locally profinite set. Let U — S,U — S’ be two compactifications to light
profinite sets, with boundaries D C S and D' C S’. Then there exists a canonical isomorphism

Z[S)/Z[D] = Z[S']/Z|D'],
which restricts to the identity on any clopen subset of S or S’, which is contained in U.

Proof. Any compactification S of U maps to the one-point compactification of U by a map, which
is the identity on U, and the one-point compactification of U is light profinite (as it admits a
surjection from S or S’). Hence, we may assume that there exists a surjective map S — S’
under U. This implies that S’ is the pushout D’ Up S of condensed sets. As Z[—]: CondSet,,, —
CondAb,,, is a left adjoint, this implies that Z[S'] = Z[D'] ©zp) Z[S]. This in turn implies that
Z[S]/Z[D] = Z[S']/Z]|D’] because for any commutative diagram of exact sequence

0 A B C 0
Ll
0 A’ B’ c’ 0

in an abelian category, the left square is a pushout square if and only if the map C — C’ is an
isomorphism. O

We note that the functor @ : Top — CondSet,; induces a natural limit preserving functor
(=) { topological abelian groups } — CondAb, (in fact any functor preserving finite products

preserves abelian group objects).
Similarly, given a topological ring A one obtains a natural limit preserving

(—): { topological A-modules } — CondAby := Shp(CondAb,),

where A is naturally a k-condensed ring.

Remark 5.21. From Lemma [5.12] we can conclude that there exists a tensor product
— ®z —: CondAb, x CondAb, — CondAb, (A, B) - A®z B

(and similarly —®x — for A a condensed ring). This tensor product is however not very “topological”
in nature: because sheafification does not change the value on * (as any cover of * splits) we get
that

(A®z B)(x) = A(x) ®z B(*)

is the usual algebraic tensor product over Z.

Lemma also supplies an internal Hom Homg,,qa1, (4, B) for A, B € CondAb,. This is
closely related to the internal Hom in (k-compactly generated) topological spaces. Namely, we
note the following consequence of Lemma [4.7]

Lemma 5.22. Let A, B be Hausdorff topological abelian groups, and assume that A is k-compactly
generated. Then there is a natural isomorphism of condensed abelian groups

Homegnqan, (4, B) = Hom 1oy, (4, B),
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where Hom x,(rop) (4, B) is the subspace of Homr,, (A, B) of group homomorphisms (and Homr,, (4, B)
18 equipped with the compact-open topology from Definition .

As B is Hausdorff and A s-compactly generated, Hom () (A, B) is a closed subspace.

Proof. By Lemma [£.7] we have an isomorphism
P @CondSetK (A7 E) - mTop(A’ B)7

and we need to see that ® preserves the respective internal Hom’s as abelian groups. This state-
ment is clear after evaluating on *, as Homg,,qgset. (4, B)(*) = Homgondset,, (A(*)top, B) (using
that A is k-compactly generated). From here, we see that for any S € Prof,, the map ® sends
Home,pqan, (4, B)(S) to Cont(S, Hompy,rop) (A, B)) € Cont(S, Homr,, (A, B)) because this can
be checked pointwise on S. Now assume that f € Cont(S, Hom oy (4, B)) is given. An inverse
under ® yields a map S x A — B of condensed sets, of which we have to show that it is the
restriction of a map Z[S] ®z A — B in CondAb,. We have a right exact sequence

Z[A x A] —» Z[A] - A — 0,

where the first map sends [(a1,a2)] to [a1 + az] — [a1] — [az] (this works sectionwise on presheaves,
and then can be sheafified). The map S x A — B in CondSet, yields by adjunction a map
Z]S] xz Z[A] — B, and it suffices (by tensoring the above sequence with Z[S]) to show that its
composition to Z[S] ®z Z[A x A] = Z[S x A x A] vanishes. But this means equivalently that one
needs to see that the map S x A x A — B vanishes. This can be checked after evaluation on x,
where it follows from the fact that f(s,—): A — B is a group homomorphism for any s € S. O

5.3. Metrizable locally compact abelian groups. It is time to discuss examples for condensed
abelian groups, and thereby of condensed sets. From now on, we assume that x = wy, for simplicity,
and we omit it from CondSet, CondAb.

We first discuss (metrizable) locally compact abelian groups.

Lemma 5.23. The functor

®: { metrizable locally compact abelian groups } — CondAb, A+— A

is fully faithful and exact in the following sense: if A ENY;JER C is a strict exact sequence, i.e., the
quotient topology on Im(f) = ker(g) agrees with the subspace topology, then A — B — C is exact.

Proof. Fully faithfulness of ® follows from Lemma[{.3] Exactness follows from Lemma [£.36] because
quotient maps of topological groups are open. More precisely, the functor (—): Top — CondAb

preserves equalizers, so that we can reduce to the case that C' = {0}, B = ker(g) and the statement
that A — B is surjective if A — B is a quotient map. O

Lemma 5.24. Let f: A — B be a surjection of topological groups, which is a quotient map. Then
f is open.

Proof. Let V. C A be open. We need to see that f=(f(V)) is open. But this subset of A is the
union over the open sets kV for k € ker(f), hence open. O

Example 5.25. (1) Examples of (metrizable) locally compact abelian groupﬁ are finite di-
mensional R-vector spaces, discrete abelian groups, (countable) products of S! = R/Z,
(countable) products of Z,’s (for varying primes p), adéles/idéles,....

(2) In general, alocally compact abelian group A is a product A = R™ x A’ with A’ admitting a
compact open subgroup (thus, A’ is an extension of a discrete group by a compact group).
A detailed analysis of the category of locally compact abelian groups is done in [HS07].

