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1. INTRODUCTION

The initial impetus on étale cohomology was André Weil’s question on the existence of a co-
homology theory for algebraic varieties in positive characteristic, which behaves as “the usual
cohomoloy theory over C”. This aim was then established in tremendeous work of Grothendieck,
Artin,... .

The aim for this course to explain the construction and properties of étale cohomology, and
also what is actually understood with this “usual cohomology theory over C”. We will start with
discussing the latter.
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2. SINGULAR HOMOLOGY FOR SCHEMES?

In this section we want to adress the question on the possiblity to extend singular homology
from topological spaces to schemes.

2.1. Reminder on singular homology of topological spaces. Let T be a topological space.
Singular homology provides useful algebraic invariants of T". Let us recall its construction.

Definition 2.2. We define A as the category with objects [n] := {0,...,n} for each n > 0
and morphisms Homa ([n], [m]) given by the set of monotone maps f: [n] = {0,...,n} — [m] =
{0,...m}, i.e., i < jimplies f(i) < f(j).

More canonically, A could equivalently be defined as the category of finite, non-empty linearly

ordered sets with order preserving maps.
The category A is the combinatorial analog of the collection of topological simplices

n
AP = {(to,...,tn) ER™ | Y t; =1, 0<t; <1 for all i}
i=0
for n > 0.
To make this more precise we recall the useful definition of simplicial/cosimplical objects in a
category.

Definition 2.3. Let C be a category. A simplicial object in C is a functor
A% = C, [n] = Ch,

and a cosimplicial object in C is a functor
A—=C, [n]—C".

In both cases, morphisms are given by natural transformations of functor.

For example, a simplical set is a simplical object in C = (Sets), a simplicial topological space
is a simplicial object in C = (Top), and so on. Intuitively, the value of a simplicial object on [0]
yields the “points” or “O-cells”, the value on [1] the “paths” or “1-cells”, the two morphisms [0] — [1]
in A map a 1-cell to either of its ends, and so on.

Now, the topological simplices AP n > 0, assemble into a cosimplicial topological space by
sending [n] € A to AP and a monotone map f: [n] — [m] to the map

AP = AP (to,ytn) = (> i Y )
JEF=1(0) JEfH(m)
Most notably, for ¢ =0, ...,n+ 1 the injective monotone map d;: [n] — [n+ 1] not hitting ¢ defines
an embedding of AP into A!P; as a boundary simplex of codimension 1.
Now, we can define singular homology with coefficients in an arbitrary abelian group G.

Definition 2.4. Let T be a topological space.
(1) The singular complex Sing(T") of T is the simplicial set

A°P — (Sets), [n] — Homrop (AP, T).
(2) The singular chain complex C5™8(T'; Z) of T is the complex of free abelian groups
... = Z[Sing(T),] — ... — Z[Sing(T)1] — Z[Sing(T)o]

n+1 )
with differential d = 3" (—1)*d;, where d;: Sing(T")p+1 — Sing(T),, is the image under the
i=0
functor Sing(7") of the injective monotone map d;: [n] — [n + 1] not hitting i.
(3) If G is an abelian group, then C¢"8(T; G) := G @z Ce"¢(T; Z).
(4) The n-the singular homology group H, (T'; G) (wi‘gh coefficients in the abelian group G) of
T is by definition the n-th homology group H,(Cs"8(T; G)) of the singular chain complex.

We leave it as an exercise to check that the properties of A imply that d o d = 0, i.e., that

CIM(T: @) is a complex Given a complex C, of abelian groups we denoted by H,(C,) its
n-homology group %m
Clearly, the constructions T' + Sing(T), T + C"8(T;G), T — H,(T;QG) are (covariantly)

functorial in T and G.

n+1 X
IExercise: Let A be an additive category and Ae: A — A a simplicial object. Define d = > (—1)id;: Any1 —
1=0
A, as in Definition Then dod = 0.
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Although the simplicial set Sing(7T’) is in general ridiculously big, the excellent formal properties
of singular homology make H,(T; G) a rather computable invariant. To state these formal proper-
ties one needs to define the relative singular chain complex for the pair (T, A) with A a topological
subspace of T as

CI" (T, 4; G) == C3™ (T3 G) [C37(4; G)
and the relative singular homology groups as
H, (T, A;G) = H,(CM8(T, A; G)).
Now the good formal properties of singular homology are summarised in the following theorem.

Theorem 2.5. (1) Singular homology is homotopy invariant, i.e., for any topological space T
the projection T x AY°® — T induces isomorphisms
H, (T x A°®;G) — H,(T;G)
for any n > 0.
(2) For a pair (T, A) with A a subspace of T there exists a natural long exact sequence
coo = Hy1(A;G) = Hy 1 (T5G) = Hya (T, A;G) — Hp(A;G) — Hy(T5G) — ..

(3) We have Ho({x}; G) = G and H,({x}; G) =0 for n > 0.

(4) Singular homology satisfies excision, i.e., given a pair (T, A) and a subspace Z C A whose
closure is contained in the interior of A, then the inclusion (T —Z,A—Z) — (T, A) induces
isomorphisms

H,(T—-Z,A-Z7;G)— H,(T,A;G)
for alln > 0.

Proof. The homotopy invariance is proven in |17, Theorem 2.10]. The existence of the natural long
exact sequence follows from the definition and the long exact sequence associated to a short exact
sequence of complexes.If T' = {*} is a one-point space, then Sing(7T) is the constant simplicial
object with value {*}. Then C¢""#(T; G) is given by the complex

Y e BN o Ny Y| SN

and the computation follows. Excision is proven in |17, Theorem 2.20]. g
From here we can draw the following consequences.

Proposition 2.6. (1) If (T, A) is a good pair, i.e., A is a deformation retract of some open
neighborhood of it, then
H, (T, A;G) = Hy,(T/A, AJA; G)
for all m > 0. In particular, this holds if T is a CW-complex and A CT a subcomplez.
(2) IfS™ denotes the n-dimensional sphere, then H,(S™;G) = Z = Ho(S™; G) and H;(S™; G) =
0 fori#0,n.

Proof. The first point is |17, Proposition 2.22.]. For the second, see [17, Example 2.23]. |

Example 2.7. As an example for how to use the properties of singular homology, we compute the

singular homology of
_ Cn+1 \ {0} N 52n+1

CpP™: o =
We use homogeneous coordinates z = (zg : ... : ) € CP™ to represent elements in CP”. The
inclusion
CP" ! - CP", (20:...:2%p_1) = (Tg:...:2p_1:0)
defines a good pair as the open neighborhood U := CP™\ {(0:...:0:1)} of CP"~! identifies with

the topological space of a complex line bundle on CP™"~!. By Proposition we can conclude
H,(CP",CP"!;Z)~ H,(CP"/CP" !, {x};Z).
Now, we claim that CP"/CP"~! =2 §2". Granting this the calculation can be finished by considering
induction on n the long exact sequence
... — Hy(CP"'.Z) - H;(CP™;Z) — H;(CP"/CP" ! {x};Z) — ...
with the result that H;(CP";Z) = Z for i < 2n even, and zero otherwise. Let D*" be the closed
2n-dimensional unit disc. Then we have a continuous map

D" — §2FL s (w, /1 — |wl?),
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which maps the boundary 0D?" to CP"~!. It is easy to see that the resulting map
SQn ~ D2n/aD2n N CPn/CPrL—l

is a homeomorphism. Indeed, given a point y = (yo, . ..,yn) € S?T1 C C"*! there exists a unique
element z € S* such that z -y, € Rsg, from which the statement follows easily.

Let us give another example showing the usefulness of excision.

Example 2.8. Let T be a topological space and Z C T a closed subspace. If U C T is an open
neighborhood of Z, then excision to the T\ U is a closed subset contained in the open subset 7'\ Z.
Then implies that the map (U,U \ Z) — (T,T \ Z) induces an isomorphism

H*(UvU\Z,G) - H*(TaT\ZvG)7

i.e., the groups H.(T, T\ Z;G) only depend on an open neighborhood of Z. If Z = {t} witht € T
a (closed) point, then H.(T,T \ {t};G) is called the local homology at ¢t and can be seen as a
measure of how “singular” ¢ is. For example, if T is a manifold of dimension n, then

H (T, T\ {t};G) = H.(D", D" \ {0}; G)

and as D" \ {0} is homotopy equivalent to S"~! we can conclude (using the long exact sequence
in singular homology)
Hi(T,T\{t};G) =G

if i =n and 0 if ¢ # n. As local homology is invariant under homeomorphism (but not in general
under homotopy equivalences), we can conclude that two manifolds can be homeomorphic only if
their dimensions agree.

On the other hand, if 7= CS :=[0,1] x S/0 x S is the cone of another (connected) topological
space S and t the vertex, then T is contractible and hence

H,(T,)T\{t};G) =2 H,_1(T\{t};G) 2 H,_1(5;G)
can be rather arbitrary. In particular, cones are rarely homeomorphic to manifolds.

2.9. Attempts to transport singular homology to schemes. A first attempt to implement a
homology theory to schemes might be to look at the singular homology of the underlying topological
space. But in nearly all cases of interest this does not yield substantial information. The reason is
the particularity of the underlying topological spaces of schemes.

Lemma 2.10. Let T be a topological space with a generic point n, i.e., m =T. Then T 1is
contractible]

Proof. We claim that there exists a homotopy H: T x [0,1] — T with Hp( the identity and
Hpy: the constant map with value 7. Indeed, define H(t,z) = t if x = 0 and H(t,z) = 7
otherwise. Then H is continuous. Indeed, if U C T is open and non-empty, then 7 € U and thus
H™Y(U)=U x [0,1]UT x (0,1] is open. O

The schemes of most interest in algebraic geometry are schemes of finite type over a field,
and being noetherian schemes, their underlying topological spaces admit a decomposition into
irreducible components. Thus, if X is of finite type over a field k, then the only information
encoded in

H.(1X];2)
is given by the configuration of the irreducible components T, ..., 7T, of | X| (and the irreducible
components of their iterated intersections). Heuristically, we see that there are just not enough
“interesting maps”

AP = |X|
from topological n-simplices to topological spaces underlying schemes. A less naive attempt could
therefore be to replace AP by the algebraic n-simplex

AE = {(to,....tn) EAPTH | D ;i =0}
=0

(for discussion that follows we fix a base field k). Using the same formula as for the topological
n-simplices we get a cosimplicial scheme Aflg, and given any scheme X over k£ we can form the
“(naive) algebraic singular complex” Sing®'8(X)

[n] — Homy (A8, X).

2This statement with proof was suggested by Louis Jaburi.
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From here we can now speak about (naive) algebraic singular chain C7#iv¢(X;Z)
... — Z[Sing8(X),] — Z[Sing™'8(X )]
as for singular homology. The adjective “naive” is put on purpose as the next example shows.

Example 2.11. Assume that X/k is a proper, smooth curve of genus > 0. We claim that any
map f: A¥8 = A} — X of schemes over k is constant with value a k-rational point. Namely,
any constant map must have image a k-rational point (by evaluating on a k-rational point on A})
and constancy may be checked over an algebraically closed field. Hence, we may assume that k is
algebraically closed. Now, if n = 1, then f: Aj — X extends to a map P — X and must therefore
be constant as the genus of X is > ()E| If n is arbitrary, then f is constant, when restricted to each
line in A} and thus must be constant Hence, the simplicial set Sing™#(X) is actually constant
with value X (k). Thus, H}Ve(X;Z) = Z[X (k)].

Thus, this attempt does not yield something useful. It is maybe even worse than our previous
attempt as for a reducible curve with components of higher genus we lost the information on the
configuration (note that A2 is irreducible, and hence map into a single irreducible component).

It is a bit fascinating that a slight variant of this naive construction works. The following
won’t be necessary for the rest of cours and is just included for curiosity. In fact, the proof of
Theorem uses techniques that we will touch during this cours (and others).

We saw above that in general there are not “enough” maps A2 — X. Suslin had the idea to
solve this issue by defining the Suslin complex associated with X as the complex C$'(X) with
terms given by

CSHS(X) =Z[{Z C A?ng X$pec(k) X | Z integral and Z — Ailg finite and surjective}|

and simplicial structure maps induced by the pullbacks of cycles. E| For any abelian group G the
homology

HZ™(X;G) = Ha (O (X) 02 G)
is called the Suslin homology of X (over k, with coefficients in G).

Theorem 2.12 (Suslin, Voevodsky). If k = C, X — Spec(k) is separated of finite type, and n € Z
non-zero, there exist a natural isomorphism

HE™ (X;2/n) = HE(X(C); Z/n)

between mod n Suslin homology of X and the mod n singular homology of the analytification X (C)
of X.

Proof. |28, Theorem 8.3] O

Thus, Suslin homology does give the “right answer” over C. As Suslin homology is defined by
algebraic cycles, it is difficult to work with, e.g., excision does not work as nicely for schemes as
for topological spaces. Although it is still homotopy invariant in the sense that the projection
X Xspec(k) Al — X induces an isomorphism H5U(X X Spec(k) AL G) — HS™(X; Q).

We will speak about analytification in more detail soon. For the moment let us just say that
if X C AZ is locally closed, then its analytification X (C) C AZ(C) = C" is given the subspace
topology for the product topology on C" coming from the usual metric topology on C. Similarly,
for X C Pg locally closed.

Theorem fails without passing to mod n coefficients, cf. |28, Theorem 3.1|: HY"(X;Z) =0
for an affine smooth curve over k, but in general H "8 (X (C);Z) # 0 (e.g., X = Spec(k[t,t~1])). If
X = Spec(k[t,t1]), then they prove H§"(X,Z) = k* @ Z.

2.13. Singular cohomology and sheaf cohomology. So far, the outlined attempts of trans-
porting “usual” homology theory to schemes failed or weren’t too useful. But well, Weil did not
ask for a homology theory, but a cohomology theory and this for a good reason.

Let us first recall the definition of singular cohomology.

3This is, for example, an instance of Liiroth’s theorem: each non-trivial subextension of k(t) is isomorphic to
k(s).

4More precisely, given a line L let z;, € X (k) be its constant value. As each two lines can be connected via some
chain of lines, the point = := zj, is independent of L. As X is separated, the locus where f and the constant map
with value x agree is closed. As k is algebraically closed, this locus must be A} as it contains each line in A}.

5This requires some work to make precise and we skip this here.



LECTURE NOTES ON ETALE COHOMOLOGY 7

Definition 2.14. Let T be a topological space and G an abelian group. Then we define the
singular cochain complex

%ng (T3 G) := Homz (C3"8(T; Z), G),

sing
whose cohomology Hg, (T G) := H"(Cg,,,(T; G)) is by definition the singular cohomology of X

(with coefficients in G).

n
sing

Thus, for n > 0 the abelian group
Sing(T), — G.
Clearly, singular cohomology is a contravariant functor in T (and a covariant functor in G).
Given a subspace A C T we can define the relative singular cochain complex
Ceo (T, A;G) :=ker(C3,. (T;G) = C3,.(A;G)).

sing sing( sing

(T'; G) identifies with the abelian group of maps (of sets)

Then singular cohomology satisfies natural analogs of Theorem Proposition making it as
useful as singular homology.

Remark 2.15. Singular cohomology and singular homology are “dual” to each other. Heuristically,
this follows from the definition. The perhaps cleanest way to express this duality is via passage to
the derived category D(Z) of abelian groupsﬁ Then

RHomz(C5"(T 2),Z) = C3,,(T5 2)
(essentially) by definition. If H; g (7, 7) is finitely generated for each i (e.g., if T is a compact
manifold or a finite CW complex), therﬂ

RHomz(C4,,,(T32),2) = CJ"(T; Z),

sing

i.e., singular cohomology determines singular homology in this case.

The real advantage of singular cohomology over singular homology is its comparison to sheaf
cohomology.

Let us recall the construction of sheaf cohomology from last semesterﬁ

Let T be a topological space and F a sheaf of abelian groups on 7. Then the i-th sheaf
cohomology group H*(T,F) of T is by definition the value on F of the i-th right derived functor
of the global section functor I'(T", —). This can be computed as follows:

Take any resolution

0 F—=>I1">s71t 517> .

by acyclic sheaves I/ (e.g., I’ could be an injective sheaf, or ﬂasquﬂ or...). Then apply T'(T, —)
to I*® and take cohomology groups

HY(T,F)=H(I(T,I*)).

The object RT(T, F) :=T(T,I*) € D(Z) is the total derived functor of I'(T, —) (evaluated on F).
For the moment, we will only be interested in the case that F = G is the constant sheaf associated
to some abelian group G, i.e., for U C T open G(U) := Homeont (U, G) with G given the discrete
topology.

More generally, for any continuous map f: T — S we set Rf.(F) := f.(I°®) as an object in
the derived category D(S,Z) of sheaves of abelian groups on S. If g: S — W is continuous,
then Rg. o Rf. 2 R(go f)«: D(T,Z) — D(W,Z) (when the functors are extended to the derived
category). If S = {x}, then D(S,Z) 2 D(Z) and Rf. = RI'(T, —).

We can now prove the comparison of singular cohomology and sheaf cohomology.

Theorem 2.16. Assume that T is a locally contmctiblﬂ topological space, e.g., a real manifold.
For any abelian group G there exists a natural (in T and G) isomorphism

* (T;G) = H*(T,G).

sing

6A reminder on derived categories will come during the course. For the moment, we only recall that D(Z) is
the localization of the category of complexes of abelian groups at the class of quasi-isomorphisms, i.e., at those
morphisms of complexes inducing isomorphisms on each cohomology group.

"Exercise: If K € D(Z) is an object and H*(K) finitely generated for each i € Z, then the natural map
K — RHomz(RHomz(K,Z),Z) is an isomorphism. (Hint: Non-canonically, K = @ H!(K).)

i€Z

8A more detailed reminder on cohomology will have to appear later in the course.

9A sheaf G is flasque if for all opens U C V' the restriction G(V) — G(U) is surjective.

10This means that for each point ¢ € T' and open neighborhood U of ¢ there exists a contractible open neighbor-
hood V of ¢ contained in U.
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The proof is taken from |29, Theorem 4.47| and only works under the mild assumption that T
is Hausdorff and any open set U of T is paracompactH As the proof will show we even get an
isomorphism

Ceng(T;G) = RI(T,G) € D(Z).

Proof. We can define a presheaf F* of complexes on T by sending an open U C T to its complex
Ceing(U; G) of singular cochains (with values in G). Sheafifying this presheaf of complexes yields
a complex

Csmg lels Csling,G e
of sheaves on T. Note that by our assumption that 7T is locally contractible this complex is a
resolution of G because for U C T a contractible open subset we have U;G)2Gifi=0

and H: (U;G) 20 if i # 0. It suffices to check two statements:

sing

smg(

(1) The sheaves Cl,,, ¢ are flasque, and in particular, T'(T,C$,, o) calculates RT'(T, G).
(2) The natural map Cg,,, (75 G) — I'(T,C§,,4 o) 1s a quasi-isomorphism.

sing
Given an open U C T with an open covering U = J U; the sequence
il
(U;G) = [[ Cotue(Us;G) = ] Cite(Ui N U3 G)
el i,5€l

Clingl
is exact in the middle because a compatible system of cochains on the U; can be induced by a
cochain on X just by setting the value to zero on any map A!P — U, which does not factor
through any U;. This implies that 7"(U) = Cg,,,(U; G) — C§,, G( ) is surjective for any U under
the assumption that each open in T is paracompact and T is Hausdorﬁ@ However, the left map
of the above sequence need not be injective as cochains on U could take non-zero values only on
those AP — U not factoring through some U;. We can conclude that

0)
is the quotient of C"__(U; G) by the subgroup C? __(U;G)g of cochains which restrict to 0 on some

SlIlg Sll’lg

open cover of U. As C% (T;G) — C% . (U;G) is surjective for any open U C T, we can conclude

sing sing
that the sheaves Cg,, o are flasque. To see the second claim, let U C T be an open set with

open covering U := {U;}ie;. Define C3™8(U;2Z),, C C5™8(U;Z) be the subcomplex spanned by
the simplices AP — U, which factor through some U;. By the theorem of small simplices, |17}
Proposition 2.21], the inclusion C3"8(U;Z)y; — C3"4(U;Z) is a homotopy equivalence of chain
complexes. This implies (by applying Homz(—, G)) that

C?..(U;G) — Homz(C5™e(U; 2), G)

sing

n
sing,G

is a homotopy equivalence. Now the kernel K7, of this level wise surjection is exactly the subcomplex
of singular cochains whose restriction to U; vanishes for each ¢ € I. We can conclude that K, is
acyclic, i.e., H!(Ky) = 0 for all i € Z. From here we can now conclude (2) and finish the proof. [

Let us recall that sheaf cohomology with coefficients in G is contravariant in G. Namely, let
f: T — S be a map of topological spaces and write G, Gg for the respective constant sheaves
with value G. Then f~'Gg = G4 and there is a natural map Gy — Rf.f 'Gg = Rf.(Gp).
As RT(S,Rf.(—)) & RI(T,—) we get a natural map RI'(S,Gg) — RI'(T,Gr). Passing to co-
homology defines the pullback H*(S,Gg) — H*(T,Gr). If T,S are locally contractible, and
Gp = o the quasi-isomorphism constructed in Theorem for T, then Rf.(Gp) =

L]
sing,G,

HThe general case is treated in [26] or [23]. We thank Sven Manthe for pointing out this issue to us.
1286t F .= F™ with sheafification G:= Cqmg - Let 0: F — G be the natural map of presheaves. Let s € G(U).

Then there exists a locally finite cover U = |J U; and sections s; € F(U;) such that 0(s;) = S|y, Dieudonné’s
i€l

theorem implies that the paracompact, Hausdorff space U is normal, i.e., any two disjoint closed subsets admit
disjoint open neighborhoods. This implies that we may assume that there exists an open cover T' = |J W; such
i€l

that W; C U;. For t € T choose now a neighborhood V4 such that I; := {i € I | VN W; # 0} is finite. If i € I; and
xz ¢ W;, then we may replace V; by the open neighborhood Vi \ W of t. As I; is finite, we may thus assume that
for i € It we get t € W; C U;. Now replace V; by Vz N ﬂz‘elt U;. Then V; is open and still ¢t € V3. Now we get that
VinW;, #0 =V, CU, for all i € I (but V; NU; # 0 does not imply that V; C U;, for this reason introducing the
W, was important). Shrinking V; further we may assume that s¢ := Siv, € F (V%) is independent of ¢ € I;. Now let
t,r € U be two points and let z € V; N V,.. If z € Wj for some j € I. Then W; N V; NV, # 0, which implies that
Vi UV, C U;. This implies that

St|VinV, = Sj|VinV, = Sr|VinV,.-
By the proven properties of F the family {s; € F(V;)}ter can therefore be lifted to some section a € F(U). By
construction, #(a) = s as desired.
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fe (Cs'ing7G7T) because the C$,,, ¢ are flasque. The pullback in singular cohomology defines a mor-
phism C$,, o5 — f«(CSugq ), Which realizes the morphism Gg — Rf.(Gy) via a morphism
between complexes of flasque sheaveﬁ Using the natural quasi-isomorphisms Cs'ing(S, G) =
[(S,Cone.c.5) Cong(T,G) = L(S, fu(Congar)) = D(T,Cg.cr) We can conclude that the iso-
morphism in Theorem is indeed natural in T. The naturality in G is clear.