(3) If A is a locally compact abelian group, then the space AV := Homgont (A, S*) of contin-
uous group homomorphisms A — S! with the compact-open topology, the “Pontryagin
dual” of A, is again a locally compact abelian group, and A — (AY)Y is an isomorphism
(“Pontryagin duality”). If A is metrizable, then AY need not be metrizable, e.g., if A is an
uncountable direct sum of Z’s.

The functor ® is compatible with duality in the following sense.
Lemma 5.26. Let A be a metrizable locally compact abelian group, then Home, 4a, (A, S1) = AY.

Proof. This follows from Lemma [5.22] O

24Locally compact abelian groups are always assumed to be Hausdorff.



LECTURES NOTES ON TOPOI AND CONDENSED MATH 43

Remark 5.27. In cases, where AV is not metrizable, one has to be careful that A (x)¢cp, is given by
AY with the wi-compactly generated topology. Similarly, it is not clear whether for an uncountable
set I and A =[], S', one has Homqap (4, S1) 2 @, Z = AV, even after evaluating on .

Lemma 5.28. Let A be a separable metrizable locally compact abelian group, i.e., A contains a
countable dense subset. Then AV is metrizable, and the biduality map

v ql
A — Homggpqap (A7, 570)
18 an isomorphism.

Proof. If Ais separable, then the compact-open topology on Hom gp,(op) (4, S b is metrizablﬂ |

We will later compute the internal Ext-groups Ext¢,,qap for (separable) metrizable locally
compact abelian groups, and verify the following non-trivial facts:

(1) Extionaan®,Z) =0,

; R, i =0,
(2) EXtCondAb(E’ K) = {

0,i>0

5.4. Banach spaces over Q,. Let p be a prime. We note that Q, is a topological ring, and
thus Q, € CondSet is naturally a ring object. More precisely, S € Prof,, is sent to the ring

@(S) = Cont(S,Q,) of continuous Q,-valued functions on S. By compactness of S, we can
conclude that Cont(S, Q) = Cont(S,Zy)[1/p].

Lemma 5.29. The functor (—) induces an fully faithful embedding of the category of metrizable

topological Q,-vector spaces into CondAbg, := Shg, (CondSet).
Proof. This follows from Lemma [£.3] O

More concrete examples of metrizable topological Q-vector spaces are given by p-adic Banach
spaces. We let
|—1:Qp—R
be the p-adic valuation sending p to 1/p.

Definition 5.30. Let V' be a Q,-vector space.

(1) A (non-archimedean) norm on V is a function ||—|| : V' — R such that
o |lav|| = |a|||v]| for a € Q, and v € V,
o ||v+ w| < max(|v||,||w]) for any v,w € V, and
e ||v]| = 0 if and only if v = 0.

(2) A topological Q,-vector space V is a p-adic Banach space if its topology can be defined by

a non-archimedean norm and V' is complete, i.e., Cauchy sequences converge in Vﬁ
(3) A p-adic Banach space is called separable if it contains a dense countable subset.

If ||—|| defines the topology on V, then we call the pair (V,||—||) a normed p-adic Banach space.
Due to the non-archimedean triangle inequality, p-adic Banach spaces have a very simple structure.

Lemma 5.31. Let (V,|—|) be a normed p-adic Banach space. Then L :=|—|| " ([0,1]) is a p-
adically complete Z,-module, in fact, L = @;Z, = (@;Zy), and V = L[1/p]. Moreover, L is
open.

Proof. The fact that L is a Z,-module follows from the strong triangle inequality. The fact that

the topology on L is p-adic follows from the observation that p™L = ||—|| =" ([0,1/p"]) for n > 1. As
V' is complete the closed subset L is as well complete. We note that L is open, again by the strong
triangle inequality (L is a union of cosets of the open subgroup ||—|| ™" ([0,1)) of V). It remains to

A
see that L = @, Ly, . Let ai, i € I, such that their images form a basis in the Fj-vector space
L/pL. We get a map M = P, ; Zpe; — L sending e; to a;. By p-completeness of L, this map
extends to a map f: N := M,' — L, which is an isomorphism mod p (using that M/p = N/p). As

25Take a countable dense subset ai,az,... € A, and a countable system Kj, K2,... of compact neighborhoods
of the unit of A. Considering finite unions of products K;a;, we can construct a sequence Ly C Lz C ... of
compact subspaces of A such that any compact subset K C A is contained in some L;, i.e., A is called hemicompact.
Taking the sup-norm on L, (with respect to some fixed metric d on S'), we can construct a pseudo-metric d,

onX := Hommgp, (A, S1). The quantity d(f,g) := o %% defines a metric on X, inducing the topology.

Being a subspace of X, AV is therefore metrizable as well.
261y principle, one could also ask for a norm for which the non-archimedean triangle inequality is replaced by
the usual triangle inequality. This leads to a more general notion, but it does not seem as relevant.
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L is p-complete and p-torsionfree (being a subspace of V'), this implies that f is an isomorphism:
if f(n) =0, then n =0 mod p (as f is an isomorphism mod p), and so n = pn; for some n; € N.
But then f(nl) =0 as L is p-torsion free, and one can show eventually that n € N p'M = {0}
(using that M is p-adically separated). The proof of surjectivity is left as an exercise. O

Remark 5.32. If V = (,Z,)[1/p] is a p-adic Banach space, then it is usually no harm to
assume that I is countable (equivalently V' separable). Indeed, we can write I as the ws-filtered
colimit\ over countable subsets J C I, and consequently V as the uncompleted filtered colimit of
the (D ,Z,)[1/p]. In fact, the colimit being w;-filtered implies that it commutes with the p-adic
completion (which is a countable limit).

Lemma 5.33. Let V' be a p-adic Banach space. Then V. € CondAbq, is a quasi-separated %—
module, and if V = (@ieNZp)[l/p], then V. = (@ieNZp)[l/p] and

AieNZp - U '™ H Zy.

f:N=N, f(n)—oo neN
Proof. That V is quasi-separated follows from the fact that V' is Hausdorff ( Lemma|4.21]). We can
note that L := @,y Zp C [[,cn Zyp is the subspace of those sequences (a;);en such that |a;| — 0

for i — N. In other words, those sequences that lie in Ny := [[;cnyp’PZ, C ;e Zp for some
function f: N — N which tends to co. Clearly, we have an inclusion Ny — L. Let N C L be the
(filtered) union of all these subspaces. Let S € Profy,,, and S — L a continuous map. We need to
see that S factors over some continuous map S — Ny. But this is easy to guarantee as for each
n > 0 the quotient L/p™ is discrete, and thus the continuous map S — L/p" has to factor over a
finite, discrete quotient of S. From Lemma and the fact that p” L C V is open ( Lemma
we can deduce that V = hg(L LLB ) =L/, O

Example 5.34. A typical example for a p-adic Banach space is the space of continuous functions
Cont(S,Q,) on a compact Hausdorfl space with the sup-norm. In this case, the open unit ball is
given by Cont(S,Z,).

Duality for Banach spaces is usually an important topic. From the condensed viewpoint, the
duality takes however a slightly different form: the dual should not be assumed to be a Banach
space again.

Lemma 5.35. Let V = (@IZP)[l/p] be a separable p-adic Banach space. Then

HomCOndAbn V,Qp) = HZ )[1/p].

Proof. Set L := @ ;Zy. By Lemma , or rather a slight modification to Q,-vector spaces,
mcondApr (V,Qp) = Homg, (V,Qp)

identifies with the space of continuous morphisms of Q,-Banach spaces. By continuity each con-
tinuous morphism f: V' — Q, will map some p”L to Z,. This (together with Lemma {4.6)) implies
that

HO7H1QP (V,Qp) = @Zp (L, Zyp)[1/p]-

Now,

Homy (L, Zy) = Homcongan,, (L Zp) = lim Homegugay, . (L/P" Z/p") = HZ/Z’”
—_— ne il

using L/p™ = L/p" = @; Z/p" (Lemma [4.24)). O

Definition 5.36. A (separable) p-adic Smith space M is an object of the form ([]; Z,)[1/p] for
some (countable) set I.

Z

Theorem 5.37. The functor Homgguqan, (— Qp) defines an anti-equivalence between separable
D
p-adic Banach spaces and separable p-adic Smith spaces.

Proof. By Lemma [5.35] it is sufficient to show that

HomCOndAbZ H Z 1/]9 QP g @ ZP 1/p
I
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for a countable set I. We have

@CondAbzp ((H @)[1/1"]» Qp) = MCOndAbZP (H Ly, Qp) = MCOUdApr (H Ly, Lp)[1/p],
I I I

using that [[; Z, is qcgs to commute the colimit Q, = h_n)q(Z 27,5 ...). We continue:

HomCondAbZ HZP,Z [1/p] = LHomCOndAbZ HZP,Z/p) LHomCOndAbZ HZ/p S L[p" )NLZ/p

neN neN

as desired using exactness of countable products, Lemma 2] and Lemma [3.33] More precisely,

we note that
I_IoirnAb(Top) (H Z/pnv Z/pn) = @ Z/pn
I I

is discrete for the compact-open topology (this is always true for Homr, (K, D) if K is compact
and D discrete as follows readily from the definition). This finishes the proof. O

To pass to a good abelian category for p-adic functional analysis, Clausen/Scholze considered
solid Qp-modules. We will discuss this very convenient class of condensed abelian groups in Sec-
tion [5.7} For now, we give the following ad-hoc, but equivalent, definition.

Definition 5.38. We let Solidg, € CondAb be the smallest full subcategory, which contains
(I, Z,)[1/p] for any countable set I, and which is stable under all colimits, limits and extensions
in CondAb.

The important message (for now) is that in “condensed functional analysis over Q,” the basic
building blocks are not p-adic Banach spaces, but (separable) p-adic Smith spaces. For a good
reason: we will see that ([]; Z,)[1/p] is a compact projective object in Solidg,, cf. Section

Heuristically, it is not unconveivable that p-adic Smith spaces are better behaved than (con-
densed abelian groups associated to) p-adic Banach spaces, they are a countable union of a compact
subspace, while a p-adic Banach space is in general an uncountable colimit of compact subspaces

(as in[5.33).

5.5. Banach spaces over R. We now give a glimpse on the condensed view point on Banach
spaces over R. The situation is far more complicated than in We let | — |: R — R>¢ be the
usual absolute value.

Definition 5.39. Let V be a R-vector space.

(1) A norm on V is a function ||—|| : V' — R such that
e |lav|| = |a]||v]| for a € R and v € V,
o ||lv+w| <|v|| +||w]| for any v,w € V, and
e ||v]| = 0 if and only if v = 0.

(2) A topological R-vector space V is a Banach space over R if its topology can be defined by

a norm and V is complete, i.e., Cauchy sequences converge in V.
(3) A Banach space over R is called separable if it contains a dense countable subset.