In general, singular and sheaf cohomology disagree. Namely, Hé)ing(T;Z) identifies with Z-
valued maps on the set of path-connected components of T, while H°(T'; Z) identifies with the set
of continuous homomorphisms T' — Z, i.e., with continuous maps from the quotient topological
space of connected components of 7.

Last term we applied sheaf cohomology for quasi-coherent sheaves on schemes with some success,
but for constant coefficients sheaf cohomology on topological spaces underlying schemes doesn’t
yield much.

Lemma 2.17. If T is an irreducible topological space, i.e., T is non-empty and T = Z1 U Zy with
Z1,Z9 C T closed implies T = Z; for some ¢ = 1,2, and G an abelian group, then the constant
sheaf G on X is flasque. In particular, H(T,G) =0 fori > 0.

Proof. The irreducibility of T implies that each non-empty open set of T is connected, in fact
irreducible. This implies that for each inclusion V' C U of non-empty open sets in 1" the map
G(U) =G — G(V) = G (the identity) is surjective. This implies that G is flasque. O

Still sheaf cohomology of topological spaces can yield interesting invariants for schemes, if the
schemes are of locally finite type over C. Before discussing this further we will spend some time
on settling the process of “analytification”.

3. ANALYTIFICATION OF SCHEMES

We now discuss in some details analytification of schemes, which are locally of finite type over
C, following the (classic) references |27] and [14].

3.1. Properties of locally ringed spaces and morphisms of locally ringed spaces. Many
notions familiar from scheme theory generalize easily to locally ringed spaces or to morphisms of
locally ringed spaces. We spell out some of the details, cf. [15].

Definition 3.2. Let (X, Ox) be a locally ringed space. Then we call X normal at = (or regular,
reduced, Cohen-Macauley, of dimension n,...) if the local ring Ox , is normal (or regular, reduced,
Cohen-Macauley, of Krull dimension n,...). If X is normal (or regular, ...) at each of its points,
then we call X normal (or regular, ...).

We can extend several notions to notions for morphisms of locally ringed spaces.

Definition 3.3. Let f: Y — X be a morphism of locally ringed spaces.

(1) f is called flat if for all y € Y the map f*: Ox. t(y) — Oy,y is flat.

(2) fis called an immersion if |f]: |Y| — |X| identifies |Y| with a subtopological space of | X|,
and for all 4y € Y the map f*: Ox. t(y) — Oy,y is surjective.

(3) fis a closed immersion if f is an immersion and f(Y) C X is closed.

(4) fis an open immersion if f(Y) C X is open and for all y € Y the map f*: Ox.,ry) = Ovy
is an isomorphism. (Equivalently: f(Y) is open and f induces an isomorphism (Y, Oy ) =
(f(Y),Ox5(v))-)

Example 3.4. We recall that the category of locally ringed spaces admits all finite limits, i.e., it
has fiber products, cf. [19]. Given a morphism f: Y — X of locally ringed spaces we can therefore
form the diagonal Ay: Y — Y X x Y, which is always an immersion.

Example 3.5. If f: Y — X is a (closed, open) immersion and Z — X any morphism of locally
ringed spaces, then the base change f': Y xx Z — Z of f is again a (closed, open) immersion.

Example 3.6. Let (X,Ox) be a locally ringed space. Closed immersions (up to isomorphisms,
and in the sense of Definition are in bijection with ideal sheaves Z C Ox, similar to the case
of schemes. Given a closed immersion f:Y — X one gets an ideal sheaf ker(Ox — f.Oy), and
given an ideal sheaf Z C Ox, the support of the sheaf Ox /7 is a closed subset Y C X and we can
equip it with a structure of a locally ringed space such that the push forward of Oy identifies with
Ox /T (as OX—algebras)E

13This can for example be checked by using the adjunction between f~1 and Rfx.
MIf X is a scheme, then quasi-coherence of Z is equivalent to the fact that the resulting Y is a scheme.
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Example 3.7. If s € T'(X,0x) is a section, then we can define its vanishing locus V(s) :=
{r € X | s € mx,} and equip it with the sheaf of rings Ox/(s). In view of Example it

corresponds to the ideal im(Ox 2 Ox). If f: Y — X is a morphism of locally ringed spaces, then
f7HV(s)) ==Y xx V(s) 2 V(f*(s)) as is easily checked. If sy,...,s, € ['(X,Ox) then we set
V(s1,.-.y8n) :=V(s1) Xx ... Xx V(8,). Then V(sy,...,8,) = X is a closed immersion.

Quasi-coherent sheaves can be defined in general, but adding good finiteness properties on Ox-
modules requires strong assumptions.

Definition 3.8. Let (X, Ox) be a locally ringed space, and M an Ox-module.
(1) M is called quasi-coherent if locally on X there exists a presentation OE'?I — Og?‘] - M-

0.
(2) M is called finitely generated if locally on X there exists a surjection O% — M for some
n > 0.

(3) M is called finitely presented if locally on X there exists a presentation O% — O% —
M — 0 for some n,m > 0.

(4) M is called coherent if M is finitely generated and for any open subset U C X, any n > 0
and any morphism ¢: Of — M the kernel ker(¢p) is finitely generated.

It is a general fact that the coherent Ox-modules form an abelian subcategory of Mode, , but
this subcategory may very well be {0} or Ox need not be coherentm
We will need the following definition for the notion of complex analytic spaces.

Definition 3.9. We call a closed immersion f: Y — X of locally ringed spaces finitely presented
if ker(f%: Ox — f.Oy) is (locally) finitely generated.

3.10. Complex analytic spaces. We can now give a very clean definition of a complex analytic
space. For an open subset U C C™ we denote by Oy its sheaf of holomorphic functions.

Definition 3.11. A complex analytic space is a locally ringed space (X, Ox) over Spec(C), which
locally admits a finitely presented closed immersion into some (U, Oy ) for some open subset U C
C". Morphisms of complex analytic spaces are morphisms of locally ringed spaces over Spec(C).

Thus, locally (X, Ox) is isomorphic to the vanishing locus
V(fi,oo oo fr) i ={(z1,...,2,) €U CC" | fi(z1,...,2n,) =0foralli=1,... 7}

for finitely many holomorphic functions fi,..., f.: U — C on some open subset U C C", where
the vanishing locus is given the unique sheaf of rings whose pushforward to U is the sheaf

OU/(fla"'afT)~

Example 3.12. Let X be a complex manifold and let Ox be its sheaf of holomorphic functions.
Then (X, Ox) is a complex analytic space. In general complex analytic spaces can have singularities
and nilpotent elements in their structure sheaf. If f: Y — X is a holomorphic map between two
complex manifolds, then f and the pullback f#(g) := go f define a morphism (Y, Oy) — (X, Ox)
of locally ringed spaces. We denote this morphism of locally ringed spaces again by f.

We record the following theorem about the local structure of complex analytic spaces.

Theorem 3.13. Let (X,0x) be a complex analytic space.

(1) (Oka’s coherence theorem) The sheaf Ox is a coherent Ox -module.
(2) For any x € X the local ring Ox 4 is a local noetherian ring.

Proof. Cf. |27, Section 4] or |9, p. 1.10]. We note that the second point follows easily by Weierstrafs
preparation theorem Theorem[3.14] Clearly, the claim reduces to the case that X = C™ and = = 0.
Set R, = Ocn = C{z1,...,2n}. If I C R, is a non-zero ideal, then choose f € I non-zero.
By Weierstraft preparation (and a linear change of coordinates if necessary) we may assume that
f is a monic polynomial in z, and coefficients in R, _;. This implies that R, /(f) is a finitely
generated R,_i-module. By induction we get that R,,_; is noetherian and then we can conclude
that I/(f) C R, /(f) is finitely generated as desired. O

We used the preparation theorem, which builds a backbone for the theory of functions of several
complex variables.

I5Exercise: Let R be a ring and M an R-module. Call M a coherent R-module if M is finitely generated and
for any morphism ¢: R™ — M (not necessarily surjective!) the kernel ker(y) is finitely generated. Show that
the coherent R-modules form an abelian category (or prove the more general assertion on coherent O x-modules).
Assume now that R is a valuation ring. Show that R is a coherent R-module.
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Theorem 3.14 (Weierstraff preparation theorem). Let f € Ocn g = C{z1,...,2,} be a conver-

gent power series and assume that f is z,-general, i.e., f(0,...,0,2,) # 0. Then there ezists
a unique factorization f = h-w with h € C{z1,...,2,}* a unit and w € C{z1,...,2n_1}[2n] a
Weierstraf$ipolynomial, i.e., w(z1,...,2n) = 24 + g1(21, -+, 2n-1)28  + ..+ ga(21, -, 2n—1) and
9i(0,...,0) =0 fori=1,...,d.

Proof. Cf. |9, p. 1.3.3]. O

Geometrically, the Weierstralt preparation theorem implies that the vanishing locus of a z,-
general f is a “branched” cover over C"~!. Next we identify morphisms of complex analytic spaces
to C™.

Proposition 3.15. Let (X,0x) be a complex analytic space and n > 0. Then evaluating at the
coordinate projections z; € Oc(C™) defines a bijection

@ : Hom 1y /spec(c)) (X, Ox), (C", Ocn)) = T(X, 0x)", > (f*(2:)):.

Proof. Assume that f = (fo, f*),9 = (g0, 9%): X — C™ are two morphisms of locally ringed spaces
with ®(f) = ®(g). Let A = (A1,...,A,) € C™. Then note that

A} =V(zr =21,y zn—=An) :=V(zr = A1) NNV (zn — An).
As f is a morphism of locally ringed spaces over C, we can conclude that
Fo AN = V(A (21) = My A ) = M),
i.e., fo is determined by ff. This implies that fy = go. Let 2 € X and consider the morphisms
f1g%: Och = Ox s

for fo(z) = go(z) = A = (M\1,..., ). Now, ff g% are local morphisms of local rings, and hence
continuous for the adic topologies on both rings. Now, C[(z1 — A1),...,(2n — An)] € Oc sy () is a
dense subring for the adic topology and f# = g* on this subring as ®(f) = ®(g). Hence f* = g* on
Oc, . As x € X was arbitrary this finishes the proof that f = g. Now we show surjectivity. First we
assume that X is a complex manifold. As I'(X, Ox) is exactly the ring of holomorphic functions
X — C and holomorphic functions induces morphisms of locally ringed spaces, we can deduce
surjectivity in this case. Now assume that X is a general complex analytic space. As morphisms of
complex analytic spaces and sections glue, we are allowed to shrink X. Take a collection of global
sections s1,...,s, € ['(X,0x). After shrinking X we may assume that there exists a complex
manifold V' containing X and global sections f1,..., f, € I'(V,Oy), i.e., holomorphic functions
fi: V. — C, which restrict to si,...,s, on X. From the proven case of V', we can now deduce that
s is induced by restricting the morphism of locally ringed spaces induced by f. O

Remark 3.16. From Proposition 3.15] we can deduce that the category of complex analytic spaces
has all finite limitsm More precisely, the claim reduces (via glueing and monomorphisms to some
C™) to the case of products of C™’s, which reduces to Proposition and equalizers. But the case
of equalizers reduces to the statement that if f: Y — X is a finitely presented closed immersion of
locally ringed spaces and X a complex analytic space, then Y is a complex analytic space (almost
by definition).

In contrast to the case of schemes the functor
X — | X]

from complex analytic spaces to topological spaces commutes with finite limitsEI This is quite
useful.

We end our discussion of complex analytic spaces by introducing the classes of separated, proper,
finite and smooth morphisms.

Let us recall that a continuous map g: T — S of topological spaces is called separated if its diag-
onal Ay: T'— T x g T has closed image. Let us mention the following equivalent characterizations
of proper maps.

Lemma 3.17. Let f: T — S be a continuous map of topological spaces. Then the following
conditions are equivalent:

(1) f is universally closed, i.e., for all continuous maps Z — S the map T X s Z — Z is closed.
(2) f is closed, and the preimage of each quasi-compact subset W C S is quasi-compact.

16From the case of products one sees that these don’t agree with products (over Spec(C)) in the category of
locally ringed spaces.

17For products this follows from Proposition and for equalizer this reduces to the vanishing locus of holo-
morphic functions, which is easy.
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(3) f is closed and for all s € S the fiber f~1(s) is quasi-compact.

If these conditions are satisfied and f is separated, we call f a proper map.

Proof. For simplicity we assume that T, .S are second countable to argue via sequences, and that
each point in T, S is closed. The general case follows by similar arguments. Assume (1). Then f is
closed. Let W C S be quasi-compact. We have to check that f=1(W) = W x T is quasi-compact.
Replacing S by W we may assume that W = S| i.e., S quasi-compact. Assume that t1,t5,... €T
is a sequence, which does a convergent subsequence. Passing to a subsequence we may assume
that f(t1), f(t2),... converge to some s € S as S is quasi-compact. Set Z := N U {oo} as the
one-point compactification of S. Then n — f(t,), 00 — s defines a continuous map Z — S. As
t1,to, ... contains no convergent subsequence the set A := {(n,t,) € ZxsT |n €N} C Z xgT is
actually closed. Let (z2,t) € ZxgT C A. We have to show that there exists an open neighborhood
of (z,t) not meeting A. If z # oo this is clear as we assumed the ¢, to be closed. If z = oo,
then there exists an neighborhood U C T of ¢ such that U does not contain any ¢,,,n € N. Then
A cannot meet the open neighborhood Z xg U of z. By assumption we get that A maps to a
closed subset of Z, i.e., onto Z as N is contained in the image of A. This is a contradiction as a
preimage in A of co would yield a convergent subsequence. The implication (2) = (3) is trivial.
Assume (3) and let g: Z — S be continuous and A C Z xg T closed. Let p: Z xgT — Z and

q: Z xg¢T — T be the projections. Assume now that ai,as,... is a sequence of points in A,
and z € Z, such that p(a;),i € I, converges to z, i.e., z is a boundary point of A. It suffices to
check that ¢; := ¢(a1),t2 := g(az2),... has a convergent subsequence with a limit ¢ mapping to

g(z) € S, because then the point (¢,z) € A = A will map to z. Assume that t1,%s,... has no
accumulation point in f~1(g(z)). Then for each z € f~1(g(z)) there exists an open neighborhood
U, C T, such that U, only contains ¢; only for finitely many ¢. Set U := U U,, which is
zef~1(g(2))

an open neighborhood of f~!(g(2)). As f~'(g(z)) is quasi-compact we may replace U by some
open neighborhood of f~1(g(z)), which contains ¢; only for finitely many i. As f is closed there
exists an open neighborhood V' C S of g(z) such that f~1(V) C U. By construction of U the
set V' can contain f(¢;) only for finitely many ¢. But this is a contradiction to the convergence of
f(t1) = g(p(a1)),... to g(z) € S. This finishes the proof.

O

Now we pass to complex analytic spaces.

Definition 3.18. Let f: Y — X be a morphism of complex analytic spaces.
(1) The morphism f is called separated if A;: Y — Y xx Y is a closed immersion (or equiv-
alently, by Example if Ay(Y) is closed).
(2) The morphism f is called proper if f is separated and |f]: |Y| — |X| is a proper map of
topological spaces.

Example 3.19. If X = {x} is a point, then f: Y — X is separated if and only if Y is Hausdorff,
and it is proper if and only if Y is compact (and in particular, Hausdorff).

Definition 3.20. Let f: Y — X be a morphism of complex analytic spaces.
(1) The morphism f is called quasi-finite at y € if y is discrete in f~1(f(y)). If f is quasi-finite
at any y € Y, then f is called quasi-finite.
(2) The morphism f is called finite if f is quasi-finite and proper.

Example 3.21. If f: Y — X is a topological covering, then f is quasi-finite. If f has additionally
finite fibers, then f is finite in the sense of Definition Note that in general finite fibers are
not enough to ensure that a morphism is finite.

Finally, we give the following very intuitive definition of a smooth morphism, cf. [15, Théoréme
3.1].

Definition 3.22. Let f: Y — X be a morphism of complex analytic spaces, and y € Y. Set
x:= f(y). Then f is called smooth at x if for some n > 0 there exists open neighborhoods U of x
and V of y with f(V) C U, an open subset W C C™ and an isomorphism V = U x W of locally
ringed spaces over U. If f is smooth at any point y € Y, then we call f smooth. Finally, we call
f étale if f is smooth and quasi-finite.

The following lemma is clear.

Lemma 3.23. Let f: Y — X be a morphism of complex analytic spaces. Then f is étale if and
only if f is a local isomorphism.
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Proof. If f is a local isomorphisms, then clearly f is smooth and quasi-finite, i.e., étale. Conversely,
if f is smooth and quasi-finite, then locally f is isomorphic to the projection W x X — X for some
open subset W C C™. But being quasi-finite forces n = 0 and f is a local isomorphism. O

Further properties of complex analytic spaces (or morphisms between them) will be introduced
when necessary.

3.24. Analytification. In essence analytification associates to the scheme given by the zero locus

V(fi,.--, fr) € AZ of some polynomials fi,...,f, € C[T1,...,T,] the complex analytic space

associated with the zero set in C" of the holomorphic functions fi,..., f.: C* — C induced by the

polynomials fi,..., fr. A priori, this could depend on the choice of an embedding into Ag. To

remedy this one introduces analytification by a universal property as follows, cf. [14, Exposé XII].
Let X be a scheme over C, which is locally of finite type.

Theorem 3.25 (|14, Exposé XIL.Théoréme et Définition 1.1]). There exists a complex analytic
space X with a morphism p: X — X of locally ringed spaces (over Spec(C)) such that for any
complex analytic space Z the morphism ¢ induces a bijection

Hom(lrs/c) (Z7 Xan) — Hom(lrs/c) (Z, X)

Clearly, the complex-analytic space X?" (with ) is unique up to unique isomorphism. Moreover,
for a morphism f: Y — X of schemes, locally of finite type over C, we get a morphism f2": Y2* —
xen,

Proof. We first note the following permance properties, which follow from the universal property
of analytification and properties of the category of locally ringed spaces:

(1) If Y C X is an open subscheme and X" exists, then Y?" exists and Y &2 X" x x YV =
p (V).

(2) f Y C X a closed subscheme defined by a quasi-coherent ideal Z C Ox and X®* exists,
then Y*" exists and Y** 2 X" x x Y is the vanishing locus of the ideal Z - Oxan (i.e., the
universal locally ringed space over X" such that Z - Oxan is send to 0).

(3) If Y is another scheme locally finite type over C and Y*", X*" exist, then (X Xgpec(c)
Y)*" exists and in fact is isomorphic to X" Xgpec(cy Y. More generally, analytification
commutes with finite limits.

(4) If X = |J U; is an open cover and U2" exists for all ¢ € I, then X" exists and X" =

i€l
U v,
i€l
For the second point one needs to use that Z is locally generated by finitely many global sections,
and for the forth point one uses that complex analytic spaces can be constructed by glueing and
that the universal property (plus (1)) allow to guarantee the cocycle condition on the overlaps
u»num™
K3 J ‘

These permance properties imply that it suffices to construct the analytification of AL =
Spec(Clz]). But in this case Proposition implies that the analytification is simply C with
its usual sheaf of holomorphic functions (and ¢ is induced by the inclusion C[z] C O¢, z — (C —
C, y—y)). O

We record the following properties of X?" and ¢: X?" — X.

Theorem 3.26. (1) The map ¢ induces a bijection | X**| — X (C).
(2) For any x € X*" the map Ox ,(y) — Oxan ; induces an isomorphism

A ~ A
OX,(p(w) - OXa“,a:

on completions. In particular, the map Ox ) — Oxan g is (faithfully) flat for each
r € X",

(3) The pullback functor ¢*: Modp, — Modp .. is ezact, faithful and conservative. In par-
ticular, ¢ is a flat morphism of locally ringed spaces.

Proof. The first point follows from the universal property of X", cf. Theorem [3.25] applied with
Z = Spec(C). The second point maybe proven locally on X, and hence we may assume that
X =V(f1,...,fr) € AZ is the vanishing locus of some polynomials. By construction we get
X =V(f1,...,fr) € C"™ and from the definition of the structure sheaf on this vanishing locus
we see that the claim reduces to X = AZ, in which case both completed local rings are explicit
power series rings (and ¢ obviously an isomorphism). The claim on faithfully flatness follows from
this as both local rings Ox ,(4), Oxan , are noetherian (and hence their completions are faithfully
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flat). The third point follows from the second as all properties can be checked on stalks (recall
that a morphism of Ox-modules is zero if it is zero in each stalk for all closed points of X). O

Example 3.27. It is easy to see, e.g., by comparing the transition maps of the standard cover, that
the analytification of PZ is CP™ = (C"*1\ {0})/C*. From the universal property of analytification
we can therefore deduce that morphisms to CP™ from a complex analytic space X identify with
isomorphism classes of pairs (£, ) with £ a line bundle on X and a: O"*! — £ a surjection.

3.28. Permance of properties under analytification, part I. Let X be a scheme over C,
which is locally of finite type, and let X?" be its analytification. We analyze now which properties
of X are reflected on X" and vice versa.

Lemma 3.29 (|14, Exposé XII.Proposition 2.1|). Let P be one of the following properties:
1) non-empty,

) discrete,

) regular,
4) normal,

) reduced,

(6) of dimension n (for some fixed n > 0).

Then X satisfies P if and only if X?" satisfies P.

Proof. Being non-empty is equivalent to X(C) # () as X is locally of finite type over C. Hence,
(1) follows. Clearly, X discrete implies X" discrete as analytification preserves disjoint unions.
Conversely, assume that X?" is discrete. By Noether normalization for analytic algebras, cf. |10,
Lemma 1.12] or [9, p. 7.2], this implies that dim(Oxan ;) = 0 for each x € X, i.e., that Oxan ,
is finite dimensional over C for any z € X(C). As then Ox, — O)A(J = Oé\(an,x > Oxan 4, We
get that Ox , is finite dimensional over C. This implies that z € X is an open point as desired.
This finishes the proof of (2). For any local noetherian ring R we know that R is regular if and
only if R" is regular, cf. [Stacks, Tag 07NU]. Similarly, dim(R) = dim(R"). This handles (3) and
(6). The remaining two cases are more difficult and use the excellence of the local noetherian rings
Ox » and Oxan 4, cf. [Stacks, Tag 07QW]. Namely, excellence of a local noetherian ring R implies
that R is normal (reduced,...) if and only if R” is normal (reduced, ...), cf. [Stacks, Tag 07QS]. O

Let us make the following definition.

Definition 3.30. An analytic algebra A is a quotient of C{zy, ..., z,}. Note that analytic algebras
are local noetherian rings with residue field C (and exactly the local rings of complex analytic
spaces).

In Lemma [3.29 we used a special property of these rings, namely excellence. Let us discuss this
property a bit.
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3.31. Digression on excellent rings. Excellence of local noetherian rings implies a good inter-
action with completions.

Definition 3.32. Let A be a local noetherian ring and A" is completion. The formal fibers of A
are the fibers of the morphism Spec(A”) — Spec(A).

The formal fibers are always noetherian schemes, but they can behave arbitrary bad in principle.

Example 3.33 ([Stacks, Tag 02JD]). We present an example where the formal fibers are non-
reduced. Set K := C{z}[1/x] as the field of convergent Laurent series. Algebraically, K has infinite
transcendence degree over C. Hence, we may choose f, € xC{z},n > 1 such that in Q}{/C the
derivatives dx, df1, ... are linearly independent over K. As

HomK(Q}(/C, C((z))) = Derc(K,C((x)))

we can conclude that there exists a derivation D: C{z} — C((x)) such that D(z) = 0 and D(f,) =
=™ for n > 1 (we may for simplicity assume that D sends complementary basis vectors in Q}( /c
to 0). Set
A:={f e C{z} | D(f) € C[[=]]}-

Now the following statements hold:

(1) A < C{z} is an integral, birational extension, in particular A is a local domain of dimension

1,
2) the maximal ideal of A is given by (z,zf1), in particular A is a noetherian mnéﬂ7

(2)
(3) the maps Clz](;) — A — C{z} extend to maps C[[z]] = A" 2 Cl[[z]] such that ¢ ot =1d,
(4) the derivation D: A — C[[z]] extends to a continuous derivation D: A" — C|[z]],

(5) D is zero on +(Cl[z]]),
(6) there exists a ring isomorphism A" 2 C[[z]][e], a — 1(a) + D(a)e, with £2 = 0.

Let 0 # f € C{z}. We may assume that f € xC{z}. Then D(f) = h/f" for some n > 0
and h € Clla]]. Hence, D(f™1) = (n+ 1)f"D(f), D(f™*?) = (n + 2)/"1D(f) € Clla]], i
frHl fn+2 € A, This proves (1) as the fraction field of A must be K = Frac(C{x}). Now
Spec(C{z}) — Spec(A) must be surjective and this implies that AN zC{x} is the unique maximal
ideal my of A. Let f € my. Then h := D(f) € C[[z]]. Write h = ¢ + zh' with k' € C[[z]]. Then
D(f —cxfi) =c+ah’ —caD(f1) = c+ah’ —c=zh'. But f —caxf) = xg with g € C{z}. Now,
xD(g) = zh/, which implies D(g) = b’ € C[[z]], i.e., g € A. Therefore, f = cxf; + xg € (x,xf1)
as desired. The existence of the maps ¢, is clear. Let us check that D is m 4-adically continuous.
But D(m") C (2)"~! by an easy induction.

Let us check that A" is non-reduced (leaving the verifiation that the map is an isomorphism
to the literature). As A" is 1-dimensional and admits Spec(C[[z]]) as a closed subscheme via ),
it suffices to see that D: A® — C[[z]][¢] hits e. As D(z) = 0 we see that D(u(h)) = 0 for any
h € C[[z]]. Now consider the element a, := z"f, € A C A. Then D(a,) = 1, which implies
that ¢¥(a,) = 2™ f, + . As the element z" f,, € C{z} lies in the image of ¢, we see that € € CJ[[]]
is in the image of A”. This implies the desired non-reducedness of A”. Explicitly, if we set
h := 2" f,, € C[[z]], then a,, — ¢(h) is a preimage of € (beware that ¢(h) # ay,!).

Let us give now the definition of an excellent local ring.

Definition 3.34. A noetherian ring A is called excellent if the following conditions are satisfied:

(1) For any prime p of A the formal fibers of A, are geometrically regular.

(2) For any finite A-algebra B, the regular locus of Spec(B) is open.

(3) For each A-algebra B of finite type and any two primes p C ¢ in B any two saturated
chains of primes between p and q have the same length.

Luckily there are many example of excellent rings.

Theorem 3.35. The following rings are excellent:

) fields,

(1
(2) complete local noetherian rings,

(3) Z,

(4) Dedekind domains with fraction field of characteristic 0,

(5) finite type extensions of any excellent rings, and localizations of excellent rings.
6) rings of convergent power series over R or C.

(

18A commutative ring is noetherian if and only if all its prime ideals are noetheran, cf. |11, Chapitre 0, Proposition
(6.4.7.)].
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Proof. Cf. [Stacks, Tag 07QW] and |20, Chapter 13]. O

Theorem 3.36. Let ¢: A — B be a flat morphism of noetherian rings.
(1) If the fibers of Spec(B) — Spec(A) are geometrically reduced, then B is reduced if A is
reduced.
(2) If the fibers of Spec(B) — Spec(A) are geometrically normal, then B is normal if A is
normal.

If ¢ is faithfully flat, then the “if” can be replaced by an “if and only if”.

Proof. This is |Stacks, Tag 0C21], |Stacks, Tag 0C22]. The additional statements if o is faithfully
flat are easier, cf. |Stacks, Tag 033F], [Stacks, Tag 033G]. O

In particular, for an excellent local noetherian ring A we can deduce that A is normal (reduced,...)
if and only if A" is normal (reduced,...). Another interesting case is when B is étale over A. Then
we can conclude that A being normal (reduced) etc. is “étale-local”. Note that using approximation
with noetherian rings we can deduce Theorem [3:36] for any étale map A — B of rings.

Here, we end our digression on excellent rings.

3.37. Permanence of properties under analytification, part II. Let X be a scheme over
C, which is locally of finite type. We now analyze permanence of topological properties under
analytification.

Lemma 3.38 (|14, Exposé XII. Proposition 2.3]). Let Z C X be a locally constructible subset.
Then Z is closed (resp. open) if and only if o= (Z) is closed (resp. open).

The condition that Z is a locally constructible subset means that locally Z is a finite union of
locally closed subsets, cf. [Stacks, Tag 005L], and we can take the latter as a definition for now.

Proof. The “only if” part is clear by the proof of Theorem [3:25] Note that the claim is local and
compatible with finite unions in Z. Hence, we may assume that Z is locally closed. By passing to
the complement it suffices to deal with the case that p~1(Z) is closed. Replacing X by Z we may
reduce to the case that Z C X is open and dense. We may also assume that X = Spec(R) is a
reduced affine scheme. Assume that X \ Z is a non-empty closed subscheme, defined by some ideal
I C Ox(X). We know that p=1(V(I)) € X" is open (as it is the complement of ¢~!(Z)). This
implies that for each C-rational point x € V(I) C X the image of I in the stalk Oxan , vanishes
(this uses Riickert’s Nullstellensatz, cf. |10, Statement (8.3)']). As Ox, — Oxan, is injective
(being faithfully flat), this implies that V(I) contains an open neighborhood of z in X. As Z is
dense this implies that Z NV (I) # 0, which is a contradiction. Hence, Z = X is closed. O

The following statement is surprisingly difficult.
Proposition 3.39. X is connected if and only if X?™ is connected.

Proof. If X?" is connected, then X is connected as X** — X is continuous with imag X (C) (and
X connected is equivalent to its subspace X (C) being connected). Conversely, assume that X is
connected. Then each irrducible component of X meets another one, and thus it suffices to check
the statement if X is irreducible. As the normalizaton X — X is surjective, also X" — Xa»
is surjective. Hence, we may assume that X is irreducible and normal. As non-empty opens in
an irreducible space have non-trivial intersection, we may furthermore reduce to the case that X
is affine. Then we can find a normal, connected projective C-scheme P and an open immersion
X — P. Using GAGA we will later check the statement for P, cf. Remark By Theorem
the connected components of X and P don’t change if we remove the singular points or anything
of codimension > 2. This reduces us to checking that if P is a connected smooth scheme over C
(not necessarily projective) with P?* connected and D C P is a Cartier divisor with D smooth
over C, then P*" \ D*" is connected. But by the implicit function theorem, P?" \ D®" identifies
locally with the vanishing locus of a coordinate in C™. More precisely, let j: P\ D** — P bhe
the inclusion. By the local calculation just made we can conclude that the natural map Z — j.(Z)
is an isomorphism by checking this on each stalk (here Z denotes the constant sheaf associated
with Z). Now, I'(P?*,Z) = Z as P*" is connected, and thus

D(P*A\ D™, Z) = T(P™, j.(Z)) = Z,
which implies that P** \ D*" is connected as desired. This finishes the proof. ]

Theorem 3.40 (Riemann’s extension theorem for normal complex analytic spaces). Let X be a
normal complex space and A C X a closed analytic subset of codimension > 2. Then O(X) —
O(X \ A) is bijective. Moreover, the singular locus of X is a closed analytic subset of codimension
> 2.
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Proof. Cf. |10, p. 13.6] and |10, (13.2)]. O

Next let us move to properties of morphisms. Let f: Y — X be a morphism of schemes which
are locally of finite type over C, and let f2": Y®" — X" be its analytification.

Proposition 3.41. Let P one of the following properties for a morphism:
(1) flat,
(2) quasi-finite,
(3) injective,
(4) separated,
(5) isomorphism,
(6) open immersion,
(7) monomorphism,
(8) unramified,
) étale,
(10) smooth.
Then f has P if and only if f** has P.

Here, we define a morphism of complex analytic spaces to be unramified if it is locally on source
and target a (finitely presented) closed immersion.

Proof. The claim on flatness follows directly from Theorem [3.26] as it can be checked on completed
stalks. Point (2) follows from Lemma as P reduces to the fibers over points being discrete
(over closed points in the scheme case, cf. Theorem [10.22)). The claim on injectivity follows. The
claim on separatedness follows from Lemmam (as the diagonal always has locally closed image).
We now want to reduce all statements to the case of étale morphisms. An isomorphism is an open
immersion inducing a bijection on C-points, an open immersion is an injective étale morphism, a
monomorphism is a morphism whose diagonal is an isomorphisms. If f is smooth, then f" is étale
over an affine space, and if case 9) is settled, then f2" is smooth. If conversely, f2* is smooth, then
f is flat. As all fibers of f®® are complex manifolds (as f2* is smooth), they are regular. But then
each fiber of f over a closed point is (geometrically) regular, which implies that f is smooth. This
reduces all claims to the case of unramified and étale morphisms. Let g: Z — W be a morphism of
complex analytic spaces. If g is unramified, then it is locally on Z a monomorphism and hence its
diagonal is an immersion and a local isomorphism, i.e., an open immersion (= universally injective
étale morphism). This reduces the statement “ f** unramified implies f unramified” to the case of
étale morphisms. Now assume that Ay: Z — Z Xy Z is an open immersion. For example, g = f*"
and f unramified (this implies that Ay is an open immersion, and by the proof of Theorem
open immersions analytify to open immersions). This implies that for any point z € Z with image
w € W the morphism
G-t OI//\V,w - O%,z

is surjective. Indeed, by construction of finite limits of complex analytic spaces we see that
O 7(2.2) = 0% @0y, 0% . = 0% . via multiplication, where the tensor product is completed
(for the adic topologies). Looking on m/m? then implies the claim as a morphism of complete local
rings with same residue field is surjective if and only if it is on m/m?2. By Proposition the
surjectivity of g, implies the surjectivity of ¢g,: Ow.w — Oz .. In other words, we can conclude
that g is unramified. Thus we have reduced the proof to the case of étale morphisms, which we
will prove in Proposition [3.45 O

Let us give the following concrete example, illuminating that f2" is étale iff f is étale in the
case that Y, X are smooth C-schemes.

Example 3.42. Assume f: Y =G,, =+ X = G,,, t > t", i.e., f is induced by the map C[t*] —
C[t*], t — t™ (which does not induce an isomorphism Ox ;) — Oy, for any y € Y(C)). It is
clear that
Y =C* -5 X* =C%, z = 2"

By cousidering the derivative of f2" (or equivalently f) we see that f2" is a local isomorphism by
the implicit function theorem as its derivativen - 2"~ is non-zero at any point in z € CX. More
generally, we can easily proof that if f: Y — X is a morphism between two smooth schemes over
Spec(C), then f is étale if and only if f*" is étale. Indeed, from the Jacobian criterion and the
implicit function theorem it follows easily that Y?" is a complex manifold if YV is smooth. But
a morphism between two smooth schemes is étale if and only if it induces an isomorphism on
differentials, and this latter means exactly checking that f2": Y?" — X?" is a local isomorphism
(again by the implicit function theorem).
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To prove the remaining statements we introduce the following convenient terminology.

Definition 3.43. If A is an analytic algebra, then a module M is called quasi-finite if dim¢ M/ms M <
0.

If A — B is a C-algebra morphism of analytic algebras, then A — B is necessarily local. Now
if f: A — B is a morphism of analytic algebras and f: A" — B’ is surjective, then B is a
quasi-finite A-module. Indeed, in this case we even have B/my4B = C as fsurjective implies that
C 2 A"/my A" — B"/maB” is surjective, which implies that myB" = mgB”. As B — B”" is
faithfully flat this implies that ms B = mp.

We note that (for arbitrary A — B) if A = C{z1,...,2,}/I] and B = C{wy,...,wy,}/J, then
A — B extends to a morphism C{zy,...,2,} = C{wi,...,w,,} by lifting the images of the residue
classes of the z; [T

Lemma 3.44. Let p: A — B be a C-linear morphism of analytic algebras and M a finite B-
module, which is quasi-finite as an A-module. Then M is a finite A-module.

Proof. By writing A = C{z1,...,2,}/I,B = C{wy,...,wy}/J and extending ¢ as explained

before, we may assume that A = C{z1,...,2,} and B = C{wy,...,w,}. Adding variables we may
even assume that B = A{wi,...,w,}. Now we argue via induction on m > 1. The induction
step m — m + 1 is trivial (as m > 1). Assume m = 1 and write w := w;. By assumption
dimec M/myM < co. Let ni,...,ng € M be generators as a B-module, and let mq,...,m, € M

map to generators of the C-vector space M /m4M. Thus,
M=Cmy+...+Cm, +maBn; +... + maBn,

and we see that M is finite over the subring R := C + myB C B. This implies that there exists
a monic polynomial f(T') € R[T], such that f(w)M = 0 (e.g. the characteristic polynomial of a
matrix expressing the multiplication by w € B on M). Write f(T) = T¢ + ;T4 ! + ... + ¢4 with
€1,...,¢q € R. By definition of R we see that ¢;(0,...,0,w) € Cforall j =1,...,d. In particular,
f(w) is w-general in the sense of Theorem By Weierstrafs preparation, Theorem this
implies that B/f(w) is a finitely generated free A-module. As g(w)M = 0 the surjection BY —
M, e; — n; of B-modules must factor over B?/ f(w) and the latter is a finitely generated A-module.
This proves that M is a finitely generated A-module as desired. O

Now, recall that a morphism f:Y — X between schemes, locally finite type over C, is étale if
and only if for all y € Y the map O% F) (’)Q’y is an isomorphisms, and clearly if f®" is étale,

then O%.. )

left to prove is thus the following.

— (’)Qan’y is an isomorphism for any y € Y. The critical statement that we are

Proposition 3.45. Let f: A — B be a morphism of analytic algebras. Iff: AN — B is surjective
(resp. injective, resp. bijective), then f has the same property.

Proof. The claim on injectivity is trivial (by faithfully flatness of completions for local noetherian
rings). Assume that fis surjective or bijective. Then B is a finite, local A-algebra by Lemma
and the discussion after Definition In particular, the ideal mp is nilpotent in B/myB as
the latter is an artinian C-algebra. This implies that the mp and the m4-adic topologies on B
agree. This implies (together with properties of completions for finitely generated modules over
local noetherian rings, cf. [Stacks, Tag 00MA]) that the natural morphism A" ® 4 B — B” is an
isomorphism. Thus, by faithfully flat descent along A — A we can conclude. |

Here is a sample application of Proposition [3.45]

Exercise 3.46. Let X be a complex analytic space. Then X is regular (in the sense of Defini-
tion if and only if X is a complex manifold.

After having finished the proof of Proposition we continue our discussion of permanence of
properties under analytification.

Proposition 3.47. Let f: Y — X be a morphism of finite type (in particular quasi-compact!)
between schemes over C, which are locally of finite type. Let f™: Y* — X?" be its analytification.
Let P be one of the following properties:

(1) surjective,

(2) closed immersion,

(3) proper,

19T he convergence condition is easily checked as these lifts vanish at (w1, ..., wm) = 0 because A — B is a local
homomorphism.
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(4) finite.
Then f has P if and only if f** has P.

Proof. Let p: X* — X and ¢: Y2® — Y be the canonical morphisms (of locally ringed spaces).
It is clear that f surjective implies that f2" is surjective (because analytification commutes with
fibers and (1) in Lemma [3.29). Conversely, assume that f*" is surjective. Then Y (C) — X (C) is
surjective. As f is quasi-compact this implies that f is surjective as its image is locally constructible,
cf. [Stacks, Tag 054K]. Clearly, if f is a closed immersion, then f" is a closed immersion. For
schemes a closed immersion is a proper monomorphism, which reduces (2) to (3). Finite morphisms
are exactly the proper and quasi-finite morphisms. This reduces (4) to (3). Assume that f is
proper. We may localize on X and assume that X is affine. In this case we may find by Chow’s
lemma some projective, surjective morphism Z — Y such that Z — X is projective. Clearly,
the analytification of a projective morphism is a proper morphism as CP" is compact and closed
immersions analytify to closed immersions. This implies that 2" is proper. Now assume that f2"
is proper, i.e., separated and universally closed. By Proposition f is separated. In order to
see that f is universally closed it suffices to check that for each scheme Z of finite type over X
the map Y xx Z — Z is closed. Thus, by stability of properness for maps of topological spaces
it suffices to see that f is closed. If Z C Y is closed, then f(Z) C X is locally constructible, and
hence by Lemma f(Z) is closed if and only if p=1(f(Z)) = f2(x»=1(Z)) is closed. But the
latter statement is implied by properness of f". O

Exercise 3.48. The assumption that f is quasi-compact in Proposition [3.47] is important. For
each of the properties give an example showing that the conclusion fails if quasi-compactness of f
is dropped. Hint: Consider an infinite set of points in C.

Let us discuss the analytification of abelian varieties as a concrete example.

Lemma 3.49. Let X — Spec(C) be a proper, connected, smooth group scheme, i.e, an abelian
variety. Then X*» = V/A is a complex torus, i.e., a quotient of a finite dimensional C-vector
space V' by some Z-lattice A.

Proof. By Proposition [3.47] Proposition [3.41] and Proposition [3.39 we know that X" is a con-
nected, compact complex manifold. As analytification commutes with products X" is naturally
a complex Lie group and as such it comes equipped with its exponential mapping exp: V :=
ToX? — X2 where T7 X?" denotes the tangent space at the identity 0 € X?". It is classical
that each abelian variety is commutative, cf. [21, II.4.Corollary 2]. But this implies that exp is a
group homomorphism, and it is surjective as it is a local isomorphism and X?" connected. As exp
is moreover a local isomorphism (it induces an isomorphism on the tangent spaces of the units),
its kernel A is a discrete subgroup in V. As V/A = X?" is compact, A is a Z-lattice. ]

3.50. GAGA. The next topic will be Serre’s GAGA theorem on comparing coherent algebraic
and analytic sheaves. We will be rather sketchy here.
Let X be a scheme locally of finite type over C. Then the functor

(=)™ := p*: Cohx — Cohxan, F — F*" :=@*F

compares algebraic coherent sheaves and analytic coherent sheaves. Under properness assumptions
this relation is as nice as possible.

Theorem 3.51 (GAGA). Let f: Y — X be a morphism of schemes, locally of finite type over C.
(1) If f is proper and F € Cohx, then for any i > 0 the natural map (R'f.(F))™ —
R fan(Fan) s an isomorphism.
(2) If X — Spec(C) is proper, then the functor (—)*": Cohx — Cohxan is an equivalence,
i.e., each analytic coherent sheaf is algebraic.

Sketch of proof. We only prove (1) in the case f: X = P — Spec(C) following Serre. The general
case is reduced to this (using Chow’s lemma, etc.). Now, we will use two “analytic” ingredients,
which are show, e.g., using techniques from Hodge theory.

(1) If Y is a compact complex manifold and F € Cohy, then H*(Y, F) is a finite dimensional

C-vector space.

(2) RT'(CP™ 0)=C[0].
Now we do an induction on n. The short exact sequences 0 - Ox(—1) - Ox — Opg—l — 0 and
0 = Oxan(—1) = Oxan — Ocppn—1 — 0 show that the statement follows for the twist bundles
Ox(k),k € Z, if we know the statement for Ox. But this case follows from the second analytic
ingredient above. To pass to all coherent sheaves one uses a downward induction on ¢ because both
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sides vanish for ¢ > 0 (the RHS, e.g., by Theorem or using Cech cohomology and Cartan’s
Theorem A). If M € Cohx, then M(k) := M ®0, Ox(k) is globally generated for k£ > 0, i.e.,
there exists a surjection Ox(—k)™ — M. Using the case of Ox(—k), the long exact sequence in
cohomology and the induction on ¢ settles (1).

Now, (1) implies fully faithfulness in (2) because

Homy (€, F) = H*(X,Homx (&, F))

for £, F € Cohx and similarly on X®". To prove essential surjectivity one again reduces to X = Pg.
Now, we’d like to see that each M € Cohxan is globally generated after sufficiently many twisting
by Oxan(k). Granting this, the claim follows by exactness of (—)*" as one can find a resolution
gan & Fan 4 M — 0 with £, F direct sums of Ox(k)'s, and a = (3)* for some 3: £ — F by
the proven fully faithfulness. Let x € X and let F = ngl be a hyperplane through x. Then one
for any k € Z short exact sequences
0—-Gk—1)>M(Ek—-1)—Hk)—0
0— H(k) = M(k) = M(k) ®0yan Opan — 0

for some G, H € Cohyan. Namely, we can set H := ker(M — M @0 oo Op) and G := ker(M —
M(1)). The induction on n implies that for k > 0 the higher cohomology on X" of G(k) and
M(k) ®0yan Opan vanishes. Indeed, both sheaves have support on E*" and admit filtrations
with gradeds given by analytic coherent sheaves of Ogan-modules. By induction, these graded are
algebraic and hence their higher cohomology vanishes for sufficiently high twists. We can conclude
that for all £ > 0 the map

HY(X™ M(k—1)) = H (X*, H(k))
is an isomorphism for any 7 > 0, and the map
HY (X H(k)) — H (X, M(k))
is surjective. In particular,
dime H'(X*, M(k — 1)) > dime H' (X, M(k))

for k > 0. By finiteness of the dimensions H'(X®", M(k)), we can assume these dimensions are
constant for k> 0. But then

H (X, H(k)) — H'(X™, M(k))

is an isomorphism, and hence H°(X** M(k)) — H°(X*", M ®@an Opan) is surjective. This
implies (by induction on n and Nakayama) that M(k) is generated at = by global sections. By
coherence, this will hold in a neighborhood of x and by compactness of CP™, we can find some
k > 0 that works for all x € X?". This finishes the proof. O

Exercise 3.52. Show that both assertions in Theorem fail without the assumption of proper-
ness. Hint: Consider a non-zero holomorphic function g: C — C with infinitely many zeros.

Remark 3.53. Theorem has several nice consequences. Assume that X — Spec(C) is a
proper morphism of schemes.