Example 5.40. As in[5.34) a typical example for a Banach space over R is given by the Banach
space Cont(K,R) of continuous functions on a compact Hausdorff space K. Again the norm is the
sup-norm.

We start our discussion with the calculation of the condensed duals.

Lemma 5.41. Let V be a Banach space over R. Then
HO7111(]0ndAbR(Z’ K) - U cL

CERED

for the compact Hausdorff subspace L := Hom V,R)S! of R-linear maps f: V — R whose
R,cont

operator norm || f|| := sup{ |f£}v)\ | v # 0} is bounded by 1 (for some fized choice of norm on 'V ).

Proof. By (an R-linear variant of ) [5.22| we have
I—IoirnCondAbR(K’ B) = I—Ioirn]R,cont (‘/7 R))

so we need to see that L C mR,cotlt(vﬂ R) is a compact subspace for compact-open topology,
and that (J,cp_, L = Homp .o (V,R). The last assertion follows from the fact that continuous,
R-linear maps V' — R are bounded in the operator norm. The compactness of L is the so-called
Banach-Alaoglu theorem. In fact, the natural map L — [, oy [—1,1], ¢ = (©(v))vev is a closed
embedding. (|

neN
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The subspaces m]&cont(“ R>S1 g I—Ioirn]R,cont(V; R) and HI Zlﬂ g I—Ioinl(@p,cont(®l ZP’ Qp) play
similar roles. In particular, we arrive at the notion of a real Smith space (viewed from the condensed
lense, in the classical definition of a Smith space one just considers the dual in topological spaces).

Definition 5.42. A Smith space over R is a condensed R-vector space, which is isomorphic to
Homgpgap, (V,R) for a Banach space Vﬂ

By abuse of notation, we call the condensed R-vector spaces of Banach spaces again Banach
spaces.

Theorem 5.43. The functor Home,,qap, (— R) induces an exact anti-equivalence between Banach
and Smith spaces N

Proof. The anti-equivalence of Smith spaces and Banach spaces is classical, and in the condensed
world was proven in [Sch19, Theorem 4.7.]. (|

Remark 5.44. Real Banach spaces are (huge) filtered colimits of real Smith spaces, [Schi9l
Corollary 3.7, similarly to m

Now, the discussion diverges heavily from the one for Q, - there is no immediate analog of the
notion of a solid QQp-vector spaces, the category generated by real Smith spaces does not have the
same stability properties, [Sch19, Lecture IV]. Discussing this goes beyond the scope of this lecture
(it leads to liquid R-vector spaces, [Sch19, Theorem 6.5]). We only mention that it is related to
the existence of extensions

0—->V—-E->W-=0
of topological R-vector spaces, such that V, W are Banach, but E not ([Sch19, Lecture V]).

27The actual condensed definition in [Sch19l Definition 4.2] is different, but equivalent by [Sch19l Theorem 4.7].
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5.6. Free condensed abelian groups. Given a condensed set X, we recall that we have con-
structed the “free condensed abelian group” Z[X] on X in It is characterized by a natural
isomorphism
Homconaan(Z[X], A) = Homeonases (X, A) =: A(X)
for A € CondAb. By construction, [5.21] we have
ZIX| @z Z)Y) 2 Z[X X Y]

for X,Y € CondSet, i.e., the functor X +— Z[X] is (naturally) symmetric monoidal if CondSet is
given its cartesian symmetric monoidal structure. In particular, if X happens to be a commutative
monoid, e.g., X = N, then Z[X] is naturally a commutative ring (the “condensed monoid ring”)
through the multiplication

ZIX)®z ZIX]) 2 Z[X x X]| = Z[X]
induced by the multiplication X x X — X (similarly the unit of Z[X] is the morphism Z = Z[«] —
Z|X] induced by the unit of X).

Remark 5.45. Condensed monoid rings can produce slightly bizarr objects like the condensed
ring Z[R] associated to the monoid R under addition. Namely, for each r € R, one obtains the
morphism 77 : Z — Z[R] induced by the inclusion x — R, % +— 7. Thus, Z[R] can be thought of as
the ring "Z[T®]” of Laurent polynomials Y _p a,T", but in a way that reflects the continuity in
R.

reR

In general, Z[X] for X € CondSet could be anything, it is for example not clear how to describe
maps T — Z[X] for T' € CondSet, though Z[X](x = Z|X (x)] (as every cover of * split). Thus the
following proposition is useful.

Proposition 5.46. Let S be a light profinite sets. Write S = hglieN S; with S; finite discrete.
(1) The natural map Z[S] — hm, Z[S;] is injective, and the image is given by the condensed

set
U(@Z[Si]zlgc) C Im Z[S;],
¢>0 i€N €N
where Z[Siln<e = {Dses, aslsil | Doses, las| < ¢} for the absolute value | —| on Z. In

particular, Z[S] is a quasi-separated condensed abelian group.
(2) The natural map Z[S](*)iop — Z[S] is an isomorphism and thus Z[S] is the condensed
abelian group associated with a topological abelian group.

The definition of Z[S;]s1 <. might need some explanation: note that Z[S;] is the condensed set
associated with the discrete abelian group €, . Z[s;]. In particular, Z[S;]sn <. is literally just (the
condensed set associated with) a finite set. We note that by the triangle inequality for | — |, the
projections Z[S;] — Z[S;] send Z[S;]s <. to Z[S;]p <. (thus the transition maps are well-defined).

Proof. Formally, Z[S] is the sheafification of the functor
T € Prof,,, — Z[Cont(T, S)].