(1) H°(X,0x) & H°(X?*,Oxan). In particular, X is connected if and only if X*® is con-
nected. If X is projective, then this settles the remaining statement for Proposition [3.39]

(2) The functor (—)*": Cohx — Cohxan induces a bijection between coherent ideal sheaves
Ox and Oxan. In particular, each closed analytic subspace of X" is algebraic. This has
the following concrete consequence (Chow’s theorem): If Y C CP™ is a closed analytic
subset, then Y is the vanishing locus of finitely many homogeneous polynomials.

(3) The functor X +— X2 from proper schemes over C to complex analytic spaces is fully
faithful. Indeed, note that for X,Y proper of C the set Hom¢(Y, X) identifies via associ-
ating to a morphism its graph with the set of closed subschemes I' C Y Xgpec(c) X such
that the projection I' = Y is an isomorphism. By the previous point and Proposition [3.41
this set is in bijection with its analog for X?* Y2 hence with Homgc (Y22, X2").

(4) If X — Spec(C) is proper, then H' (X O%..) = H'(X, O%) because both identify with
isomorphim classes of invertible coherent sheaves.

Exercise 3.54. Use GAGA and Lemma to prove the following: If X,Y are abelian varieties
over Spec(C), then the Z-module of morphisms ¥ — X of group schemes, is finite free. Remark:
Using different arguments, the same statement can be proven for C replaced by any field.

We stop here with our discussion of analytification and come back to the developement of
cohomology theories for schemes.
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4. SHEAF COHOMOLOGY FOR TOPOLOGICAL SPACES

4.1. Betti cohomology and Serre’s objection. Using analytification we can define our first
cohomology theory for schemes over Spec(C). Fix an abelian group G. Then we can define the
contravariant functor

Hijorgi (=, G): (Sch'*® *H NP /C) 5 (Ab), X = H* (X, @),

which is a perfectly well-behaved cohomology theory (called Betti cohomology) for schemes which
are locally of finite type over C. If k is any algebraically closed field and G = Z/n with n invertible
in k, then étale cohomology will provide a functor

H}.(—,Z/n): (Schloe ot finite type /gy o (AB), X — HE (X, Z/n),

which will have properties very similar to Hpyo;(—, Z/n), for example HZ (PE,Z/n) = Z/n for
1=20,2,...,2n and zero otherwise. However, étale cohomology will not yield a general theory with
Z or Q-coefficients, by a famous observation of Serre.

Lemma 4.2 (Serre’s objection). Let k be an algebraically closed field of characteristic p > 0. Then
there cannot exists a cohomology theory

H*(—): {projective, smooth schemes over k} — {graded vector spaces over R}

satisfying the Kiinneth formula such that H'(—) sends each elliptic curve E — Spec(k) to an
R-vector space of dimension 2.

If E — Spec(C) is an elliptic curve, then E*" = C/A for some lattice A C C, cf. Lemma
Hence, Hy.;(E,G) = G? for any abelian group G, and thus we’d like this to happen also for our
cohomology theory for schemes over k. Moreover, the Kiinneth formula

H*(T x S,R) = H*(T,R) ®g H*(S,R)

holds for topological spaces T', S, and thus we’d like it to hold for a cohomology theory over k as
well.

Proof. If E — Spec(k) is a supersingular elliptic curve, i.e., E[p](k) = {0}, then it is classical that
D := Endy(F) is a subring of a quaterion algebra over Q, such that D ®z R = H is isomorphic to
Hamiltons quaternion division algebra. As H!(—) is a functor, the R-vector space H'(E) will be
equipped with an action of the multiplicative monoid D. As H* is assumed to satisfy the Kiinneth
formula, this action makes H!(E) into a module for D. As H'(E) is an R-vector space, we can
extend scalars and get a R ®z D = H-module structure on H'(FE). But H is a division algebra of
dimension 4 over R and hence cannot act on a 2-dimensional R-vector space! O

Lemma motivates the assumption that n is invertible in k. Namely, Z/n ®2 D won’t be a
division algebra anymore and hence can act on a finite free Z/n of rank 2.

Before constructing H}, (—,Z/n) we will develope sheaf cohomology on topological spaces, and
thus Hf . (—, G), in more detail. In particular, we want to show that sheaf cohomology satisfies
as good properties as singular cohomology, maybe even better.

4.3. De Rham cohomology for real manifolds. Let T be a (smooth) real manifold. Then
the sheaf cohomology H*(X,R) can conveniently be represented by smooth differential forms. For
k>0 let

AR
be the sheaf of (smooth R-valued) differential k-forms on T, e.g, A} = Cgop is the sheaf of
C*°-functions on 7T'. Let
d: Ag,T — AI}%:E}

be the exterior differential, i.e., the unique map of sheaves, which sends a differential k-form

w= f(z1,...,n)dz;, A...Adzj, in coordinates to
n
7]
dw = 8£'dxi/\dxj1 AL Ndxj, .
i=1 "

Lemma 4.4 (Poincaré lemma, cf. |18, Lemma 7.11]). Let T be a real manifold. Then the de Rham

complex

d d
0R—>AZp = Ajp = ...

s exact.
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Proof. Tt suffices to check exactness for the point 0 in the open unit disc 7" C R™. In this case the
de Rham complex AR 1(T') is actually homotopic to 0. Namely, define the map

k. gk k—1
h”™: AR,T — AR,T
sending w = f(z1,...,2s)dzj, A...Adzj,,j1 <...<j; to the differential
1

X4, (/f(O, ey 0,t$j1,$j1+1, ey xn)dt)dxn VANIPAN dxjk
0

Then a calculation shows that the collection h*, k > 0 defines a homotopy between the identity
and zero on AR 1(7). O

Now the sheaves Ag,T flasque for a very simple reason as shown by the next lemma.

Lemma 4.5. Assume that T is a paracompact, Hausdorff real mam’foldm Let F be a sheaf of
R = CRp-modules. Then F is acylic. In particular, RIT(T,R) = T(T, .Aﬁ,T) by Lemma as each
term in AR r admits a module structure under CRop.

The proof is taken from |29, Proposition 4.36].

Proof. The sheaf R of rings on the paracompact real manifold 7" has the following critical prop-
ertyﬂ If T = |J U; is a open cover, then there exists f; € R(T) such that supp(f;) C U; and
i€l

3" fi = 1, where the sum is assumed to be locally finite. This property implies that H*(U, F) = 0
i€l

for £ > 0 and any sheaf F of R-modules on T. Indeed, let F — Z°® be a resolution of F by
injective R-modules. Assume that o € Z¥(T) is a cocycle. If k > 0, then there exists an open
cover T = |J U; of T and sections 3; € Z#~1(U;) such that dB; = a|y,. Let f; € R(T) as above.

i€l
Then f;3; € ZF~1(U;) has support in a closed subset of U; and can therefore be extended by 0 to
a section y; € ZFY(T). Set v := 3. v; € ZF~(T), where the sum is locally finite by assumption.
i€l
Now, dy = « because this can be checked locally and > f; = 1. ]
iel

Remark 4.6. The de Rham complex AR 1 is the prototypical example of a sheaf of differential

graded algebras, cf. [Stacks, Tag 061V]. Namely, the A-product endows € A’&T with the structure
k>0
of an R-algebra and the differential d relates to A via the equation

d(w An) = d(w) A+ (=1)'w Ad(n)

for w e Ag .1 € .A%T. Phrased differently, the A-product yields a morphism AR 7 ®r Ag 7 —

r of complexes satisfying associativity. Clearly, the resolution R — AR 7 is a morphism of
sheaves of differential algebras. We can conclude that the A-product computes the U-product in
cohomology, i.e., the diagram

F(Tv -AE,T) ®R F(T7 Aa,T) - F(T’ Aﬁ,T)

! i

RI(T,R) ®% RT(T,R) —~— RI'(T,R)

commutes, cf. [Stacks, Tag OFP3|. Similarly, we can see that the cup-product for the singular
cochain complex makes the resolution Z — C3,,, r from Theorem a quasi-isomorphism of
sheaves of differential graded algebras. Hence, the cup-product on RI'(T,Z) identifies with the

product in singular cohomology.

200ften this is part of the definition. We will assume this often without mentioning.
21This property is also called existence of partitions of unity.
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4.7. Excision for singular cohomology. In order to speak about excision for sheaf cohomology,
we first have to find relative sheaf cohomology groups H*(T, A; F) for a topological space T', a
subspace A C T and F € Shap(T), fitting into a long exact sequence

. > HY(T,A; F) - H"(T,F) > H"(A, F) — ...

Usually the most interesting case is that for A C T open or closed. In this section, we focus on
the case that i: A — T is a closed immersion, and thus its complement j: W :=T\ A — T is an
open immersion.

Definition 4.8. The functor
e ShAb(W) — ShAb(T)
is defined by sending F to the sheaf
UCTopen — jF{U):={se FWnNU) | supp(s) is closed in U}.

Here, the support of s is the closed set of points ¢ € W, where the germ s; € F; of s vanishes.
The support supp(s) is always closed in W.

Remark 4.9. (1) Clearly, there exists a natural transformation j; — j, of functors.

(2) If j/: W/ — W is another open immersion, then j o j{ & (j o j/); as follows directly from
the definition.

(3) The natural map j*)F — j*j.(F) = F is an isomorphism because for U C W open the
support of s € F(U) is closed in U.

(4) If t € T is a point, then the stalk (jiF); is 7y if t € W and 0 if t € T\ W. Indeed, the
first case follows from j*jF = F and the second from the fact that if s € 5(F)(U) is a
section, then s\ supp(s) = 0-

Example 4.10. Let T be a real manifold and j: U — T the inclusion of an open subset with
complement Z. Then ji(R) = ji(AR ;). Now, ji(A§ ;) identifies with differential k-forms w on U,
which have “compact supports towards T'\ Z”, e.g., if T is compact, then w simply has compact
support. By Lemmaf4.5(we can conclude that ji(AR ;) is a resolution o ji(R) by acyclic sheaves as it
is a complex with terms given by modules under C§%.. Hence, the relative cohomology H*(T, Z;R),
which is the cohomology of 7
RI(T, j1(R)) = T(T, ji(Ar v)),

can be handled rather explicitly. Particularly, if T' is compact, then I'(T, i(Ax ) = Ag (U) is
calculated via the complex of differential forms on U with compact support. ’ ’

The functor j is left adjoint to the functor j* as we now prove.

Lemma 4.11. (1) The functor ji: Shap(W) — Shap(T) is left adjoint to the functor j*: Shap(T) —
Shap(W).
(2) The unit G — 7*51(G) is an isomorphism for any G € Sha,(W).
(3) For any F € Shan(T) the “excision sequence”
0—=jij"F > F =i " F =0
is exact. In particular, for any K € D(T,Z) there exists the natural “excision triangle”
G K - K — ., K — jij" K[1].

Proof. We define the unit of the adjunction as the inverse of the natural isomorphism j*5G — G
constructed in Remark [4.9|for G € Sha,(W). Given F € Shap(T") we define the counit jij*F — F
via the map
J1j*F(U) ={s e F(U C W) | supp(s) is closed in U} — F(U)

for U C T open, by extending s by 0 to a section in F(U) (which is possible as one can glue using
the open cover UNW, U\ supp(s) of U). The triangle identities for the adjunction can be checked
on stalks, where they are easy. Also, the exactness of the excision sequence can be checked on
stalks. |

Remark 4.12. In the lecture a functor j; (with the same definition) was introduced for j: W — T
only assumed to be locally closed. Then j admits an adjoint j' given by sections with support in
W. Ifi: A= T\ W C T is additionally assumed to be locally closed, we get functors iy, i' and the
excision triangle can be generalized to a triangle

WRi'K — K — Rj.j*K — i/ Ri'K[1]

for any K € D(T,Z). In fact, the morphisms 4 Ri'K — K,K — Rj.j*K are given by the
counit/unit respectively. Checking that they form a distinguished triangle can be done on stalks.
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f+e T\ W, then (Rj,j*K); = 0, and (iyRi'K); = K. From here, one reduces to the case that

T = W, in which case j is an open immersion. Then one argues via deriving the exact sequence
0= ii'F = F = juj* F,

in which the last morphisms is surjective if F is injective.

Now we can define the relative cohomology groups.

Definition 4.13. For F € Sha,(T) and i: A — T a closed immersion, we define the relative sheaf
cohomology as
H*(T, A; F) :== H*RU(T, j Rj'F).

From Lemma [4.11] we can conclude the existence of a distinguished triangle
RY(T, §1j*F) — RI(T,F) — RT(T,i.i"F) = RT'(A,i"F) — RU(T, 515 F)[1]
and a long exact sequence
.= HY(T, A F)—- H"(T,F) - H"(A,i"F) —

Our next aim is to discuss some concrete examples for relative sheaf cohomology groups. We
will see that this naturally leads to the proper base change theorem.

4.14. The proper base change theorem in topology. Assume that T is a topological space
and i: A C T a closed subspace. Let j: W — T be its open complement. Moreover, assume that
T is compact. Motivated by Example [I.10] we define the “compactly supported cohomology”
H:(W,G) := H*(T', j,9)
for G € Shap(W) and conclude the existence of a long exact sequence
.= H(W,j*F) — H(T,F) - H'(A, F) —
for any F € Shap(T) by Definition

Example 4.15. As a concrete example take T'= CP™ and i: A := CP"~1 — CP", (29 : ..
ZTp-1) — (g :...: xTp—1 :0). Then j: W =2 C"* — CP" is a standard open set. We can conclude
that for any abelian group G' we have H:(C",G) = 0 if i # 2n and G if i = 2n.

Note that the notation H} (W, G) is not justified at the moment - its definition depends (a priori)
on the compactification T' of W! If (T, A) is a good pair, then excision in singular cohomology
implies by Proposition [2.6] that

H: (T, A;G) = H

sing

T/A, *;G).

smg(
As we assumed T is compact and A closed, the map

f:T—>T/A

is proper. Moreover, f induces an isomorphism W — (T/A) \ A/A. Now, T'/A identifies with the
one-point compactification of W and hence the compactly supported cohomology (with coefficients
in G) is indeed independent of the compactification 7" of W.

Let us try to develop a sheaf theoretic proof of this independence.

Let 7/: W — T’ be another open immersion with 7’ compact, and assume that there exist
a map f: T — T, which restricts to an isomorphism j'(W) — j(W). Moreover, assume that
f7LHGW)) = §/(W). As T', T are assumed to be compact the map f is proper. Let G € Shay, (W).
Let us apply the excision triangle for j to Rf.(j{(G)). This yields the distinguished triangle

3G = i RE(51(G)) = RE(51(G)) — ixi” RE(5((G))-
The first isomorphism comes from the isomorphisms
3 (R£(31(9))) = (3)751(G) = G

by our assumptions on the map f and the fact that Rf. commutes with restriction. The desired
independence of the compactly supported cohomology on 7" means that we’d like the map

RI(T, 1G) — RI(T", jiG) = RT(T, Rf.(j((G)))
is an isomorphism in D(Z), or equivalently by the distinguished triangle above, that
0 = RI(T,i.(i"Rf.(51(G)))) = RT(A,i"Rf.(§|G)).

If T is the one-point compactification of W, then A = {t} is one point, and this vanishing is
equivalent to the vanishing of the stalk

(R4 (j1(G))e-
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Under the assumption A = {t}, this last vanishing is very plausible as the sheaf jj(G)) -1
vanishes on f~1(¢t) = T"\ j/(W).
The proper base change theorem now implies that our wish is indeed true.

Theorem 4.16 (Proper base change). Let f: T' — T be any proper map of topological spaces, cf.
Lemma . Let F € Shap(T"). Then for any t € T the natural map

(Rf(F))e = BU(f7H1), Fig-1)
is an isomorphism in D(Z). (Here, Fip-1() = i; F for the inclusion i;: f~(t) — T".)

Before proving this theorem, let us make some remarks.

Remark 4.17. (1) The properness of f is essential. For example, if f: 7" =C* - T = C is
the open inclusion, and F = Z, then for t =0 € T we get
f* (ZT’) = ZT7

because for each open ball D around 0, the space D \ {0} is connected. But f~1(¢) is
empty, hence RT(f~1(t), Fy-14)) = 0. Note that in this case the fibers of f are compact.
(2) The proper base change theorem extends (rather formally) to any K € D*(T”,Z) instead
of F. Indeed, for a fixed ¢ € Z, the map
HU((RF(K))) — HI(f7HE), K1)
only depends on the truncation 7<; K and for a bounded complex one checks that it is an
isomorphism by reducing to Theorem using the exactness of both functors D(T",2Z) —
D(2).
(3) Consider a cartesian square

S’ L T

i, b

549>T

of topological spaces and assume that f is proper. From Theorem one can deduce
that for any K € D™ (T",Z) the natural maﬁ

9" Rf«(K) = Rf.(g""K)

is an isomorphism. Indeed, this can be checked at the stalks at points s € S, and then one
applies Theorem [4.16|to f and its base change f’ (which is again proper by Lemma [3.17)),
cf. |Stacks, Tag 09V6].

We now turn to the proof of Theorem For simplicity, we will only present the proof under
the (usally harmless) assumption that 7", T are locally compact. The general case can be found in
[Stacks, Tag 09V4].

Our proof will rest on three lemmata. The first is this one.

Lemma 4.18. Let f: T — T be a closed map, e.g., f proper, and lett € T. If U C T’ is an open
neighborhood of f~1(t), then there exists an open neighborhood V of t, such that f=1(V) C U.

Proof. By assumption on f the set A := f(T'\ U) C T is closed. As f~1(t) C U, we get that
t¢ A. Now we can set V :=T\ A. O

The second lemma is this.

Lemma 4.19. Let T be a locally compact Hausdorff space and let i: Z — T be a the inclusion of
a compact subset. For any F € Shay(T) the natural maps
lig Rju . juF — 43" F, 113 JUJuF — 1" F
ZCUCT open ZCUCT open
are isomorphisms. (Here, juy: U — T denotes the associated open immersion.)
Proof. If t € T is a point in Z and Z C U an open neighborhood, then
(RjusJoF)e = (JuudnF)e = Fe i F

ast € U. If t € T\ Z, then by compactness of Z there exists an open neighborhood Z C U of Z
such that ¢ ¢ U. Then

(RjusjirF)e = (JusdioF)e =0 2 (8" F)e.
This finishes the proof. a

223djoint to the map Rf«(K) = Rg«Rf«(9""*K) = Rf«(Rglg"*K) induced by the unit K — Rg,g"*K
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The third one is more difficult.

Lemma 4.20. Let T be a compact topological spacﬁ and let F; € Shan(T),i € I, be a filtered
system of abelian sheaves with colimit F. Then for any n > 0 the natural map

lim H™(T, F;) — H™(T, F)
s an isomorphism.

Proof. We will prove the statement by induction on n. Assume n = 0. Let s € T'(T,F;) be a
section vanishing in I'(T, F). For each point ¢ € T there exists then some ¢ < i} and an open
subset U; C T such that sy, vanishes in Fy (U;). As T is covered by finitely many of these Uy,
we can conclude that s restricts to 0 in I'(T, F;/) for i’ sufficiently large. Now let s € I'(T, F) be
a section. For any point ¢ € T there exists then some ¢ and some open neighborhood U, of ¢ such
that s is the image of some s; € F;(U;). Let Z; C U, be some compact neighborhood of ¢. There
exists finitely many t¢1,...,t. € T such that the interiors of Z; cover T. By the proven injectivity
and the compactness of Z;, N Z;, we may now find some j large enough such that s;, = s, in

U(Zy, N Zy,, Fj) 2,0z, ). But then we can glue the section s, o toa section in I'(T, ), which
112y

maps to s.

Now let’s assume that the statement is true for any m < n. Using a functorial injective resolution
and the case n = 0 the claim reduces to the case that each F; is an injective abelian sheaf. In
this case, we have to check that F = H_I}n]-} is acyclic. By induction we know that F is n-acyclic,

i€l
ie, H"(T,F) =0 for 0 < m < n. Let a € H""(T,F) be a class. For each point t € T there
exists an open neighborhood U; C T' such that ajy, = 0. As T is locally compact we can find some
compact neighborhood Z; C U; of t. As T' is compact, there exists finitely many of such compact
-
neighborhoods Z1, ..., Z, such that T'= |J Z;. We may also assume that already the interiors of

j=1
the Z; cover T'. Let i;: Z; — T be the closed immersion. Consider the short exact sequence

T
0= F = PijitF>Q—0
j=1
of sheaves on T (the exactness on the left follows from the sheaf axiom as the interiors of the Z;
cover T'). By the long exact sequence

T T
= P HNT,i.i5F) » HWT, Q) — H" T, F) - @ H"(T,i;.i; F) —
i=1 i=1
and the fact a;z, = 0 (by construction of the Zj), it suffices to see that the map H"(T, Q) —
H" (T, F) vanishes. Using Lemma [4.19) we can write ;.5 F = lim .75 F; (looking at stalks it
iel
is clear that i;. commutes with colimits) as a colimits of sheaves of the form Ky := jy . jiF; for
jv: V=T the inclusion of an open subset. Now, each Ky is an injective sheaf. Hence, we can

conclude that EB i1 F a colimit of injective sheaves. As cokernels of injective sheaves are again

injective we also see that @) is a colimit of injective sheaves. If n > 0 we can imply the induction

hypthesis and conclude the proof. If n = 0 then by the above discussion and the proven case

n = 0 the map I'(T, @ ij«17F) — (T, Q) is a filtered colimt of split surjections, and hence again
=1

surjective. E| O
Now we can prove Theorem

Proof of Theorem in the case T',T locally compact. Note that the statement only depends on
a neighborhood of ¢t € T. As we assume that T is locally compact we may therefore pass to a
compact neighborhood and assume that T is compact. As f is proper, this implies that 7" is
compact, cf. Lemma For an open neighborhood U C T" of Z := f=1(t) let jy: U — T’ be
the open inclusion and

KU = R]U,*][*]]:
If U’ C U is another open neighborhood of Z, then we get a natural morphism

Ky — Ky

23This includes Hausdorff.
24We thank Jonas Walter for spotting some previous inaccuracies in the proof.
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Using an injective resolution Z* of 7 we see that {Ku}tzcu = {ju,«(Z;} is a filtered system of
complexes of sheaves on 7", which is uniformly bounded to the right of 0. Using dévissage in
complexes we can deduce from Lemma that the natural map

lim H(T", Ky) — H*(T", lim Ky)

Zcl ZCcU

is an isomorphism. Let i: Z — T be the closed immersion. The natural restriction map lim Ky =
zZcU
i41*F is a quasi-isomorphism (or isomorphism in D(7”,Z)) by Lemma We can conclude that
HY(T', lig Kyy) = H*(T',i,i* F) = H*(Z,i").
ZCU
By Lemma the neighborhoods of Z given by f~!(V) with V C T an open neighborhood of ¢
are cofinal. Hence,

lig H*(T", Ky) = lim H*(T", K -1 (v))-
ZCU teV

Now,
HY(T', K1) 2 H* (f V), Fpo1v)

and thus the colimit is, more or less by definition, equal to the stalk

(Rfu(F))s-
This finishes the proof. ([

4.21. Consequences of the proper base change theorem. Having the proper base change
theorem at our disposal we now make the following definition.
Definition 4.22. Let T be a locally compact Hausdorff space and F € Shap(T).

(1) We define the compactly supported cohomology of F as

H;(T7 'F) = H*(ij“F)a
where j: T — T is any open immersion with 7' a compact Hausdorff space.
(2) Similarly, we define
RT.(T,F) := RI(T,jF) € D(Z).

(3) More generally, if f: T — S is a “compactiﬁable’ﬁ map of locally compact spaces, i.e, f
can be factored into T 2 T L § with j an open immersion and f’ proper, then we define
the “exceptional” pushforward

Rf[ = Rf; oy D(T, Z) — D(S,Z)
A priori, Rfi depends on the choice of “relative” compactification T”.

Exercise 4.23. Let f: T — S be a compactifiable map of locally compact spaces.

(1) Show that the category C of factorizations {T" % T’ Is } of f into an open immersion
and a proper map is filtered. (Here, the morphisms in C are given by morphisms 7" — T"
respecting the factorization.)

(2) Show that the definition of Rf is independent (up to isomorphism in D(S, Z)) of a relative
compactification by using the proper base change theorem.

(3) Let g: W — T be another compactifiable morphism. Use the proper base change theorem
to prove that there exists a natural isomorphism.

RfioRg = R(fog).
Let j: W — T be an open immersion. A priori we have two different functors j, Rji: D(W,Z) —

D(T,Z). The derived functor of the exact functor ji from Definition and the functor Rj, from

Definition But as we can factor j into W ENY/JEN T, we see that 51 = Rji.
Let us give several remarks concerning the definition of Rf).

25Question: Is any separated map of locally compact spaces compactifiable in this sense, say by some relative
one-point or Stone-Cech compactification?
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Remark 4.24. (1) For amap f: T — S of locally compact Hausdorff spaces the functor Rf
can be constructed as the right derived functor of the functor

fi: ShAb(T) — ShAb(S)

sending F € Shap,(T) to the sheaf V C S+ {s € F(f~1(V)) | supp(s) is proper over V},
which generalizes the functor ji from Definition [I.8] We did not take this approach as it
will not generalize to étale cohomology. More details on fi can be found in |18, Chapter
I11].

(2) For an open immersion j: W — T the (exact) functor j;, commutes with (all) colimits as it
is left adjoint to the functor j*. From the proper base change theorem and Lemma [£:20] we
can conclude that for a proper map f: 7" — T the functor Rf.: D=%(T",Z) — D=°(T, Z)
commutes with filtered colimits of complexes. Indeed, by Theorem we reduces to
checking this a stalks, where it is implied by Lemma[£:20} We can deduce that the functor

Rfi: D=%(T,Z) — D=°(S,2)

commutes with all filtered colimits of complexes.

(3) Compactly supported cohomology is contravariantly functorial for proper maps f: T — S
by applying RT' (S, —) to the unit F — Rf.(f*F) for F € Sha(S) and using RT.(S, Rf.(—)) =
RT.(T,—) by Exercise [4.23]

(4) Compactly supported cohomology satisfies a certain covariant functoriality for open im-
mersion j: W — T'. Indeed, for F € Shay(T') apply RT'.(T,—) to the counit jij*F — F
and use RI((T, ji(—)) = RT (W, —), cf. Exercise [£.23)). This yields a map

HE(W,j*F) = H(T, F).

(5) Note that the map f: T — {x} is compactifiable if and only if T is locally compact
Hausdorff. This explains maybe a bit why usually sheaf cohomology is discussed in more
detail only under this assumpation.

Compactly supported cohomology has very good computational purposes. For example, we get
a Mayer-Vietoris sequence similar to the usual Mayer-Vietoris sequence

v = HY (T, F) = H"(U, Fly) @ H"(V, Fjv) = H*(U NV, Fluay) — ...

for a topological space T' with an open cover T = U UV (this long exact sequence can be deduced
from the distinguished triangle 7 — Rju «(Fjv) @ Rjv«(Fjv) = Rjvnvs(Fluny) in D(T,Z) as
RI(T, Rju,«(—) = RT'(U,—) and similarly for V)

Exercise 4.25. Let T be a locally compact Hausdorff space, T' = U UV an open cover and
F € Shap(T). Then there exists a natural long exact sequence

S HEU OV, Fiuey) = HE(U, Fp) @ HA(V, Fy) = HAT, Fir) > ...
Using Rf, the proper base change theorem can now be generalized.
Theorem 4.26. Consider a cartesian diagram

S’ i> T

b
S——T
of locally compact spaces with f compactifiable, then there exists a natural isomorphism
g Rfi= Rflg”
of functors DY (T",Z) — D*(S,Z).
If g: S = {t} — T is the inclusion of the point ¢ € T, then Theorem implies
(RfI(K))e = RU(fH(t), Kjp-101)),

which is a very useful fact.
Proof. This follows from Remark [£.17] and the easy case that f = j is an open immersion. O

We have established the proper base change in order to obtain (an important case of) excision.
But the proper base change theorem (by which we mean either Theorem or Theorem |4.26)) in
itself is very useful for computations.
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4.27. Some explicit examples. Let us compute some concrete examples of Betti cohomology
via the proper base change theorem.

Example 4.28. Let X = Spec(C[z,y]/(y?> —2?)) be the cuspidal curve with normalization f: Y —
X. Then Y = A}:. Then Y — X3" is a homeomorphism and we can conclude that

H]getti(X’ Z) = H*(C’Z>'

More generally, if f: Y — X is any universal homeomorphism in (Schl/ocft), then Hj (X, Z) =
ngetti(}/’ Z)

Example 4.29. Let X C Spec(C[z,y]/(y?> — 2® — 22)) be the compactified nodal curve with
normalization f:Y & Pé — X. Let i: {x0} — X be the inclusion of the singular point. Then
Theorem implies that there exists a distinguished triangle

Z — Rf¥(Z) — i.Z.

Indeed, the natural morphism Z — Rf2"(Z) = Rf.f**(Z) is an isomorphism over X" \ {zo}
and by Theorem [4.16] we can calculate that Z,, — Rf*"(Z),, = RT(f*(20),Z) = Z® Z is the
diagonal inclusion. In particular, we see that Rf2"(Z) = f.(Z) (more generally, if f: Y — X is
any finite morphism between schemes, locally of finite over C, then the functor (f*"), is exact).
Hence, there exists a distinguished triangle

RT'(X™,Z) — RP(CPl,Z) — RT'(X®,4,.2Z)
~RT(Xan, Rfan(Z)) ~Z[0]
and we can conclude that
Z,i=0,1,2

HY(X™,Z) =41
0, 1> 2.

Example 4.30. Let X = Spec(Clx,y, 2]/(2? — xy)) be the cone and f: Y — X be the blow-up at
the point z := (0,0,0). Let i: {zo} — X be the inclusion. Then f~!(zo) 2 P{ and Y 2 V(O(-2))
is the total space of the line bundle O(—2) on P{. In particular, R['(Y®*,Z) = Z & Z[-2] by
homotopy invariance. Using the proper base change theorem we get a distinguished triangle
Z — Rf.(2) = i.(2[-2)
and from here a distinguished triangle
RI(X*,Z) - Z& Z[-2] — Z[-2].

Now, the occuring morphism Z[—2] — Z[—2] is the identity (because f~!(x¢) C Y is the zero-
section of the line bundle V(O(—2))). Hence, RT'(X?",Z) = Z, which is good because drawing a
picture we’d actually want that X®" is contractible. Using the scaling multiplication AL x X —
X, (t,(z,y,2)) — (tz,ty,tz) we can actually write down a contradiction. This example generalizes
to the vanishing locus of some set of homogeneous polynomial in some Ag.

Exercise 4.31. Let X — Spec(C) be a morphism locally of finite type and let Z C X be a closed
subscheme. Let f: Y — X be the blow-up of X in Z and let E C Y be the exceptional divisor.
Show the existence of a natural long exact sequence

— ... HY (X" 2Z2) > HY(Y*",Z2)® H"(Z*",Z) - H"(E*™,Z) — ....

Hint: Use proper base change and make an analysis as in Ezample for Rf{™(Z) @ i%'.(2),
where iz: Z — X 1is the inclusion.

4.32. Dimension of locally compact Hausdorff spaces. In this section we want to prove some
results on the cohomological dimension of real manifolds.
Let T be a locally compact Hausdorff space.

Definition 4.33. The (cohomological) dimension dim(7') of T is the infimum of all integers d,
such that

H(T,F)=0
for all ¢ > d and all sheaves F € Shay,(T).

The dimension satisfies some useful stabilities.

Lemma 4.34. . Let f: T — T be a morphism of locally compact Hausdorff spaces.
(1) If f is a locally closed immersion, then dim(T") < dim(T).
(2) If there exists some d > 0, such that dim(f~1(¢)) < d for all t € T, then dim(T") <
dim(T") + d.
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Proof. If F € Shap(T"), then Rfi = f, as f is a locally closed immersion. This implies that
RT.(T',F) = RU (T, fi(F)) € D=1 (Z)
as desired. In the second case note that Rfi(F) € D<(T,Z) by Theorem and the assumption.
Thus,
RU(T',F) = RT (T, Rfi(F)) € DSHdm(T)(z)

as desired. 0

Theorem 4.35. Let T be a (Hausdorff) real manifold of dimension d. Then the cohomological
dimension of T is d. In particular, each locally closed subset of a (Hausdorff) real manifold of
dimension d is of cohomological dimension < d

Before proving the theorem let us establish a lemma.

Lemma 4.36. Let T be a locally compact Hausdorff space and F € Shay(T). Let o € HE(T, F)
be non-zero for some k > 0. Then there exists a closed set Z C T such that oz # 0, but aq =0
for all closed subsets A C Z.

Proof. Consider the partially ordered set J of all Z C T closed with o)z # 0, where Z < Z’
if Z/ C Z. Then J is non-empty and for each filtered system Z;,i € I, of elements in J also
Z = () Z; € J. Indeed, if iz,: Z; — T denotes the closed immersion, then
iel

llgllzh*l*zl}— = iZ,*i*Zf

iel
by looking at stalks, and thus

iel ~HK(ZiF z,)

by Remark This implies the claim. Thus, we can apply Zorn’s lemma to J and conclude. [J

Proof of Theorem[].35. Let us check that dim(7T") < d. Let F € Sha,(T). First assume that
T =R and let w € H*(T, F) be non-zero, k > 0. Let Z C T be a minimal closed set for w as in
Lemma If Z = {z} is a point, then necessarily k = 0 as H*({z}, F) = H¥({z},F) #0. If Z
is not a point, then there exists some ¢ € Z, such that Z~ := (—o0,c] N Z, ZT := [c,00) N Z are
proper closed subsets of Z, and hence by assumption on Z we have wjz+ = 0,wjz- = 0. Now, we
have a long exact sequence

— .= H Y (), F) = HNZ,F) - HYNZT, F)o HF(Z7, F) -
(induced from the short exact sequence 0 — F — ig+ ,i5, F @ig- i3 F — i{c}’*i’fc}}" — 0) and
thus the element w € HF(Z, F) lifts to a non-zero element in H*=1({z}, F). Hence, k —1 = 0, i.e.,
k = 1. This finishes the proof in the case 7' = R. By Lemma we can deduce dim(7") < d for
any locally closed subset T" of R™. Assume that T is a general (Hausdorfl) real manifold. Then we
can write F as a colimit of sheaves jy1j;;F for U C T open, and covered by finitely many open
balls in R?. Hence, we may (as H (T, —) commutes with filtered colimits) assume that 7 is covered

by finitely open subsets of R”. By Exercise [£.25] and induction on the number of open subsets we
can conclude. ]

We leave it as an exercise to check that the cohomological dimension of R is exactly d.

4.37. Homotopy invariance of sheaf cohomology. Curiously, all our computations relied up
to now on Theorem e.g., via the use of homotopy invariance for example. In this section we
want to remedy this.

Let T be any topological space and G a sheaf of (not necessarily abelian) groups on T'. Let us
recall the definition of a G-torsor, or G-principal homogeneous space.

Definition 4.38. A G-torsor on T is a sheaf of set P with a (right) action P x G — P of G, such

that there exists an open cover T'= [J U, such that Py, = G|y, as sheaves with Gy, -action.
i€l

Torsors yield a concrete interpretation of the first sheaf cohomology.

Lemma 4.39. Let T be a topological space and G a sheaf of abelian groups on T'. Then there exists
a natural (in T,G) isomorphism

HY(T,G) = {G — torsors}/isom.
Proof. Cf. [Stacks, Tag 02FN]. O
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Now assume that G = G is a constant sheaf for some abelian group G and let P be a G-

torsor with trivializations o;: Py, = G|y, on some open cover T' = |J U;. Then for i,j € I the
i€l
isomorphism ©
@i © a;lz Giwinu; = Guinu,
must be given by left multiplication by some section g;;: U; N U; — G (as it is equivariant for
the Q|UmUj—action). Now, we glue the topological spaces U; x G = ngc U; x {g} along the
isomorphism
(Uz N UJ) xG— (Uz N U]) X G7 (u’g) = (uagij(u)g)

because the g; ; satisfy the cocycle condition. This glueing yields a topological covering space
P — X, and the construction P — P is a fully faithful functor from G-torsors to topological
spaces over X, which are equipped with a G-action over X.

In fact, we leave the following statement as an exercise.

Exercise 4.40. For a morphism Y — T let Y, be the sheaf U — Hom¢(U,Y). Show that the
functor
{local isomorphisms Y — T'} — Sh(T), Y = Y,
is an equivalence (the morphisms on the left hand side are morphisms over T'), and its inverse
maps P to P in the above situation.
We get the following corollary.

Lemma 4.41. Let T be a simply connected topological space and G an abelian group. TherF_-g]
HYT,G) = {x}.

In particular, H ([0,1],G) = G ifi =0 and 0 if i > 0.

Proof. In the above notation the topological covering space P — T must have a section T' — P.

Thus, we can conclude by Exercise m (or just the existence of an isomorphism P; 2 P) that

oP(T) # 0. But then the map G — P, g+ o - g is an isomorphism of G-torsors. The statement
for [0,1] follows from Theorem [4.35] O

Now, we leave the following generalization of homotopy invariance as an exercise in using

Lemma m and Theorem m

Exercise 4.42. . Let T be a locally compact space and f: T x [0,1] — T the projection. Then
for any K € D*(T,Z) the natural map

K — Rf.f"K
is an isomorphism.

At this point we are not dependent on any result on singular cohomology anymore. For example,
we can prove finiteness of cohomology.

Exercise 4.43. Let T be a finite CW-complex. Show that for each ¢ > 0 the group
HY(T,Z)
is finitely generated. Hint: Use excision Section[[.7 for a closed subcomplex A.

We have developed enough results on sheaf cohomology for the moment and it is time to turn
to developing étale cohomology of schemes.

261 general, H(T,G) = Hom(m(T,t),G) if T is connected and, locally simply connected and w1 (T,t) its
first fundamental group for some ¢ € T as follows by some easy arguments using Exercise and the fact that
representations of 71 (7T, t) classify all covering spaces of T

2TWe note that at this point we have established all Eilenberg-Steenrod axioms for sheaf cohomology with
coefficients in Z, at least on (locally compact, Hausdorff) CW-complexes. Amusingly, the homotopy variance was
the last one that we considered while for singular cohomology it is usually the first statement to be proven.
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5. TOPOI AND ETALE COHOMOLOGY

Our aims for the rest of this course are the following:

(1) the definition of étale cohomology for schemes,

(2) some general results on étale cohomology (or more generally, cohomology of topoi),
(3) the cohomology of curves over algebraically closed fields,

(4) the proper base change theorem in étale cohomology.

5.1. Etale sheaves. In the next subsections we will develope the necessary abstract sheaf theory
to finally reach the definition of étale cohomology of an arbitrary scheme (without being able to
calculate anything with it for some time).

Definition 5.2. Let X be a scheme.
(1) We define the category
Xgt :={Y — X étale}

with morphisms given by morphisms over X. Note that each morphism in X is étale, cf.
Lemma [10.26

(2) An étale presheaf (of sets) is a functor F: X — (Sets) and a morphism between them
is a natural transformation. For f: Y — Z in X¢ we denote by f*: F(Z) — F(Y) (or
s+ s)y if f is clear) the restriction morphism for F.

(3) An étale presheaf F is an étale sheaf if for all Y € X and all collections of étale morphisms
fi:Y; = Y i € I, such that the the f; are jointly surjective, i.e., Y = (J f;(Y;), the sequence

i€l
(1) F) = [[FO) = [ F <y Y5)
i€l i
is exact. Here, the first arrow sends s € F(Y) to (f(s)); and the two other arrows are
given by
(si)ier = ((P1(50))ig» (si)ier = ((P2(55))is

where p1: Y; Xy Y; = Y], pa: Y, Xy Y; = Y] are the two projections.

(4) A morphism of étale sheaves is a natural transformation.

(5) We denote by PSh(Xe;) the category of étale presheaves, and by Sh(Xe) or Xe its full
subcategory of étale sheaves.

If in (Equation ) the map F(Y) — [] F(Y;) is always injective, then we call F a separated
iel
étale presheaf.
We denote by X7z, the full subcategory of X¢ given by open immersions Y — X. Note that
when restricting the condition of an étale sheaf to this subcategory, we exactly get the condition
of being a sheaf on the topological space | X]|.

Remark 5.3. The definition of X¢ and of an étale sheaf can be motivated by contemplating
Exercise Namely, the category Sh(Xz.,) = Xzar of sheaves on |X| is equivalent to the
category {Y — X local isomorphism }. Contrary to complex analytic spaces the notions “étale”
and “local isomorphism” differ for schemes, and thus using étale morphisms we get something
different.

Exercise 5.4. Let X be a complex analytic space and define étale sheaves on it exactly as in
Definition Show that Sh(X¢) is equivalent to the usual category of sheaves on | X|.

Example 5.5. From the pointwise construction of limits in PSh(X¢;) and by commuting limits
with products it follows that the full subcategory Sh(Xe) C PSh(Xg;) is stable under limits. In
particular, Sh(Xg;) admits all limits.

Let us now establish the sheafification of étale presheaves. First we introduce the following
convenient terminology.

Definition 5.6. Let X be a scheme, and Y € X .

(1) An (étale) covering U of Y is a collection {f;: Y; — Y }ies of étale morphisms to Y, which
is jointly surjective, i.e., Y = |J fi(Y3).
i€l
(2) A covering U = {Y; = Y }icr refines a covering V = {Z; — Y'},c if there exists a map
¢: I — J and morphisms g;: Y; = Z,(;),1 € I, over Y.
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(3) Given a covering U = {f;: Y; = Y}ier and F € PSh(Xet) we set
LU, F):=eca([[F(Vi) = [ F(¥i xv ¥)),

i€l i.j

where the morphisms are defined as in Definition [5.2}

The following arguments will be quite formal and only use the following properties of étale
coverings:
(Isomorphisms are covers) If Z — Y is an isomorphism, then {Z — Y'};_(,; is a covering.
(Covers can be composed) If {Y; — Y},cs is a covering and {Z; ; — Y;};cy, is a covering for each ¢ € I, then
{Z;; = Y}ier,jes, is a covering.
stable under base change) If {Y; — Y},c;r and Z — Y is a morphism, then Y; Xy Z exists for any ¢ € I and
{Y; xy Z — Z}ier is a covering.
(Set-theoretic smallness) For each Y € X there exists a set of coverings {{/} such that each covering of Y can be
refined by on these U’s, cf. Remark [5.9]

In Definition [B.11] we will abstract the first three conditions into the definition of a site.

Lemma 5.7. Assume that the covering U = {Y; — Y }icr refines the cover V = {Z; — Y}jey.
Assume that @: I — J is a map, and g;: Y; = Z,(;),i € I, morphisms over Y. Let F € PSh(Xg).
(1) The map
ruy: TV, F) = TU, F), (s5)jer = (9 (Spi)))ier
is well defined and independent of the choice of ¢, g;,i € I.
(2) If F is separated and the natural map F(Y) — T'(U,F) is bijective, the same holds for
FY)=>TW,F).

Proof. The well-definedness follows easily by using the map (g;,, gi,): Yi, Xv Yi, = Zy(iy) Xy Zip(is)-

Let now j € J. Assume that h;: Y; — Z; is any map over Y. Then we have a map h :=
(gi» hl> Y, — Zgo(z) Xy Zj. Let p1: ng(z) Xy Zj — Z<p(i)7 p2: th(z) Xy Zj — Zj be the projections.
Then

(s5);EL(V,F)

9i (ei)) = B (P1(5(0(5))) h*(p3(s5)) = hi(s;)-

This implies that 774,y is independent of ¢, g;,% € I.
Now, assume that the map ry: F(V) — I'(U, F) is bijective. Then clearly,
rv: F(V) =TV, F)
is injective, as its composite with 7y is 774. Take now (s;); € I'(V, F). Then 7 v((s5);) = ru(s)
for some s € F(Y). Now fix j € J and consider f;: Z; — Y. We need to see that sz, = f7(s) = s;.
The collection
{hiyj: Y; Xy Zj — Zj}iel
is an (étale) covering of Z;. Let g; ;: Y; xy Z; — Y; be the projection. Then for all ¢ € I
hi i (15 (s)) = i j(s1v.) = 95597 (sp()))
and if g := (gs,1dz,): Yi Xy Zj = Zyy Xy Z; this equals
9 (561 Zpyxv 2;) = 97 (512, xv 2;) = D j(55)
by definition of I'(V, F). If now F is separated, this implies that
[i(s) =s;

and thus the second statement is proven. O

Definition 5.8. Let F € PSh(X¢), then we define the presheaf 7 € PSh(Xg;) as
(Y € Xg) = FH(Y) := lim ru,r ),
U covering of Y

where the colimit is taken along the maps ;) from Lemma ifU refines V. If f: Y - Zisa
morphism in X¢ and U = {Z; — Z}jecy a covering of Z, then U xz Y :={Y x5z Z; = Z;}jey is
a covering of Y and the pullbacks along Y Xz Z; — Z; define a natural morphism

NU,F)=>TUxzY,F),

which is compatible with refinement. Passing to the colimit over all coverings yields the restriction
morphism

FH(Z)— FH(Y)
for FT.
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Remark 5.9. (1) The colimit li is filtered. Indeed, given two coverings {Y; —
U covering of Y
Y}ier, {Z; — Z}jes are two coverings, then {Y; xy Z; — Y}(; jjerxs is a common
refinement of both.

(2) We have to make the following set-theoretic warning that a priori the colimit over all
coverings U might be over some class. But we can find a cofinal set of coverings as follows:
First of all each covering {Y; — Y },c; admits a refinement by a cover for which |I| < |Y].
Refinining further we may assume that Y; is affine, with image contained in some affine in
Y. But for Y = Spec(A) affine there exists a set of isomorphism classes of A-algebras B,
which are of finite presentation. As étale morphisms are locally of finite presentation this
yields the desired cofinal set of coverings.

We can now establish the sheafification of étale presheaves.