We have Z[S](x) = Z[S(x)] == @,cgZ, and this embeds into @ieNZ[SZ-}(*) = [[sesZ. Now
assume that f € Z[Cont(7,S)] maps to 0 in @ieNZ[Si](T). In particular, for all ¢ € T, the
specialization f(t) € Z[S](x) is zero. We have to see that there is some finite covering {7, — T},
by light profinite sets T}, — T such that the image of f in each Z[Cont(T,,, S)] is zero. We can

write
k
= nlgl
j=1

for distinct continuous functions g;: 7' — S, and non-zero integers n;. We argue by induction on
k. If k = 1, then the claim is clear as f(¢t) = g1(t) was zero for any ¢t € T. Assume that k > 2,
and let 1 < j < j’ <k. Weset Tj;; C T as the closed subset where g; = g;;. Then the collection
of Tj;» cover T indeed, if ¢ € T does not lie in any T}/, then all g;(t) € S are pairwise distinct,
and Z§=1 n;[g;(t)] € Z[S](*) is non-trivial. Thus, replacing T' by H1§j<j'§k T;;» we may reduce
to the case that g; = g, for some 7, j/, in which case we can reduce k and apply induction. Hence,
we have checked that Z[S] — hm, o Z[S;] is injective.

We now check that (.., lim. _ 7Z[S;]s<. is indeed a condensed subgroup of hm, Z[S;]. First

>0 —ieN
L)1 <=
of all we notice that Z[S]p<. — @ieNZ[SZ-] is clearly injective, and hence as well their union

over ¢ > 0. The triangle inequality for | — | implies that the componentwise additions map
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Z[S|pn<e X Z[Slp<e to Z[S]p<cqer. Similarly, (.-, @ieNZ[Si]gléc is stable under inverses, and
Z[S][l SC::
contains the zero element. As the map S — lim, o Z[S;] factors over J Jm, Z[S;]in<c (even
Z[S]gl SCZ:
Z[S]pn<1), we get a natural morphism
Z[S} — U @Z[Si]élgc
c¢>0 €N
Z[S]p < oi=

by the universal property of Z[S]. It remains to see that this map is surjective. Assume that
c=n € N. For each ¢ we have a surjective map

(a7 SZn X {1,07 —1}” — Z[Si]glgn
sending ((s1,€1),---,(Sn,€n)) to Z?:1 €[s;]. Passing to the limit, we obtain a surjection

a: 8" x{1,0,-1}" = Z[S]n<y,
of condensed sets (associated with light profinite sets). Moreover, we have a map [: S™ x
{1,0,—1}" — Z[S] because we can multiply the canonical map S™ — Z[S]|" addigion Z[S] by
any scalar in Z. We note that the two compositions

S™ % {170, —1}” g) Z[S]glgn — U @Z[si]glgc
c>01€N
Z[S]Zlgc::

and

§" % {1,0,-1}" B Z[S] — | Im Z[Si]p <.

>0 1€EN
ZIS] 1 < oim

agree. This shows the desired surjectivity. O
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5.7. Solid abelian groups. In this subsection we want to use [5.18] to construct the very useful
class Solid C CondAb of solid abelian groups. As an application, we will be able to show

0,i#1

Eat! R/Z,7) =
7C0ndAb( / ) {Z i = 1’

with the generator in degree 1 corresponding to the extension 0 = Z — R — R/Z — 0.
Definition 5.47. We set P := Z[NU {c0}]/Zoo € CondAb.
By the object P is internally projective in CondAb, i.e., the functor
Homguaan (P —)
is exact. In fact, this functor commutes with all limits and colimits.

Remark 5.48. If A is a topological abelian group, then Homgongap (P, A) identifies with the set
of null sequences (an), € A. Thus, Homec,,qap(P; A) is the space of null sequences in A.

The condensed abelian group P has the natural endomorphism
shift: P — P,
which is induced by the addition by 1 on NU {oco} (with the convention 1 4 co = o0).
Definition 5.49. A condensed abelian group A € CondAb is called solid if the natural map
1 = shift™: Homegngan (P, A) = Homegaap (P A)
is an isomorphism. We denote by Solid C CondAb the full subcategory of solid abelian groups.

Remark 5.50. As in we can think of Home,,qan (P, A) as the space of null sequences in A.
Then, roughly, the morphism

1 — shift™: Homeopgan (P A) = Homeonaan (P A)y (an)n = (an — nt1)n

ought to have the inverse:

(b)n = (O biy > i)
=0 =1

because
o0 o0
o> b
i=n i=n—+1

and
o0
> (@i — ai1) = an.
i=n

Hence, being solid roughly means null sequences in A are summable.
The following implies that the category of solid abelian groups has excellent properties.

Theorem 5.51. The category Solid is a Grothendieck abelian category stable under limits, colimits
and extensions in CondAb. Furthermore:
(1) Z € Solid,
(2) if M € CondAb, N € Solid, then Home,,qap, (M, N) € Solid,
(3) the inclusion Solid — CondAb has a left adjoint (—)~: CondAb — Solid,
(4) there is a unique symmetric monoidal structure ®° on Solid making (—)7 symmetric
monoidal,

Proof. The stability of Solid C CondAb under limits, colimits, and extensions follows immediately
from the fact that the functor

I—]:07HIC0ndAb(‘P3 _)
commutes with all limits and colimits. If M € CondAb, N € Solid, then

Hom,pqan (P Homegngan (M, N)) = Homegpgan (P@M, N) = Homeg,gan (M, Homeguqan (P V).