Theorem 5.10. (1) If F € PSh(X¢), then the presheaf F* is separated.
(2) If F € PSh(Xg) is separated, then FT is an étale sheaf and F — F*T is the initial
morphism from F to an étale sheaf.
In particular, the functor F s Ft .= (FT)t yields a left adjoint (“sheafification”) to the in-
clusion Sh(Xg) — PSh(Xg). Finally, the sheafification (—)*: PSh(Xg) — Sh(X¢) is an ezact
functor.

Proof. The first statement follows easily from the definition of FT and of being a separated
presheaf. Let us prove the second and assume that F is a separated presheaf. We have to show
that F* is an étale sheaf. Thus fix Y € X¢ and a covering U = {Y; — Y };c;. We have to show
that

a: FHY)—=TU,F)
is bijective. As F7 is separated (by (1)) the map « is injective. Let
(si)ier € TU, FT).

Then there exist coverings U; = {Z; ; — Y;}je, such that s; € FT(Y;) can be represented by some
(ti;j)jes; € T'(U;, F). Now the collection of morphisms

V=A{Zi; =Y = Y}irjeu
is a covering of Y. By construction, the element
T’V,u((si)i) € F(V,]:Jr)

lies in the subset T'(V, F*) N[, ; F(Zi;) (here we identify F(Z;;) C F*(Z;;) as a subset by
separatedness of F). Now, if G is any separated presheaf and W = {Z; — Z}rck one has the
equality
rw, g n [ 9(z) =T (W, )
keK
because the map [[ G(Zx xzZ;)) — [l G (Zk xz Z;) is injective. Applied in our situation we
klEK klEK
see that
t:=ruv((si)i) €TV, F) =TV, F")n H]:(Zi,j)-
4,J
But this implies that ¢t € T'(V, F) C F(Y) restricts to (s;); € T'(V, F1) as desired. It follows from
the definition that a presheaf F is sheaf if and only if that map F — F*. This implies that (—)*
satisfies the universal property of sheafification. In particular, it is left adjoint to the inclusion
Sh(Xe) € PSh(Xg). It suffices to see that (—)* commutes with finite limits. By Example
limits in Sh(Xg;) agree with limits in PSh(Xg;). As filtered colimits commute with finite limits, it
follows by Remark [5.9] that the functor (—)*: PSh(Xs) — PSh(Xs) commutes with finite limits.
In particular, (—)* = ((—)*)* commutes with finite limits. O

Thus, the categories of étale (pre)sheaves on X satisfies the same formal properties as the cat-
egories of usual (pre)sheaves. For example, Sh(Xg;) admits all colimits and these can be calculated
by sheafifying the colimit in PSh(Xgt).

The necessary properties for étale coverings can be abstracted in the definition of a site.

Definition 5.11. (1) If C is a category, we define the category PSh(C) of presheaves on C as
the category of functors C°P — (Sets).
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(2) A site is a category C together with a collection 7 of collections of morphisms {Y; — Y };¢r
for each Y € C (called coverings in 7, or just coverings) such that the above properties
(Isomorphisms are covers), (Covers can be composed) and (Covers are stable under base
change) are satisﬁedﬁ

(3) A presheat F € PSh(C) is called a sheaf (for 7) if for any covering {Y; — Y }icr in 7 the
sequence

FY) = [[F0) = [[FV xv V)
icl i,
is exact. A morphism of sheaves is a natural transformation of functors.

(4) We denote by Sh(C) C PSh(C) the full subcategory of sheaves (with respect to 7) on the

site C.

As in the case of usual sheaves the category Sh(C) has all limits and these can be calculated
in PSh(C). By design for a scheme X the category Xg equipped the class of coverings as in
Definition [5.2]is a site, called the étale site of X.

Example 5.12. Let C be any category.

(1) The indiscrete Grothendieck topology on C is given by the covers {f: Z — Y} with f an
isomorphism. In this case,

Sh(C) = PSh(C)
is just the category of functors C°P — (Sets).

(2) Assume that C has fiber products. Then we can define the Grothendieck topology, whose
coverings are just any collections {Y; — Y }iey. The Sh(C) = Sh(my(C)) = PSh(my(C)),
where 7y(C) denotes the set of isomorphism classes in C (assuming that this is indeed a
set).

Theorem 5.13. Let C be a site, and let T be its Grothendieck. If T satisfies the above property
(Set-theoretic smallness), then the inclusion Sh(C) C PSh(C) admits an ezact, left adjoint (—)*.

Proof. The proof of Theorem [5.10] applies literally in the same way. O

In particular, we can as usual consider sheaves of abelian groups, sheaves of rings, sheaves of
A-modules for some ring A, G-torsors for a sheaf of groups G, free abelian sheaf associated to some
sheaf,... on a site. Let us stress the following: A sequence

05F>FSF -0
is exact if and only if the sequence 0 — F1(Y) — F2(Y) — F3(Y) is exact for any Y € C and

for any s € F3(Y) there exists a covering {Y; ELN Y}ier in 7, such that for all ¢ € T the element
s)y; = [i(s) € F3(Y;) lies in the image of §: Fo(Y;) — F3(Yi).

We want define étale cohomology as the right derived functor for global sections, and thus we
have to ensure good homological properties for the category of abelian sheaves on the étale site of
a scheme. For this, we add the smallness finiteness condition and arive at the very useful notion
of a topos.

Definition 5.14. A topos X is the category of sheaves Sh(C) on a site C satisfying the (Set-
theoretic smallness) such that there exists a set B C ob(C) of objects in C such that each covering
{Y; — Y}ier can be refined by a covering {B; — Y} with B; € B.

In essence, a topos is a (vast) sheaf-theoretic generalization of a topological space. The main
examples that we will be interested in are the category T := Sh(T") of sheaves on a topological
space T' and the étale topos )?; := Sh(X¢) of étale sheaves on a scheme X.

To streamline terminology, let us call the category Sh(C) of sheaves on a site C a topos as well.
To highlight the set-theoretic conditions we call a topos medium if it is given by sheaves on some
site satisfying the (set-theoretic smallness) for coverings, and small if the site additionally satisfies
the conditions in Definition [5.14] In the remaining case, let us call a topos big. Let us stress that
sheafification exists only for medium topoi. Usually, when speaking of a topos we mean a small
one and write “topos” instead of “small topos”.

Remark 5.15. Most often we will ignore the set theoretic issues from now on, and leave it to the
context which implicit set-theoretic smallness conditions we assume!

Let us give a general construction for sheaves an a site.

283yuch a 7 is called a Grothendieck topology.
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Example 5.16. Let C be a site and Y € C. Then the representable presheaf
hy := Home¢(—,Y) € PSh(C)
need not be a sheaf in general. By the Yoneda lemma we have a naturally bijection
Hompgy ey (hy, F) = F(Y)
for any F € PSh(C). If F is a sheaf, we can conclude that
Homgy,c) (B, F),

where the “representable sheaf” h%, is the sheafification of hy. If A is any ring, then for any sheaf
of A-modules F € Shy(C) we can deduce the existence of a natural isomorphism

Homg, c) (A[h3/], F),
where A[G] := (Z — A[G(Z)])? denotes the “free sheaf of A-modules” of the sheaf of sets G € Shy (C).

If each representable presheaf is a sheaf, then a site is called subcanonical. The main reason
for putting the set-theoretic smallness conditions in the definition of a small topos is the following
consequence.

Theorem 5.17. Let X be a (small) topos. Then for any ring A the category Sha(X) of A-module
objects is Grothendieck abelian. In particular, it has enough injectives and each complex admits a
quasi-isomorphism to a K -injective complex ([Stacks, Tag 01D/4]).

The ring A can be replaced by any ring object O on X by replacing A[h%,] in the proof below
by (Z +— (O(Z)[hﬁY(Z)])jj (the “free O-module on hﬂy”).

Proof. Except for the existence of a generator all statements follow from the case of presheaves by
sheafification. Let us write X = Sh(C) for some site (satisfying the required smallness assumptions).
Let B be as in Definition [F.14l Then the sheaf

D Al
BeB

is a generator of Shy(X). Indeed, if F € Shy(€), then by Example we obtain a natural
morphism

a: @ A[hﬂB] ), F,
BeB, seF(B)~Hom(A[h%],F)

which is a surjection because for every section s € F(Y),Y € C we can refine the cover {Y — Y}
by a cover {B; — Y }icr, B; € B, and then the restrictions s|p,,i € I, lies in the (presheaf) image
of a. |

The surjection o motivates the following more precise version.
Lemma 5.18. Let C be a site and F € Sh(C). Then the map
G:= limy W, = F
Yec, seF(Y)~Hom(h!, ,F)
s a isomorphism, which is natural in F.

Proof. The statement for Sh(C) follows from the one for PSh(C) by sheafification. Hence, assume
that C is just a category, and F € PSh(C). By the Yoneda lemma it suffices show that for any
‘H € PSh(C) the map

Hompgy ey (F,H) — Hompgy(e) (G, H) = lim  Hompgy(c)(hy, M) = m  H(Y)
YecC, seF(Y) Yec, seF(Y)

is a bijection. But starring at this last inverse limits reveals that it specifies exactly a natural
transformation n: F — H. O
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5.19. Functoriality for sheaves. In this section we want to discuss the notion of a “morphism
between topoi”. The basic example for topoi are the category of sheaves on a topological space,
or the category of étale sheaves on a scheme. Assume that f: Y — X is a morphism of schemes.
Then we obtain a pullback functor

fs?tles: Xt 4>Y*ét7 (Z*)X) = (Z XxY *)Y)

on étale sites, which preserves finite limits and maps an étale covering {Z; — Z};cr to the étale
covering {Z; xx Y — Y}ier. This implies that the functor
fF: PSh(Ys) — PSh(Xy), F s Fo fo!

sites

induces a functor

for Yoo — Xgt.
From the case of topological spaces we’d like to have that this functor has a left adjoint f~!,
which is exact, i.e., commutes with finite limits. Note that this commutation with finite limits is
important, e.g., it implies f~! preserves abelian sheaves/sheaves of rings/... and defines an exact
functor for such. Motivated by this we make the following definition.

Definition 5.20. A morphism f: ) — X of topoi is a functor f,: 2 — X, which admits an exact
left adjoint f~1: ¥ = 9. If g: 3 =9, f: Y — X are morphisms of topoi, then their composition
f o g is given by the functor f, o g., whose left adjoint g~! o f~! is indeed exact.

As equality of functors is badly behaved for categories it is better to also keep track of the
natural transformations 7n: f, — f. for two morphisms f, f': 9) — X of topoi. Thus topoi form
naturally a 2-category. We will not make this point more precise as it is a bit orthogonal to the
aims of this lecture.

The next lemma lets us construct many examples for morphisms of topoi.

Lemma 5.21. Let u: C — D be a functor and define the functor
uPSt: PSh(D) — PSh(C), F ~ Fou.
(1) The functor ufS" admits a left adjoint upg, : PSh(C) — PSh(D).
(2) If G € PSh(C), then uljslh(G) is the “pointwise left Kan extension” of G along u, i.e.,
(ZeD)— lim G(Y).
{YeC, Z—u(Y)}opr

(3) If Y € C with contravariant Hom-functor hy € PSh(C), then
upsy (hy) = hu(y)-

(4) Assume that C has finite limits, and u preserves these. Then ugslh is exact. In particular,
ulSh defines a morphism u"S": PSh(D) — PSh(C) of (usually big) topoi.

We are making implicit set-theoretic assumptions on C,D here, namely that the colimits in (2)
exists for any Z € D. Before starting the proof let us consider the example

u=f"1: Ouv(S) — Ouv(T)

for a continuous map f: T — S of topological spaces, and Ouv(T), Ouv(S) the categories of open
sets. Then
upgy (G)(U) = limy G(v)
VCS open, UCf—1(V)

is exactly the presheaf pullback that we have encountered in Algebraic Geometry I.

Proof. We can define upg, by the formula in (2). Then it is straightforward to check that upg, is
left adjoint to uLS? by identifying elements in HomPSh(D)(ugéh(g), F) and Hompgpc)(G, ulSh(F))
with systems of maps ¢y,z ;: G(Y) — F(Z) for any Y € C,Z € D and morphism f: Z — u(Y),
which are compatible for varying the data Y, Z, f.

Let us show (3). Take Y € C and G € PSh(D). Then

Hompgp(p) (upgy (hy), G)

@ Homps}l(c) (hYa UESh(g))
Yogeda U (g) (Y)
= G(u(Y))

Yoneda

Hompgp(p) (hu(yy, 9)-



38 J. ANSCHUTZ

By a third application of the Yoneda lemma we can conclude that u;slh(hy) and h,(y) are naturally
isomorphic. Finally let us prove (4). From the pointwise construction of upg, it suffices to check
that for each Z € D the category

I;:={YeC, Z—uY)}?P

is filtered. But as C has finite limits and u commutes with these, it follows easily that Iz has finite
colimits. But any category with finite colimits is filtered. |

Definition 5.22. Let C,D be sites and let u: C — D be a functor. Assume that
(1) the category C has finite limits and w commutes with these.
(2) if {Y; = Y}ier is a covering in C, then {u(Y;) — u(Y)}ier is a covering in D.
Then we set
fx: Sh(D) = Sh(C), F > ulSM(F) = Fou

and
f71:Sh(C) = Sh(D), G — (upg,(9)*,
and call the associated morphism f: Sh(D) — Sh(C) of topoi the morphism associated with w.

5.23. Examples of topoi and morphisms of topoi. It is time to discuss some examples of
topoi and morphisms of topoi.
(1) If T is a topological space, then Sh(T') is a topos. If f: T'— S is continuous map, then we
get a morphism of topoi
f:Sh(T) — Sh(S)
given by the usual functor f.. In particular, the category of sets is a topos as it identifies
with Sh({x}).
(2) If X is a scheme. Then Xo = Sh(Xg) is a (small) topos. If f: ¥ — X is a morphism of
schemes, then we get a morphism of topoi

fi}zc%Xét

with fo(F)(Z) .= F(Y xx Z) for F € Sh(Ys) and Z € X¢,. Namely, we can use Defini-
tion for the functor f}ttsz X > Yo, Z2Y Xx Z.

S

(3) Let C be a category. Then PSh(C) is a topos, cf. Remark If C has finite limits and
u: C — D is a functor preserving finite limits, then we get a morphism

£: PSh(D) — PSh(C)

of topoi with f, = ulSP.

(4) Let C be a site and Sh(C) its topos of sheaves. Then the inclusion i,: Sh(C) — PSh(C)
defines a morphism i: Sh(C) — PSh(C) of topoi with i~! = (—)* given by sheafification.

(5) Let G be a group and let BG be the category with one object * such that Hompg(*, x) = G.
Then

PSh(BG) = (G — Sets), F +— F(*),

with G-action on F(x) induced by functoriality.

(6) Let G be a topological group (usually profinite) and let C be the category of continuous
G-sets, i.e., sets S with an action of G such that the map G x S — S is continuous when
S is given the discrete topology. We equip C with the Grothendieck topology given by
jointly surjective families of maps of G-sets. Then C is a site and Sh(C) = C. Indeed, to
F € Sh(C) we can associate the G-set lim F(G/H), and to a continuous G-set S one

HCG open

can associate the sheaf hg = Homg_sets(—, S). We write G — Sets®™ for this topos of
continuous G-sets. We will call this the classifying topos for G and denote it by BG (or
BeontG to highlight the topology on G).

(7) Assume that X = Spec(k) for a field k& and let k be a separable closure of k. Then
X4 = Gal(k/k) — Sets®™™, where Gal(k/k) is given the Krull topology.

(8) Let X be any topos. Then there exists a unique (up to unique isomorphism) morphism
f: X — Sets, i.e., Sets is the “terminal topos”. Indeed, let * € X be a terminal object
(=constant presheaf with value a one point set {*}). Then

fe :=T(%,—) := Homgx (%, —): X — Sets

has an exact left adjoint given by the functor sending a set S € Sets to the “constant sheaf
with value S”, denoted S, which is given by the sheafification of the constant presheaf

YeC—S
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if X = Sh(C). The adjunction between (—) and I'(X, —) is easily checked using the universal

property of sheafification. As sheafification is exact we also see that (—) is exact. Assume

now that g: X — (Sets) is some morphism of topoi. Then g~!: (Sets) — X is a functor
commuting with all colimits and finite limits. As it commutes with colimits (in particular
with coproducts) it is uniquely determined by g=!({*}). But as {*} is a terminal object
in Sets, g~ 1({*}) € X must be a terminal object. But this already implies that g~ = ()
as claimed. o
(9) Let X be a topos and f: X — (Sets) the natural morphism with f~1(—) = (—) the
pullback. If A is any ring we conclude that A is a ring object in X and the category of
A-module objects in X identifies with the category of sheaves of A-modules on C.
(10) If X = Sh(T) in the previous point for some topological space, then the representable sheaf
hr € Sh(T) defines a terminal object and

r(x,—)=I(T,-).
Similarly, if X = Xg, then
I(X,—) 2 T(X,—): Sh(Xe) — (Sets), F — F(X)

as hx defines a terminal object in )/(\; .

(11) Let X be a (small) topos and A be any ring. The right derived functors H*(X,—) of the
functor T'(X, —): Sha(X) — Mod,a on the category of sheaves of A-modules, which exist
by Theorem are the cohomology functors of the topos X. In particular, if X = )?; is
the category of étale sheaves on a scheme, then

He?t(X77) = Hi(j(\é;*)? { Z 0

define the étale cohomology groups of X. Understanding these better is the main aim of
course.

(12) Assume X = G — Sets for some (abstract) group G. Then I'(X, —) = (—)¢ is the functor
of G-invariants on G — Sets. Indeed, (—)¢ has the “trivial G-set” functor S + S (with
trivial G-action) as an exact left adjoint, and hence must be isomorphic to I'(X, —) by (8).
Hence, the cohomoloy of X is given by group cohomology of G.

(13) Assume that G is a profinite group. Then similar to (12) we see that I'(G — Sets™", —)
calculates the continuous group cohomology of G for discrete G-modules. Combining with
(7) and (8) we see that étale cohomoloy of fields is exactly given by Galois cohomology.

(14) Let S be a scheme. Then C := (Sch/S) can be given the following, increasingly fine,
Grothendieck topologies, where a familiy {f;: Y; = Y };cs is a covering if

e (the Zariski topology) the f; are jointly surjective open immersions,

e (the étale topology) the f; are jointly surjective and étale,

e (the fppf-topology) the f; are jointly surjective flat and locally of finite presentation,

e (the fpgc-topology) there exists a reﬁnemenﬂ {9;: Z; > Y}jegof {fi:Yi = Yihier

such that [[ Z; — Y is faithfully flat and quasi-compact.
j€J

To relate thé first three topologies to the last one, we actually need a theorem.
Theorem 5.24. Let f: W — V be a flat morphism of schemes, which is locally of finite
presentation. Then f is (universally) open.

Proof. We’ll probably discuss a proof of this theorem later. For now we give a reference
to [Stacks, Tag 01U1]. O

In the first three examples, the morphisms f; are therefore (universally) open, and this
implies that they are also fpqc-covers. Indeed, one may reduce to the case that Y is
quasi-compact, and then finitely many of open sets f;(Y;) cover Y. We get morphisms of
topoﬂ

Sh(CquC) — Sh(Cfppf) — Sh(Cetale) — Sh(Czar).

Let us note that the fact that faithfully flat, quasi-compact maps are topological quotient
maps implies that for any topological space (e.g., discrete) T the presheaf

S +— Homeont (S, T)

29This condition has to made in order to avoid families like {Spec(Z(;y) — Spec(Z)}p prime-

3OAC‘Lually, for the fpgc-topology the set-theoretic issues are relevant. While it is perfectly fine to speak about
fpgc-sheaves, we should avoid speaking about sheafification for the fpqc-topology, or cohomology. One cannot avoid
these issues by choosing a cut-off cardinal x as the resulting sheafification/cohomoloy does in general depend on k.
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is an fpge-sheaf, and hence a fortiori an étale sheaf. We will prove in Corollary [7.14] that
for each scheme X over S the representable functor hyx is an fpqc-sheaf.
(15) With the notation from (14) there exists (using Lemma [5.21]) natural morphisms of topoi

g: Sh(cetale) — S,?é/t) n: Sh<CZar) — ‘Sf’;dr

induced by the inclusion u: Sg — (Sch/S) resp. u: Szar — (Sch/S). Note that e, 7. are
exact as any covering in Sch/S of some Y € Sy or Sz,, is actually induced by a covering
in Sg resp. Szar (the functor “u is cocontinuous”).

(16) Let C be the category of profinite setﬂ and equip it with the Grothendieck topology with

coverings {S; — S}ier such that there exists a finite subset J C I such that [[ S; — S is

ieJ
surjective. The associated topos Cond := Sh(C) is the topos of condensed sets studied in
[25]. Let T be any topological space, e.g., R. Then

S — I(S) = Homcont(Sa T)

defines a condensed set, and the resulting functor Top — Cond is fully faithful on compactly
generated topological spaces, e.g., metric or locally compact.

After having discussed examples of topoi and morphisms between them, we turn to some abstract
constructions with topoi.

5.25. Abstract constructions with topoi. Let us now discuss some abstract constructions

with topoi. If C is a category and Y € C, then we recall that C/Y denotes the category of arrows

fz:Z =Y with Z € C, and morphisms given by morphisms ¢: Z; — Z3 such that fz, o9 = fz,.
Assume now that C is a site.

Definition 5.26. We define the site C/Y by requiring that a collection {f;: Z; — Z}ier of
morphisms in C/Y, i.e., we are given implicit structure maps Z; — Y, Z — Y and all f; respect
these, is a covering if and only if it is a covering in C, i.e., after forgetting the structure morphism
to Y.

Example 5.27. If X is a scheme and Y — X étale, then X4 /Y = Y by definition. Similarly, if
T is a topological space and U C T open, then Ouv(7T)/U = Ouv(U).

Motivated by this example we would like C/Y" as some sort of “open subset” of C. From a sheaf
theoretic perspective this motivates the desire of functors

§*: Sh(C) — Sh(C/Y), ji,j.: Sh(C/Y) — Sh(C)

with the “extension by the empty set functor” j, left adjoint to j7* and j* left adjoint to j,.
For simplicity we assume from now on that C has all finite limitsﬂ
Let v: C/Y — C, (fz: Z — Y) — Z be the natural functor. By the universal property of
products, it has the functor
u:C—=CJlY, Z— (ZxY —=Y)
as a right adjoint. This implies formally that (in the notation of Lemma [5.21)

-1 ~ ,PSh
Upgp = Vs
because the functor v25! is left adjoint to ufShﬂ
From the definition of coverings in C/Y we see that u
can make the following definitions.

PSh

*

PSh

and v,

preserve sheaves. Hence, we

Definition 5.28. In the above situation, we set

§* == vPSh: Sh(C) — Sh(C)Y), F = ((Z = Y) = F(2)),

Je = ubSh: Sh(C/Y) = Sh(C), G (Z — G(Z xY),

ji:=(=)F o vpg,: Sh(C/Y) — Sh(C),

J=(j* j«): Sh(C/Y) — Sh(C), which is a morphism of topoi (but (ji,j*) in general not!).

If(Z—-Y)eC/Y and htéZ*)Y) € Sh(C/Y) is the associated representable sheaf, then

j!(h%Z—)Y)) = hﬁZ

31For set-theoretic issues one should bound their size by some cut-off cardinal.