Now, the morphism 1 — shift* is an isomorphism on Homg,,qa, (P, V), so that it is also an iso-
morphism on Home, g ap (P, Home qan (M, N)). Next we show that Z € Solid (by stability under
colimits this implies that for any discrete abelian group M the condensed abelian group M is solid
because it admits a presentation as a cokernel of a morphisms between direct sums of copies of Z).
We first note that by for any S € Prof,,, we have

Homcondab (Z[SL Z) = COIlt(S, Z)7
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and thus Home, g4 (Z[S], Z) = Cont (S, Z), where the Cont (.S, Z) is given the compact-open topol-
ogy. But as S is compact, and Z-discrete, the compact-open topology is discrete. For Z[S] replaced
by P = Z[NU {o0}]/Zoo, we therefore obtain that

Homeqan (P, Z) & @Zei, (ag,a,...)— Zaiei
i=1 =0

is discrete on the basis e; (defined by evaluation on 4 € N). This implies that 1 — shift* is an
isomorphism on Home,, ga1, (P; Z) because for each null sequence (ay,)n € Z, i.e., a; =0 for i > 0,
the sum ) ;o a; converges. More precisely, discreteness of Homeg,qap (P, Z) implies that it is
sufficient to check that 1 — shift™ is an isomorphism after taking sections on *, where the concrete
argument using null sequences applies.

The existence of the left adjoint (—)”: CondAb — Solid is formal as Solid is stable under limits.
To show the existence of — ®” — on Solid, and the symmetric monoidal structure on (—)" it
suffices to show that if M — M’ is a morphism CondAb with M” — M" an isomorphism, then
(M ®N)? — (M’ ® N)" is an isomorphism for any N € CondAb. Indeed, given this claim we get
the required structures if we set

M@"N:=(M®N)"

for any M, N € Solid. Now assume M" = (M’')", and let N € CondAb. We need to see that
Homepnqap (M’ @ N, A) — Homenqap(M @ N, A) is an isomorphism for any A € Solid. But

Homgonqan(M®N, A) = Homeopqan (M, Homeg,gan (N, A)) = Homegpgap (MY, Homegngan (N, 4))

using that Home,,qap (&N, 4) € Solid. We have the same for M’, which then implies the desired
statement.

O

We now turn to less formal statements.

Lemma 5.52. We have R” = 0. Moreover, if M € CondAbg, then Homq,,qan(M,A) = 0 for
any A € Solid.

Proof. Tt suffices to show R” = 0. Indeed, then
Homegpaan (M, A) = Homegngab, (M, Homeguaan (R, 4)) =0

because Home,,qan (R, 4) = Homeonqan (R, A) = 0 (using that (Z[S] ® R)” = (Z[S]” @ RY)" for
any S € Prof,,,).

Intuitively, R” = 0 because in R not every null sequence is summable. We now provide a rigorous
condensed argument. To see that R is zero it suffices to show that the unit map Z — R" (induced
by the unit map Z — R, 1+ 1) is zero. Consider the null sequence

(1,1/2,1/2,1/4,1/4,1/4,1/4,...)

in R, and its associated map f: P — R. Let :: R — R" be the natural map coming from adjunction.
By definition of solidification, there is a unique map g: P — R", such that g o (1 — shift*) =10 f.
Consider the maps

F:Z|N] - Z|N], [n] = 2n+ 1]+ [2n + 2], G: Z|N] — Z|N], [n] — [2n +1].

These maps naturally extend to endomorphisms of P. We call the extensions again F,G. Now, we
note that (1 — shift) o F' = G o (1 — shift) because

(1—shift)oF([n]) = (1—shift)([2n+1]+[2n+2]) = [2n+1]—[2n+2]+[2n+2]—[2n+3] = [2n+1]—[2n+3]
and
G o (1 —shift)([n]) = G([n] — [n+1]) = 2n+ 1] — [2n + 3].
On the other hand, f o F = f, because f represents the series (1,1/2,1/2,...) and f o F the series
((1/2+1/2),(1/4+1/4),(1/4+1/4),...) = (1,1/2,1/2,...).

By the uniqueness of g: P — R, we must have goG = g. Indeed, go (1 —shift) = 1o f = 1o foF =
togo(1l—shift)o F = goGo(1—shift). This implies that if g represents the null sequence (xg, x1, . ..)
in R”, then z,, = xo,41 for n € N. In particular, xg = ;. But g o (1 — shift): P — R" lifts to
f: P — R, and evaluating on [0] € P yields g — 1 = ¢o f([0]) = 1. Hence, 0 = 9 — 21 = 1 in R”
as desired. |

We can note the following consequence.
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Lemma 5.53. We have Exti, qa,(R,Z) = 0 fori >0, and

0, i#1

Euxt! R/Z,Z) =
7CondAb( / ) {Z,’L — 1.

Here, for M € CondAb, the object Exti, qa, (M, —) € CondAb is the i-th right derived functor
of the left exact functor Home, g, (M, —). We will use two facts about this construction:

(1) the cohomological d-functor Ext¢,,qan(—, —) maps short exact sequences in each variable
to natural long exact sequences,
(2) if Homeopgap (M, —) is exact, then
Homcouqan (M, Exteonaan (V: —)) 2 Extoonaan (N, Homegngan (M, )
(this follows, e.g., from [Stal7 Tag 08J9]).