32This is not necessary, cf. [Stacks, Tag 00XZ].

33This follows formally from the statement that the 2-functor Fun(—, Sets) preserves adjunctions as these can
be defined via the triangle identities.
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by Lemma [5.21] As ji commutes with all colimits, this characterizes ji uniquely by Lemma [5.18
In particular, we see that j; maps the terminal object (Y — Y) € C/Y to the representable sheaf
h{,. This implies that j; induces a functor

ji: Sh(C/Y) — Sh(C)/h%,.

Lemma 5.29. The functor
ji: Sh(C/Y) — Sh(C)/Rn%

is an equivalence.
Proof. A quasi-inverse is given by the functor
(Foh) = (Z—=Y)— HomSh(c)/hny((hﬁZ — hL), (F = hi)).
Details can be found in [Stacks, Tag 00Y1]. O
As a consequence we get the following.
Lemma 5.30. The functor ji: Sh(C/Y) — Sh(C) commutes with equalizers and fiber products.

Proof. By Lemma [5.29] this reduces to the following easy observation: For any category D and
Z € D the functor D/Z — D commutes with equalizers and fiber products. O

Remark 5.31. In general, the natural maps G — j*51(G), 7%j«G — G are not isomorphisms, and
thus the analogy of Sh(C/Y") being sheaves of an “open subset” of Sh(C) breakes down. Indeed, for
(Z =Y)eC/Y wehave j°j.(G)(Z = Y)=45(9)(Z)=G(ZxY = Y) #G(Z —=Y) in general
(and similarly for j*7j).

Exercise 5.32. (1) Let * € C be a terminal object and assume that the canonical morphism
Y — % is a monomorphism. Then the natural maps

G—Jj"G), j75Gg G

are isomorphisms. B
(2) Let T be a topological space and set * := hp € T = Sh(T). Show that the set of

isomorphism classes of monomorphisms Y — % with Y € T is in natural bijection with the
set of open subsets of T'.

Next, we want to clarify (in the form of an exercise) a bit the relation between sites and topoi.

Exercise 5.33. Let X be a topos. The canonical topology on X is the Grothendieck topology with
{Y; = Y}ier a covering if and only if [ Y; — Y is an epimorphism.
i€l

(1) Show that this defines indeed a Grothendieck topology.

(2) Show that a functor F: X°P — (Sets) is a sheaf for the canonical topology if and only if
commutes with limits.

(3) If X is small, show that a functor F: X°? — (Sets) is a sheaf if and only if F = hy for
some Y € X. Hint: Use the general statement [Stacks, Tag OAHN] or some other form of
the adjoint functor theorem.

(4) If X = Sh(C) for some site C and {Y; — Y},cs is a collection of morphisms in C, then
{h%,i — hg/}iej is a covering in X if and only if there exists a refinement {Z; — Y};c; if
{Y; = Y}ier, which is a covering in C.

In particular, ¥ = Sh(X) via the Yoneda embedding. The next exercise can be used to produce
many different sites with equivalent topoi.

Exercise 5.34. Let C be a site with finite limits and let B C C be a full subcategory, stable under
finite limits. Assume that for each Y € C and each covering {Y; € Y},cs, there exists a cover
{Bj = Y};cs refining {Y; — Y }icr such that B; € B for all j € J.
(1) Let the covers in B be those collections of morphisms, which define a covering in C. Show
that this defines a Grothendieck topology on B.
(2) Let u: B — C be the inclusion, with associated morphism of topoi (u=!, u,): Sh(C) —
Sh(B). Show that for any G € Sh(B) the natural maps

g — ufSh o ugslh(g) — u, ou”H(G)

are isomorphisms. In particular, u~! is fully faithful. Hint: Use Lemma .
(3) Show that for any F € Sh(C) there exists G € Sh(B) and an epimorphism u=1G — F.
Hint: Ignore set theoretic difficulties and use a surjection as in Theorem [5.17
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(4) Show that u~! is essentially surjective, and thus an equivalence of topoi. Hint: Try to
represent F € Sh(C) as a coequalizer of objects in the essential image of u™!.

Exercise can be applied in various situations.

Example 5.35. The following are instances of Exercise [5.34]

(1) Let T be a topological space, and B a basis for the topology of T'. Then Sh(T") is equivalent
to the category of sheaves on the basis B, cf. [Stacks, Tag 009H].

(2) Let X be a scheme and X2 C X the subcategory of those f: Y — X with Y an affine
scheme and f(Y') contained in some affine of X. Then

Sh(X&T) 2 Sh(Xe).

5.36. Cohomology of topoi. In this section all topoi are assumed to be small. We first introduce
the topos theoretic analog of a “ringed topological space”.

Definition 5.37. A ringed topos is a pair (X,Ox) of a topos and a ring object Ox € X. A
morphism f: (), Oy) — (X, Ox) of ringed topoi is a pair of a morphism fy: ) — X of topoi and
a morphism f#: Ox — fo0,+Oq of ring objects in X.

The composition is defined as for ringed spaces. Note that equivalently, we can view f¥ as a
morphism
fo '0x = Oy.
For us the most important example is Ox = A for some ring A. Note that any morphism fy: 9 — X
naturally upgrades to a morphism f: (), A) — (X,A) by setting f* as the adjoint to the natural
isomorphism

FfIAA.

Often we suppress Ox from the notation (X, Ox). Given a ringed topos (X, Ox) we set
Modop .,
as the (Grothendieck) abelian category of Ox-module objects in X, and
D(%,0%x) :== D(Modo,)

as its derived category. Note that the following theorem is almost ridiculously general, e.g., by the
examples in Section [5.23] it deals with sheaf cohomology on topological spaces, étale cohomology
for schemes, (continuous) group cohomology, derived inverse limits, condensed cohomology,...

Theorem 5.38. Let f: Y — X be a morphism of ringed topoi.
(1) Set f.: Mode, — Modo,, F — fiF with Ox induced via f*: Ox — f.(Oy). Then f.

admits a right derived functor

Rf*: D(EDVO@) — D(:{a OZ{);

~ ~

and if g: 3 — ) is another morphism of ringed topoi, then fiog. = (fog). and Rf.oRg, =

R(f 0 g)s
(2) Set f*: Modo, — Modo,,, G+ f71g ®f-10, Oy. Then f* admits a left derived functor

Lf*: D(X,0x) = D(9,0y),

and if g: 3 — ) is another morphism of ringed topoi, then g*o f* = (fog)* and Lg*oL f* =
L(fog)".
(3) f* is left adjoint to f. and Lf* is left adjoint to Rf..

Proof. We have discussed this theorem for topological spaces in the last term. Using Theorem 5.1

can transfer all arguments to this case, cf. [Stacks, Tag 01FQ]. Let us only mention two points:
In the situations we are interested in, e.g., Ox, Oy associated to some fixed ring A, the functor
f* is exact and thus passes directly to the derived category (thus developing a theory of K-flat
complexes can be avoided for our purposes). The natural isomorphism Rf. o Rg. = R(f o g)
follows from Lg* o Lf* =2 L(f o g)* by adjunction. O

Implicitly, we have used in Theorem that 71, f« commute with finite limits (for sheaves of
sets) and thus map sheaves of abelian groups, etc., to sheaves of abelian groups, etc. If ) = X/Y
and f =j: X/Y — X as in Lemma then j; does not preserve finite products. Nevertheless
there exists an exact left adjoint for j* as we will check now.
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Lemma 5.39. Define the functor ji: Modo, ,,, = Modo, by sending G € Modo, ,, to the sheafi-
fication of
Zexm P Gz-Y).
feHomx (Z)Y)
Then the functor ji is exact and left adjoint to j*: Modo, — Modo, . Moreover,

31(Ox)y[hz-y)]) = Ox[hy]
forany (Z —-Y)eX/Y.

Proof. Exactness follows by exactness of direct sums and sheafification. Adjointness of j; and j*
follows because Homyiod, nG, F), HomModO%/Y (G, j*F) identify both with compatible systems

of maps of Ox(Z) = j*Ox,y(Z — Y)-modules
gzLvy) = Fr2
for Z € X and f € Homx(Z,Y). Now let 7 € Modp,. Then
Homodo, (71(Ox/y [h(z—v)]): F)
= Homwodo, (Ox/v [h(z=v)), 5°F)
= J*F(Z—=Y)
F(Z)
HOIIIMOdOI (Ox[hz]), f)

as desired. 0

We can now deduce that push forward can be calculated as expected.

Corollary 5.40. Let f: ) — X be a morphism of topoi and Y € X. Let j: X/Y — X,
3D/ fUY) = be the natural morphisms of topoi, cf. Deﬁmtion

(1) The functor (Z —Y) € X)Y = (f"HZ) — YY) € D/f 1Y) is the left adjoint fy*

for a morphism fy: Q/f~1(Y) — X/Y of topoi, such that jo fy = foj’.

2) fru(Z = fTUY) = (f(2) % p1) Y = Y) for (Z = f7H(Y)) €9/ f7H(Y).

(3) J"f« = fyuj"" and jRf. = Rfyj""

(4) If K € D(9),0y) and i € Z, then R'f.(K) € Modg, is the sheafification of the presheaf

YexwH®Q/f'(Y),jK).
Proof. The first two statements are formal. Let Z € ). Then
J(fe(2) = (fu(Z) xY = Y) € X/Y
and
Fywd'(Z) = fru(Z X 7Y = [7Y) = (fZ) X [ 7Y X gy Y = Y),
which implies that both are naturaly isomorphic. By Lemma we can conclude that j"*
preserves K-injectives, and hence R(fy . o j"*) = Rfy . o j*, which implies the rest of (3). For
(4) assume that K* is K-injective and K*® =2 K. Then we calculate
R'f.(K) = H'(f(K*)),

and this is the sheafification of Y — H!(K*(f~1(Y))) because f.(K*)(Y) = K*(f~1(Y)) (by ad-
junction between f~! and f.). Now K*(f~1(Y)) = (4"*K*)(f~*(YV)) =T(®Q/f 1Y), *K*) and
by K-injectivity of 7* K*® (implied by Lemma this last complex calculates RT'()/f~1(Y),"* K)
as desired. ]

After having discussed the general theory of cohomology for topoi let us come to the question
of how to compute any étale cohomology group of some scheme.



44 J. ANSCHUTZ

6. THE ETALE COHOMOLOGY OF PROPER SMOOTH CURVES, I

Let k be an algebraically closed field. In this section we want to present the strategy of how to
calculate the étale cohomology groups

H(;,kt (X7 A)

for smooth, proper, connected curve X over k, e.g., X = F’,l€7 at least for certain abelian groups A.

We will do this by presenting possible strategy of calculating H*(X,Z) for a compact Riemann

surface X (=compact complex manifold of dimension 1) via arguments close to results internal to

complex analytic spaces. If (X, Ox) is a complex manifold, then we recall the exponential sequence
exp

0—-2Z(1) - O0x — 0% — 0

on X, where Z(1) is the constant sheaf associated to the abelian group Z- 2w -4 C Cﬁ We get the
long exact sequence

0— Z(1)(X) = Ox(X) = O%(X) — HY(X,Z(1)) - H'(X,0x) — H(X,0%) =
o (X) ~Pic(X)
— H*(X,Z(1)) - H*(X,0x) = ....
Here, we used that O%-torsors on X identify with line bundles on X. The connecting morphism
c1: Pic(X) =2 HY(X,0%) — H*(X,Z(1))
defines the first Chern class of a line bundle.

Now assume that X — Spec(C) is a smooth, proper, connected curve. By Theorem and
Theorem we can conclude that H™ (X, Z(1)) = 0 for n > 3 and H"(X*",Oxan) = 0 for
n > 2. In particular, HZ (X, O0%) = 0. Moreover, H* (X", O%.) & HY(X,0%) = Pic(X) is
the group of algebraic line bundles on X (again by Section [3.50]). Thus, the long exact sequence
simplifies to the exact sequence

0—-2(1)—=C2Bc* S HY(X™ Z(1)) = HY(X,0x) —» H(X,0%) < H2(X™,Z(1)) = 0 — ...
~Pic(X)

(using as well that exp: C — C* is surjective). In particular, the group H!(X?" Z(1)) is torsion
free (and finitely generated by Exercise 4.43). We also know that the group H?(X*" Z(1)) is
finitely generated. The Picard group Pic(X) sits in an exact sequence

0 — Pic’(X) — Pic(X) <% Z — 0
with Pic’(X) being a divisible group (the “Jacobian” of X). The map Pic’(X) — H?(X?* Z(1))
must therefore vanish as Pic’(X) is n-divisible and H?(X?" Z(1)) finitely generated. As the
kernel of ¢; is a quotient of H'(X, ) and hence divisible, we see again by finite generation of
H?(X®, Z(1)) that ker(c;) = Pic’(X) as Pic?(X) is the largest divisible subgroup in Pic(X). This
implies as well that ¢; = +deg.
We now prove the full description of the cohomology H*(X?*",Z(1)) & H*(X?*",Z).

Theorem 6.1. Let A be any abelian group. Let g := dim H* (X, O) be the genus of X. Then

A, i=0,2
HY(X™ A)={ A2 =1
0, i > 3.

Proof. We leave as an exercise to check that H*(X?* A) = H*(X** Z(1))®zA (Hint: Lemma
and H*(X®* Z(1)) is torsion free.). This reduces to the case that A = Z = Z(1). By the above

considerations it suffices to check that the Euler characteristic
oo

X(X*,C) i= Y (~1)"dime H'(X*",C) = 2 — dim¢ H'(X*",C)
i=0
is equal to 2 — 2g. The sequence

0_>Q_>OX1>Q§(an/C_>O

(with d the differential) is exact as this can be checked locally on X?", where X" is isomorphic
to an open ball in C and on those open balls holomorphic functions can be integrated. Now the
Euler characteristic is additive in short exact sequences and using GAGA and Serre duality for X
we can deduce

X(X*MC)+(g-1)=1-g

34Thus7 Z(1) = Z, but such an isomorphism depends on the choice of some element i € C with 2 = —1.
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as desired. O

With a bit more work one can show that Z29 =~ H(X*® Z(1)) C HY(X,Ox) =2 CY is a lattice,
cf. [1], and deduce the structure of a complex torus on Pic®(X) = H' (X, Ox)/H"(X?*",Z(1)).

Of course, we’d like to prove a similar theorem in étale cohomolgy. However, we used something
inherently analytic, namely the exponential.

Let n € Z be non-zero integer. Then for A = Z/n we can give a much more algebraic proof of
Theorem and this will (with many difficulties on the way!) transport to étale cohomology.

Let us present this alternative calculation. The starting point is the commutative diagram

exp

0 z(1) Oy 0% 0
Jcan lcxpu/n(—))l:
0 —— Z/n(1) 0% " 0% 0

with Z/n(1) =2 Z/n the sheaf U — {z € O%(U) | 2™ = 1} of n-th roots of unity. Taking the long
exact sequence for the lower line we get by the following exact sequence

0— uzz/ /n(1) = C* & c* & (X, Z/n(1)) — Pic(X) & Pie(X) — H2(X™,Z/n(1)) = 0

if we use the statement that H?(X* O%) = 0 (as was proven above). Using that Pic(X) =
Z @ Pic’(X) with Pic?(X) an n-divisible group, we can deduce Theorem [6.1|for A = Z/n because
Pic’(X)[n] = (Z/n)?9 by the structure of Jacobian Pic’(X) 2 C9/Z%9 discussed before.

Let us now assume that X is a smooth, projective, connected curve over an algebraically
closed field k (of arbitrary characteristic) and try to implement this last reasoning to calculate
H; (X, Z/n).

The first task that we have to show then is the following:

Task 6.2. For any scheme S the functors U € Se — Oy (U)*, U — Oy (U) define étale sheaves
denoted O* and O on Se. More generally, for any scheme T over S the functor U — Homg (U, T)

is an étale sheaf, cf. Corollary[7.1]}

Let us assume this for the rest of this section. We can then deduce the existence of the “mod n
exponential sequence”, which is more known as the Kummer sequence.

Lemma 6.3. Let S be a scheme and n € Z with n € Og(S)*. Then the sequence
0—2Z/n(1):=p, -0 50" =0

is an exact sequence of étale sheaves on Sg. Here, u,(U) :={z € O*(U) | 2™ = 1} is the sheaf of
n-th roots of unity and Z/n(1) = Z/n if Og(S)* contains a primitive n-th root of unity.

Proof. By definition of p,, the sequence is left exact. Let T € S¢ and let s € O*(T') be section.

Let T'= |J T; be an open cover by affines. Then {T; — T'};c; is an étale cover and because étale
il
covers can be composed, we may assume that 7' = Spec(A) is affine. Then

T' := Spec(Afu]/(u™ — s))

is finite free, surjective and étale over T. Indeed, finite freeness and surjectivity is clear. For
checking étaleness we use the Jacobian criterion. But the ideal (nu™~1 u™ — s) C Afu]/(u" — s)
contains the unit s because n is invertible in Og(S) and hence in A. This implies exactness of
the Kummer sequence. Let us now check that the natural map Z/n — Z/n(1), 1 — (, is an
isomorphism if ¢, € Og(9) is a primitive n-th root of unity, i.e., there exists a map Z[¢/,] — Og(S)
with ¢/, € C a primitive n-th root of unity. Now note that the étale sheaves Z/n,Z/n(1) on Se are
representable by the étale S-schemes ]71 S, Spec 0 (Og[u]/(u™—1)). As a bijective étale morphism
Z/n
is an isomorphism, we may assume by base change that S = Spec(k) is an algebraically closed field.
But then it is clear that Z/n — p,, 1 — (, is an isomorphism of étale S-schemes, and hence of
étale sheaves. S O

The statement of Lemma is wrong in genera and thus we see our first restriction: we have
to assume that n is invertible in k. Let us assume this from now on, if not stated otherwise.
Given Lemma we get a long exact sequence

0—Z/n(1)(X) = O0"(X) L 0(X) = HL(X,Z/n(1)) = HL(X,0%) & H(X,0%) 2

35taking p-th roots in characteristic p produces inseparable maps.
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— HZ(X,Z/n(1)) — HZ(X,0%) = HE (X,0%) — HZ(X,Z/n(1) — ....
The first three terms are easy as O(X) = k. To compute H} (X,Z/n(1) following the above

€
strategy we find our next tasks, stated here in the form that we will prove:

Task 6.4. For any scheme S there exists a natural isomorphism HZ (S, 0*) = Pic(S), cf. Corol-
lary|7.21]

Task 6.5. For each curve Y over k the group
Hy (Y, 07)
vanishes for i > 2, cf. Theorem[9.5

The last statement implies that HZ (X,Z/n(1)) = 0 for i > 3. Finally, we will also have to show
(or rather quote, cf. ) that
Pic(X) = Z @ Pic’(X)
with Pic’(X) an n-divisible group with n-torsion Pic®(X)[n] = (Z/n)?9, i.e., study Jacobians of
curves

If we can settle all this, then we will have proven the following theorem.

Theorem 6.6. Let k be an algebraically closed field and X a smooth, projective, connected curve
of genus g over k. Let n € Z withn € k*. Then

Z/n, i=0,2
HE(X,Z/n(1) = S (Z/n)%, i=1
0, i > 3.

Let us analyze in more detail why the case n = 0 € k fails. The main tool is the following
“additive Kummer sequence”, most commonly called Artin-Schreier sequence.

Lemma 6.7. Let p be a prime and let S be a scheme over Fj,. Then the sequence

rz—zP —z

O%Q%O O—=0

of étale sheaves on Se is exact.

Proof. By Task[6.2] O is an étale sheaf. Granting this the proof of surjectivity proceeds exactly
as in Lemma by using that for any U = Spec(A) — S étale and a € O(U) = A the morphism
Spec(A[T]/T? — T —a) — U is (finite) étale (as p = 0 the derivative of 7?7 — T — a is —1). In fact,
this argument shows that the map A,l;p — A,I:p, x +— P — z is finite étale. In particular, its kernel
K = Spec(F[T]/T?—T) is a finite étale Fp-scheme and in fact K = F, because TP —T = [[ (T—a).
- acF
Restricting to Se; yields the claim. ’ O

Thus, if S is any scheme over F,, then there exists a long exact sequence
0 = Fy(S) = O(S) 2225 O(8) —+ HA(S,Fp) — HE(S,0) = HL(S,0) — ...

This sequence can be made more concrete by the following statement that we will prove.

Task 6.8. For any scheme S and any quasi-coherent Og-module M the functor (U ER S) —
F*M(U) is an étale sheaf on Ss, again called M, and for i > 0 there exists a natural isomorphism
H} (S, M) = H.. (S, M), where the latter denotes the usual sheaf cohomology of M for the Zariski
topology on S.

In particular, for S over F, we can conclude that Hf (S,F,) = 0 for i > dim(S) + 1. While this
does not provide an immediate contradiction in the case that X is a curve over an algebraically
closed field k of characteristic ﬂ it implies that HZ, (P}, F,) cannot have the expected shape if
n > 2.

We will now start to prove the several tasks that we highlighted.

36As the seminar last term was on this topic we will be short on this point and refer to |Stacks, Tag 0B92] and
[22] (for the statements on abelian varieties).

3TIF S — Spec(k) is proper and k/F, an algebraically closed field, then actually H4m($)+1(S F,) = 0 and thus
even the Fp-cohomology of proper, smooth curves cannot behave as expected, cf. [Stacks, Tag 0A3L)].
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7. FAITHFULLY FLAT DESCENT OF QUASI-COHERENT SHEAVES
In this section we prove faithfully flat descent for quasi-coherent sheaves on schemes.

7.1. Faithfully flat descent for quasi-coherent sheaves. Let us motivate the question on
descent by the following (very simple) example.

Example 7.2. Let f: Y — X be a surjection of sets. Let g: X’ — X be any morphism. Set
h:Y =Y xx X' =Y. If yeY with image x € X. Then there exists a canonical isomorphism

ay: W (y) =2 g (@)

induced by the projection Y’ — X'. If 1,92 € Y are two elements with same image x € X there
exists therefore the canonical identification

Qyy,ys = O‘;ngl O Qyy - hil(yl) - hil(yQ)

and if y1,y2,y3 € Y have image x, then the cocycle condition

Qys,yz © Ay1,ys = Qyy,ys
holds. From these data we can reconstruct X’ and the morphism ¢g: X’ — X completely. Namely,
given h: Y’ — Y and the isomorphisms ay, 4, for y1,y2 € Y with f(y1) = f(y2) satisfying the
cocycle condition, then define
Z:=Y'/~
with y; ~ yy if A(f(y1)) = h(f(y5)) and af(yr) ry)(y1) = 5. The cocycle condition is necessary
to see that ~ is actually an equivalence relation. The data of all these ay, ,, can conveniently be
packaged as follows: Let p1,p2: Y Xx Y — Y be the two projections. Then we get the isomorphism

a: pT(Y/) = (Y Xx Y) XY, p1 Y/ = p;(yl) = (Y Xx Y) XY,p2 Y/
over Y X x Y defined by

a(((y1,92), ) = ((Y1,92), oy, 4 (4))
(note that ((y1,92),y") € pi(Y’) implies y1 = h(y’). The cocycle condition translates into the
condition that

(2) pag(a) o piy(a) = piz(a)
as morphisms piop; (Y') — pisp5(Y'), where pij: ¥ Xx Y xx Y = Y xx Y denote the projection
in the 4, j-factor. We arrive at the equivalence between the category (Sets/X) of sets over X and
the category of “descent data” for f, i.e., the category of pairs (h: Y — Y, «a: pi(Y') = p5(Y"))
such that « satisfies the cocycle condition over Y X x Y X x Y, and morphisms, which respect the
descent data.