Proof. We first claim that if M € CondAb, and N € Solid, then for i > 0 also Ext{,qan (M, N) €
Solid. Indeed, we use the above remarks, which imply

Homonanb (P Extoonaan (M, N)) = Exteonann (M, Homeo,aan (P, N)),

where 1 — shift* is an isomorphism. We note that if M € CondAbg, then Exté,,qan(M, N) is
naturally a condensed R-module. Being solid if N € Solid, this implies that it is even a module
over R” = 0, hence trivial. Thus, we have checked that if M € CondAbg and N € Solid, then

EXtéondAb(M7 N) - 0, ) Z 0.

Applying this to M = R and N = Z, yields the first assertion. For the second assertion, we use the
short exact sequence 0 — Z — R — R/Z — 0 and that Homc,,qa1,(Z, —) is the identity functor
on CondAb (hence Exteonqan(Z, —) =0 for i > 0). O

We have the following simple structure of free solid abelian groups.

Theorem 5.54. Let S = LiinneN Sy, be a light profinite set, and S, finite discrete. Then the natural
map
ZIS)° - lim ZIS,]
neN

is an isomorphism. Furthermore, || Z is a compact projective generator of Solid.

neN
Proof. This is proven in [RC24, Theorem 3.3.1]. O

Remark 5.55. In [RC24) Corollary 3.3.6] the natural morphism [[Z ®" [[yZ — [y Z is an
isomorphism. This gives a very nice way of computing solid tensor products, [RC24] Section 3.5].
For example, we note that Z[[T]] ®" Z[[U]] = Z[[T', U]], where Z[[T]] = lim Z[T]/T" etc.. Using a
resolution

0 — Z[[T)] =° Z[[T)] = Z, — 0,
one checks that
Ly, p=14

Z, Q" Ly =
pe {QP#K

Indeed, for the first case one uses the exactness of
0— Z,(IT]] =" Z,(IT]] = Z, — 0,

(as can be checked on topological rings using the exactness in [5.23) and for the second that T — ¢
is a unit in the classical ring Z,[[T]](x).

Remark 5.56. makes it very easy to construct interesting full subcategories of CondAb. For
example, call a R-module M € CondAbg gaseous if the map

1 — 1/2shift: Homg,pqap, (R ® P, M) — Home,,qan, (R @ P, M)

is an isomorphism. Then the full subcategory of gaseous R-modules in CondAby satisfies analo-
gous properties to [5.51] Intuitively, a condensed R-module M is gaseous if for any null sequence
(mo, m1,...) the sum > 2, %zmi converges. From here, it is easy to verify that R-Banach spaces
are gaseous, e.g., R itself. It is however much more difficult to calculate the free gaseous R-module
on S € Prof,,, [CS23| Lecture 14].

A similar discussion applies to R replaced by Q, and 1/2 by p.
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6. COHOMOLOGY

We finally discuss some examples of cohomology calculations in condensed math.

6.1. Condensed and Cech cohomology. The first examples that we calculate are the groups
EXtéondAb (Z[X] ) M)7

where M is a discrete abelian group, and X a metrizable compact Hausdorff space. By general
topos-theoretic considerations, these groups identify with the cohomology groupﬂ
cond (X, M)

cond

of the topos of sheaves on the site Prof,, , x of light profinite sets S with a morphism to X (coverings
are again given by finite, jointly surjective morphisms of light profinite sets).

Theorem 6.1. Let X be a light compact Hausdorff space and M a discrete abelian group. Then
for i >0 there is a natural isomorphism

Loa(X, M) = HY(X, M),

cond

where the right hand side denote sheaf cohomology of X with values in the constant sheaf associated

with M .

Proof. As X is a qcgs condensed set, the cohomology groups H{_ (X, M) commute with filtered
colimits in M, [Stal7, Tag 0739]. Using that X is compact Hausdorff, the same holds for H*(X, —),
[Ans23, Lemma 4.20]. By the long exact sequence and resolving M by free abelian groups, therefore
reduces to the case that M = Z. Let Ouvx be the site of open subsets of X. Sending U € Ouvy
to the sheaf sending S € Prof,, /x to the set of morphisms S — U over X (which is either empty

of a point), defines a morphism of topoi
v: Sh(Prof,,, /x) — Sh(X) = Sh(Ouvx).

It suffices to check that the morphism Z — v,(Z) is an isomorphism, and that Riv,Z =0fori >0
(by the Leray spectral sequence). These assertions can be checked on stalks at points in X. If
x € X, then the stalk of R'v,Z identifies (using [Stal7, Tag 09YP]) with the cohomology of Z
on the site Prof,, (), i.e., with the cohomology of Z on the site Prof,,. But every covering of
* € Prof,,, splits, so that this cohomology is just given by Z in degree 0. ]

6.2. Cohomology with coefficients in R. We note another calculation.

Theorem 6.2. Let X be a metrisable compact Hausdorff space. Then H!

cond

(X,R)=0 fori>0

and HY ,(X,R) = Cont(X,R).
Proof. The proof of [Schl, Theorem 3.3] goes through here as well. O

[6-2 has the following consequence.
Theorem 6.3. Let A be a compact metrizable abelian group. Then
méJondAb (Aa K) =0.

Proof. Using the Eilenberg-MacLane-Breen-Deligne resolution ([Schl, Theorem 4.5]), and one
checks that the statement is invariant under enlarging w; to a strong limit cardinal . In this case,
the proof of [Schl, Theorem 4.3] goes through. O

Corollary 6.4. We have

R, i=0

Ext! R,R) =
7COHdAb( ) {O, i Z 1.

Proof. [6.3)implies that Extiy,qap(R/Z,R) = 0 for i > 0. Hence, Extiyo,qap (R, R) 2 Extéoqan(Z,R),
which implies the result. O

28Given a topos X, its cohomology functors H?(X, —) are the right derived functors of the global section functor
Ab(X) — Ab, F — Homy (*, F).
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6.3. Solid group cohomology.

Theorem 6.5. Let G be a light profinite group, and let M be a G-module, such that M is a solid
abelian group. Then
(G, M).

EXté}ondAbZ[G] (Z7M) = Héont
Proof. The standard resolution for abstract groups yields a resolution
.= Z[G) > Z—0

of the trivial Z[G]-module Z by free Z|G]-modules Z[G"] (this works in any topos). Moreover, the
diagonal G-module Z[G?] is isomorphic to Z[G] ®z Z|G'~1] with G acting only through the left
tensor factor. This implies that there exists a spectral sequence

EXtéondAbZ[G] (Z[G’L]v M) = EXtéondAb (Z[Gi_l]’ M) = EthtL)jr-ldAbZ[G] (Zﬂ M)
Because M is solid, we get that
Cont(G*=1, M), j=0
0, j =1,

because Z;[G] is projective in Solid by But the continuous cohomology of M is now by
definition given by the cohomology of the resulting cochain complex Cont(G*~t, M). This proves
the comparison. O

EXtéondAb (Z[G'1), M) = EXt%olid(ZD (G, M) =

REFERENCES

[AGVT72] Michael Artin, Alexandre Grothendieck, and Jean-Louis Verdier. Théorie des topos et cohomologie étale
des schémas, tome 1, 2, 3. Séminaire de géométrie algébrique du Bois-Marie 1963-1964 (SGA /), pages
1972-1973, 1972.

[Ans23| Johannes Anschiitz. Lecture notes on étale cohomology. https:// janschuetz. perso. math. cnrs. fr/
skripte/ lecture_notes_ etale_ cohomology. pdf, 2023.

[CS23] Dustin Clausen and Peter Scholze. Analytic stacks. URI: https://people.mpim-
bonn.mpg.de/scholze/AnalyticStacks.html, 2023.

[HS07] Norbert Hoffmann and Markus Spitzweck. Homological algebra with locally compact abelian groups. Ad-
vances in mathematics, 212(2):504-524, 2007.

[Ked24] Kiran S. Kedlaya. Notes on condensed mathematics. https://kskedlaya.org/papers/condensed.pdf, 2024.

[LS] Bernard Le Stum. An introduction to condensed mathematics.

[nLa] nLab. nlab, independent family of sets. https: //ncatlab. org/nlab/ show/ independent+ family+ of + setsl

[RC24] Juan Esteban Rodriguez Camargo. Notes on solid geometry. https: //blogs. cuit. columbia. edu/ jr4{460/
files/ 2024/ 09/ SeminarSolidGeometrynotes2-1. pdf, 2024.

[Sch]  Peter Scholze. Lectures on condensed mathematics. available at https://www.math.uni-bonn.de/people/
scholze/Condensed.pdf.

[Sch19] Peter  Scholze. Lectures on analytic geometry. URL: https://www.  math.  uni-bonn.
de/people/scholze/Analytic. pdf, 2019.

[Sch20] Peter Scholze. Lectures on condensed mathematics and complex geometry. URL: hitps://www. math. uni-
bonn. de/people/scholze/Complez. pdf, 2020.

[Stal7] The Stacks Project Authors. Stacks Project. http://stacks.math.columbia.edu, 2017.

[Str]  Neil Strickland. The category of cghw spaces. https: //ncatlab. org/nlab/ files/StricklandCGHWSpaces.

paf.


https://janschuetz.perso.math.cnrs.fr/skripte/lecture_notes_etale_cohomology.pdf
https://janschuetz.perso.math.cnrs.fr/skripte/lecture_notes_etale_cohomology.pdf
https://ncatlab.org/nlab/show/independent+family+of+sets 
https://blogs.cuit.columbia.edu/jr4460/files/2024/09/SeminarSolidGeometrynotes2-1.pdf
https://blogs.cuit.columbia.edu/jr4460/files/2024/09/SeminarSolidGeometrynotes2-1.pdf
https://www.math.uni-bonn.de/people/scholze/Condensed.pdf
https://www.math.uni-bonn.de/people/scholze/Condensed.pdf
http://stacks.math.columbia.edu
https://ncatlab.org/nlab/files/StricklandCGHWSpaces.pdf
https://ncatlab.org/nlab/files/StricklandCGHWSpaces.pdf

	1. Prerequisites and useful references
	2. Introduction
	3. Condensed sets
	3.1. Interlude: sites, sheaves and topoi
	3.2. Interlude: compact Hausdorff spaces
	3.3. Profinite sets
	3.4. Interlude: ordinals and cardinals
	3.5. -condensed sets

	4. Topological spaces as condensed sets
	4.1. Topological spaces and -condensed sets
	4.2. Interlude: -compactly generated topological spaces
	4.3. Quasi-compact and quasi-separated condensed sets
	4.4. Sequential spaces and light condensed sets
	4.5. Interlude: morphisms of topoi
	4.6. Interlude: Dependence on 

	5. Condensed abelian groups
	5.1. Interlude: abelian group objects in topoi
	5.2. Generalities on condensed abelian groups
	5.3. Metrizable locally compact abelian groups
	5.4. Banach spaces over Qp
	5.5. Banach spaces over R
	5.6. Free condensed abelian groups
	5.7. Solid abelian groups

	6. Cohomology
	6.1. Condensed and Čech cohomology
	6.2. Cohomology with coefficients in R
	6.3. Solid group cohomology

	References