If f: Y — X is a surjective map of topological spaces, which is universally a quotient map (e.g.,
surjective and universally open or closed), then we arrive at similar equivalence for topological
spaces.

Let f: Y — X be a morphism of schemes. We make the convention that
pi:YXXy—>Y, pij:YXXyXXY—)YXXY

denote the resp. projection on the i-th or (4, j)-th factor from the (scheme-theoretic) fiber product.
Motivated by Example [7.2] we make the following definition.

Definition 7.3. (1) A descent datum on a Y-scheme Y’ — Y is an isomorphism
a:piY = (Y xxY) Xy, Y =2 pYV'i= (Y xxY) Xy, Y’

satisfying the cocycle condition Equation .
(2) A morphism g: (Y',a) — (Y, 3) of descent data for schemes is a morphism g: Y/ — Y
of Y-schemes, such that the diagram

" pi(9).
pi(Y") — pi(Y")
X 8
b 3(9) Y
(") S5 ps(Y")
commutes. We denote by Descy, x (Sch) the category of descent data for schemes.
(3) Similarly, we define a descent datum on a quasi-coherent sheaf M on Y as an isomorphism
a: pj(M) — ps(M) satisfying the cocycle condition.
(4) Similarly we define a morphism for descent data for quasi-coherent sheaves. We denote by
Descyx (QCoh) the category of descent data for quasi-coherent sheaves.
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(5) We call a descent datum (Y, «) effective if there exists an X-scheme X’ and an isomor-
phism ¢: Y — f*(X):=Y xx X’ such that « is the composition

* Yl 24 %[ pk INY Ao k([ Pk ’ P3 (9971 * /
pi(Y") —= pi(f* (X)) = p5(f*(X) —— p3(Y'),
where the middle isomorphism comes from the equality fop; = fopy. Similarly, we define
effectiveness for descent data of modules.

Let us discuss the following examples.

Example 7.4. Assume that X is a scheme and X = |J U; is an open cover. Set f: Y := [[U; —
X as the natural surjection. Then Y xx Y = ]_[ U; ﬂllng and a descent datum for f identzﬁeels with
a collection of U;-schemes X; and isomorphisnig

i Xijvinv; = Xjjuinv;

satisfying the cocycle condition. In particular, we see that every descent datum is effective in this
case as this reduces to glueing the X; as in Algebraic Geometry I. Similarly, each descent data for
quasi-coherent sheaves (even any Modp,, ) is effective by glueing sheaves.

Much more generally, we have the following result.

Theorem 7.5. Assume that f: Y — X is faithfully flat and quasi-compact. Then the functor
Py, x: QCoh(X) — Descy, x (QCoh) is an equivalence.

Proof. Using Examplethe general case of Theoremreduces to the case that Y = Spec(B) —
X = Spec(A) are affine. More details on the reduction can be found in [Stacks, Tag 023T]. Then
the proof follows from Lemma [7.10| and Lemma [7.11] below. O

Let us note the following general observation about descent data.

Lemma 7.6. Let a: piN 2 p;N be a descent datum on N € QCoh(Y), and let A: Y - Y xx Y
be the diagonal. Then

A" (a): N =2 A'pIN — A"pIN =N
is the identity. Conversely, assume that o: piN — piN is a morphism satisfying the cocycle

condition such that A*(«) is the identity. Then « is an isomorphism, and thus defines a descent
datum.

Proof. As A*(«) is an isomorphism, it suffices to show that
A*(a) 0 A*(a) = A*(a).
But this follows from restricting the cocycle condition
Pas(e) o pip(ar) = pig(a),
along the diagonal embedding Y - Y xx Y xx Y.

Now let us prove the second statement. Let 0: Y Xxx Y =Y xXx Y, (y1,y2) — (y2,y1) be the
flip. Then we claim that

o*(a): psN = o pIN — " psN = piN
is an inverse to a. The equality a o 0*(a)) = Id follows by restricting the cocycle condition
pas(a) o pra(e) = pia(a)
onY Xx Y xx Y along the morphism
Y XxY =Y xx Y xx Y, (y1,92) = (Y1, 92, 91)
and using that p;3 04 = A o p;. The argument for 0*(a) o a = Id follows similarly using the

embedding (y1,y2) — (y2,y1,Y2)- =

Let ¢: A — B be a morphism of rings. We set Descp/4 := Descy,x(QCoh) and discuss now
descent for quasi-coherent sheaves (or equivalently modules). If M € Mod 4, then B®4 M admits
the canonical descent datum

Qean: (B®4 B)®p,, (B&AM)2B®sB®sM==(B®sB)®p,, (BoaM),

where t1,t2: B — B ®4 B denote the two inclusions b — b® 1 resp. b— 1®b. For N € Modp let
us identify

(B®A B) ®B,L1 N%JN(X)A B, (b] ®b2)®nl—>b1n®b2,
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which intertwines the B ® 4 B-action on the left with the action (b; ® b2)(n ® ¢) = bin ® bac on
the right. Similarly, we identify

(B®aB)®p,, N=B®aN, (by ®b2) @n > by @ ban,

which intertwines the B ® 4 B-action on the left with the action (b; ® by)(c®n) = bjc® byn. Thus,
we can identify a descent datum « with a B ® 4 B-linear isomorphism

a:N®yqsB—B®sa N
satisfying the cocycle condition. We define
ap: N—>B®s N, n—a(nel),

which is a B-linear map if B acts via t; on B ®4 N, i.e., via the factor B. The following lemma
gives a description of descent data in terms of ayp.

Lemma 7.7. (1) The diagram

N —2 3 B@aN
O‘OJ( J{IdB(X)OKO
11 ®Idy

Ba N —/— BaB®a N

commutes (this encodes “coassociatitiy” of ag). Moreover, the composition

N 2% By N 22

is the identity (this encodes “counitality”).
(2) Conversely, given an N € Modg and a map ag: N — B ®4 N, which is linear over
t1: B— B®a B, such that the above diagram commutes and the above composition is the

identity, then

(N a: N@o4 B n®b—(1®b)-ap(n)

is a descent datum on N.

B®aN)

Clearly, we can also identify morphisms of descent data with morphisms of B-modules, which
preserve the respective aq’s.

Proof. We check the first point. The cocycle condition implies that the diagram
NoisBoaB M2 Bo, No, B

X J{IdB Ra

B®aB®a N
commutes, where S(n®@b®c) =3 ¢; bR n; if a(n®c¢) = > ¢; ® n;. Evaluating at n® 1 ® 1

yields the commutativity for diagralm with ag. The second statément is an algebraic reformulation
of the first assertion in Lemma[7.6] Let us check the converse and assume that ag: N = B®4 N
is linear over ¢, or equivalently it is linear if B acts on B ® 4 N via the first factor, and such that
« satisfies coassociativity and counitality. Then « satisfies the condition of the second assertion
in Lemma [Z.6] and we can conclude that « is a descent datum. O

Remark 7.8. In categorical terms Lemma[7.7] says that descent data identify with the comodules
for the comonad

N+— B®y |N|
on Modp coming from the adjunction between B ® 4 (—) and the forgetful functor | — |: Modp —
Mod 4. From this perspective Theorem becomes an application of the Barr-Beck theorem, cf.
|7, p. 4.2]. We will however give a direct argument.

In the following we will identify descent data (N, a) with pairs (N,ag: N — B®4 N) as in
Lemma [7.7] In these terms, the canonical descent datum on B ®4 M for M € Mod 4 is the map

Qcan: BOAM - BRasBaAM, bdm—=b®1m.
Lemma 7.9. The natural functor ®: Mods — Descp/a, M + (M,ao,can) has a right adjoint
U: Descp/a — Moda is defined by the equalizer

(N,ap) —eq(N 2 B®aN)={neN|a(n)=1®n}

for the morphism ag: N — B ®4 N and the morphism N el p ®a N (which is linear over

Lo, but not over t1). Moreover, ®, ¥ commute with base change along a flat morphism A — A’.
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Proof. The compatibility with base change along flat morphisms is clear. Let us check the adjunc-
tion. Take M € Mod and (N, ag) € Descg/q. Then

HomDeSCB/A ((B XA M7 a(),can)a (Na Cko))
= {f: M — N A-linear | 1 ® f(m) = ap(f(m)) for all m € M}
= HomModA(Malll(Nv Oéo)

using that Homyioa, (B ®4 M, N) 2 Homyjea, (M, N). O
Lemma 7.10. Assume p: A — B is faithfully flat. For any M € Mody the sequence

0M-=BoiM2Z BoisBoaM,

is exact, where 3 is the map b@m — b1 m—1b®m. In particular, the unit M — V(®(M)
is an isomorphism, and ®: Moda — Descp,4 is fully faithful.

Proof. We may check the statement after some faithfully flat base change A — A’. Setting A’ = B
reduces us to the case that there exists some section 0: A — B, i.e, ¢ o0 = Id4. This already
implies injectivity of
M—B®s M, m—1m.
Let Y b; ® m; € B®4 M such that
i

Zl®bi®mi :sz®1®mz
Applying the map Idg ® o @ Idp;: B B M — B AR M = By M yields
Yo t@albim =Y b @m,
i i
and thus exactness in the middle. The remaining statement follow directly. O

Lemma 7.11. Assume that ¢: A — B is faithfully flat. Let (N,ag: N — B ®a N) € Descp/a
and M := U(N,ap) =eq(N = B4 N) € Moda. Then the natural map

B®®, M — N

is an isomorphism. In particular, the counit ® o U(N,ap) — (N, aq) is an isomorphism and &,V
are equivalences.

Proof. As in Lemma [7.10) - we may base change with A’ = B and assume there exists a section
0: B — Aof . Let Zb ®m; € B®4 M such that Zb m; =0 € N. Now apply the B-linear

map aq: N—>B®ANt0 Zb m;. This shows

=ag(D>_bimi) =Y biag(mi) =Y b @m;
i i i
by definition of M. This show injectivity. Now take n € N and write ag(n) =Y b;®@n; € B4 N.
Counitality of the coaction «ay, cf. Lemma implies that n =Y b;n;. Write

ag(n;) = Zbi’j @ N 5.
J
By coassociativity (aka the cocycle condition) we have

STbhi@bi@n; =Y bi®len € BoaBoaN.
() i,J
Now apply 0 ® Idg ® Idx to this equality. This yields
Za(bi)bi,j(@ni,j ZZ )®@n; = Zl@o‘
23] i,j

as o(b;) € A. Set ny :== > o(b;)n; = o @Idy oap(n). As «p is B-linear, we can conclude from the
i

above equality that
ap(ny) =1Q® ng,
i.e., ny, € M. Now apply Idg ® o ® Idy instead. This yields that

Zb @ a(bij)ni; = Zb ® (ni)e = Y _bi @ nj,
i
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and thus
n= Z bin; = Zbi(ni)a

lies in the image of B®4 M — N as each (n;), € M as was shown above.. O

7.12. Consequences. Theorem [7.5] has many interesting corollaries.

Corollary 7.13. Assume that f: Y — X is faithfully flat and quasi-compact.

(1) The functor Sch/X — Descy,x (Sch) is fully faithful.
(2) Each descent datum (Y', ) € Descy,x (Sch) with g: Y’ =Y affine, is effective.

Proof. Let Z — X,7Z’ — X be two morphisms of schemes. As we can construct morphisms of
schemes locally on affine opens, we can reduce to the case that Z,Z’, X,Y are affine. But then
every scheme is determined by its ring of global sections, and it follows easy from Theorem [7.5]
that the base change B ®4 (—) induces an equivalence between the category of A-algebras and
the category of descent data (C, ag) such that C' is a B-algebra and «g a morphism of B-algebras.
This settles the fully faithfulness and also the effective descent for affine morphisms. O

In general, descent data for schemes are not effective, even if g is projective (|Stacks|, Tag 08KE]).

Corollary 7.14. Let X be a scheme, M € QCoh(X) and Y — X a morphism of schemes. The
functors

(1) S € Sch/X — Homx(S,Y)

(2) (9: S — X) € Sch/X — Mg(S) with Mg := g*M
are fpqc-sheaves, and thus a fortiori étale sheaves.
Proof. By the definition of the fpqc-topology it follows that it suffices to check that for any faithfully
flat map S’ := Spec(B) — S := Spec(A) with

S" = 8" xg 8 = Spec(B® B)
the sequence
Y(S)—=Y(S)=Y(S")
is exact. Glueing morphisms, we can further reduce to the case that ¥ = Spec(C), X = Spec(R)
are affine. But then this sequence identifies with
Homp(C, A) - Homp(C, B) = Homp(C, B ®4 B)
and exactness follows from Lemma (set M = B). Again we can reduce to the case that
X, S = Spec(A), S” = Spec(B) are affine. Replacing M by Mg we may assume X = S. Then
M = M for some M € Mod,. The sequence
./\/15(5) — Msf(Sl) = MS’XSS’(S/ Xs S/)
identifies with
M— M®sB=M®c®us(B®aDB)

and exactness follows from Lemma [7.10] O

Remark 7.15. Let X be any topos and let Ox be a sheaf of rings on X aka a ring object. Then
the definitions in Definition apply (almost) literally to the ringed topos (¥, Ox). Namely, an
Ozx-module M is quasi-coherent if there exists a covering {X; — #*};cs; of the terminal object
* € X such that M|y, is the cokernel of an Oy x,-linear map Oan'Xi — OaJeiiXi on X/X;. Note
that pullback along morphisms of ringed topoi preserves quasi-coherent modules. We denote by
QCoh(X, Ox) the category of quasi-coherent Ox-modules.

Lemma 7.16. Let X be scheme and let Ox,, be the étale sheaf S — Og(S) on X¢. Let e: XNet —

)/(;; be the natural morphism of ringed topoi. Then the ¢*: Modp, — Modoxét restricts to an
equivalence

e*: QCoh(X) = QCoh(Xzar, Ox,.,) — QCoh()A(;,OXét), M= [(S— X)— Mg(9)].

The same argument applies if Xg; is replaced by Xg,pe of Xqucﬁ

38To avoid set theoretic issues one can fix some cut-off cardinal and then observe that the result is independent
of that cut-off cardinal.
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Proof. Note that by Corollary e*M = Ox,, ®.-10, M is given by sending (S — X) to
Mg (S). We claim that e, provides a quasi-inverse to ¢*. Let M € QCoh(X) then the natural
map

M = e, (" M)

is an isomorphism because for U C X open we have
E(EM)U) =" MU) = My (U) = M(U).

Let N € QCOh(E{‘;,O:{). We claim that ¢,/ is a quasi-coherent Ox-modules and that the
morphism

O: e N =N

is an isomorphism. These claims are local on X (using Corollary |5.40). Hence we may assume that
X is affine. Let {X; — X}ier be a cover in Xg such that MXi is the cokernel of a;: (’))‘]gi o«

(’))‘](2 By quasi-compactness of X we may assume that [ is finite, cf. Theorem |5.24] Taking

a di’sj’oint union we may even assume that I = {0} is a singleton and that Xy is affine. Set
Ny := coker(ap: (’)‘;{10.ét (Xo) — 05](20 .. (X0)). By the proven fully faithfulness (applied to Xp) and

right-exactness of ¢, for the morphism ¢y : )/(S:'t — X0,7ar we know that
MXU = ESNQ.

Set B as the full subcategory of Y € X affine such that there exists a morphism Y — X in Xg;.
For any morphism f: Z — Y in B the natural map

3) 02(Z) @0y (v) N(Y) = N(2)
is then an isomorphism (by Corollary and the construction of €f). Let now Y € X be affine
and set Yy := Xo xx Y. Then {Yy — Y} is a covering and thus the sequence
0= N(Y) = N (Yo) 2% N (Yo xy Yo)
is exact, where p1,p2: Yo Xy Yy — Y are the two projections. Now,
PiN (Yo) = N (Yo xy Yo) = p3N (Yo)

defines a descent datum on N (Yp). Let Ny be its descent to an Oy (Y)-module by Theorem
Then the above exact sequence and Lemma yield a natural isomorphism N (Y) & Ny and
N(Yy) = Oy, (Yy) ®oy vy N(Y). Using (Equation ) one checks that for any morphism Y/ — Y
of affine schemes in X¢; the map

Oy (Y') ®oy (v) N(Y) 2 Oy (Y') @0y (v) Ny = Ny, N (Y)
is an isomorphism. This then implies that £, is quasi-coherent, and that @ is an isomorphism. [J

We can now also calculate étale cohomology (even fpge-cohomolgy) of quasi-coherent sheaves.

Lemma 7.17. Let X be a scheme, let M € QCoh(X) and ¢ = ex: XNet — )/(;; be natural
morphism (of ringed topoi). Then the natural map
®: M — Re, (e M)
18 an tsomorphism. In particular,
R (Xzar, M) =2 RT(X g4y, Rei(e*M)) =2 RT(Xg, ¥ M).

The same proof shows the same for X¢; replaced by Xgpqc or Xeppe.

Proof. The statement that ® is an isomorphism is local on X (by Corollary [5.40). Hence, we may
assume that X is affine. We need to show that
Hét(Xv E*M) =0

for ¢ > 0. As an extension of a quasi-coherent Ox,,-modules on Xg; with quotient Ox,, are again
quasi-coherent we can conclude the case i = 1 by Lemma from the case of the Zariski topoloy.
Now use induction on i > 2. Then Corollary [5.40] implies that for any map f:Y — X of affine
schemes with morphism fg: Y — X4 on étale topoi, and any N' € QCoh(Y) we have

ijét,*(g;./\/) - 0

for j =1,...,i — 1. Moreover, one checks that fe; (3 (N)) = % f«(N) by evaluating on affines
in X¢;. Now, the usual strategy applies, cf. Lemma, O
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7.18. Consequences for torsors. We start with the following generalization of Lemma [£.39]

Lemma 7.19. Let X be a (small) topos and G a sheaf of abelian groups on X (aka abelian group
object). Then there exists a natural isomorphism

HY(X,G) = {G — torsors P}/=~.

Here, a G-torsor is a sheaf (of sets) P on X (aka object) with a right G-action such that P — x
is an epimorphisms, i.e., a covering in X, and such that natural map

PxG—=PxP, (p,g)— (p,pg)

is an isomorphism.
Proof. Both sides can be identified with isomorphism class of extensions
0=-G—=2E=22—=0

in Shap(X) as
H'(X,G) = Extgy,, x)(Z 9).
This finishes the proof. (|

Definition 7.20. For G non-abelian, we define H'(X,G) as the set of isomorphism classes of
G-torsors. The next corollary settles a task from Section @

Corollary 7.21. Let X be a scheme and n > 0. Then there exists a natural bijection between
H} (X,GL,) and the set of isomorphism classes of rank n vector bundles on X. In particular,
H} (X, 0%) = Pic(X).

Proof. By Lemmal|7.19and the fact that GLy, restricts to the sheaf of Ox,,-automorphisms of O%
the H! identifies with isomorphism classes of locally free Oy, ,-modules on X of rank n. Note
that all such Ox,,-modules are quasi-coherent on X¢;. By Lemma @ these identify therefore
with isomorphism classes on rank n vector bundles on X7z, as claimed. Implicitly, we use the
statement from last semester that locally freenees of finite rank can be tested over some faithfully
flat cover. |

Torsors provide also many interesting geometric examples.

Lemma 7.22. Let X be a scheme and G an affine group scheme over X, i.e., a group object G in
the category of schemes over X, such that the morphism G — X is affine. Then each G-torsor P
on Sch/X (more precisely, each hg-torsor) for the fpgc-topology is representable by some scheme
P—X.

Proof. Locally on X for the fpge-topology P is isomorphic to G. By Corollary [7.13]we can conclude
that P is representable. a

Examples for G are GL,,, G,,, G, tn, H for some finite group H, etc.

Corollary 7.23. Let X be a scheme and let G an affine, flat group scheme over X. Then the
category of G-torsors on Sch/X for the fpqc-topology is equivalent to the category of schemes
P — X with a right G-action P Xx G — P such that P — X s faithfully flat, quasi-compact and
the natural map ®: P xx G — P xx P,(p,g) — (p,pg) is an isomorphism. Moreover, each such
P is affine.

Proof. By Lemma each G-torsor P on Sch/X for the fpgc-topology is representable by some
affine morphism P — X. As G — X is flat and surjective (by the existence of the unit section), we
can conclude that P — X is faithfully flat. The fact that ® is an isomorphism can be checked locally
on X (by Corollary and holds for P = G. Conversely, note that that ® is G-equivariant, if G
acts on P X x G via the right action on G and on P X x P via the given right action on the second
factor. If ® is an isomorphism, then the base change of P — X along itself trivializes the G-torsor
Pxx P — P/(p,q) — pover P. As P — X is assumed to be a cover for the fpqgc-topology, this
shows that (the sheaf represented by) P is a G-torsor. O

Remark 7.24. If G in Lemma [7.22]is additionally smooth, then by descent each G-torsor P — X
is smooth. This implies that P — X has sections étale locally on X, i.e., there exists an étale
covering {X; — X };er such that P(X;) # () for all i € I. We can conclude that the groupoids of
fpqc- and étale torsors of G are equivalent. Similarly, fpqc-torsors and fppf-torsors are equivalent
if G is an affine, flat, group scheme of finite presentation.

Example 7.25. Let X be a scheme, and consider the fpgc-topology in all examples below. Here
is a list of examples for G-torsors for varying groups G
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(1) Assume that G = G,;,. Then G-torsors are equivalent to the groupoid of line bundles £ on

X. Given L the associated scheme is Spec (€D L£%). As a special case consider X = P2
=y 4
and £ = O(—1), then P = AZT1\ {0}.

(2) Assume that G = H for some finite group H. Then G-torsors identify with finite, étale
X-schemes Y equipped with an action of H such that the map ®: Y x H - Y xXx Y is an
isomorphism, or equivalently H acts simply transitive on the geometric fibers of Y — X.
As a special case that X = Spec(K) some field and L/K a finite Galois extension. Then
the left action of H := Gal(L/K) on L defines a right action of Gal(L/K) onY := Spec(L)
and Y — X is an H-torsor.

Let us now fix a scheme X, and affine, flat group scheme G over X and a G-torsor P — X. For
simplicity let us assume that X = Spec(A) is affine, then

G = Spec(O¢), P = Spec(B)

are affine as well. The group multiplication m: G xx G — G on G induces on the A-algebra
O¢ a coassociative comultiplication m*: Og — Og ®a Og, and the unit section e: X — G
defines a counit e*: Og — A for the comultiplication. In fact, Og is a Hopf algebra. The
isomorphism P xx G = P xx P, (p,g) — (pg,p) (note the order!) identifies the two projections
p1,p2: P Xxx P — P with the morphisms

a:PxxG— P, (p,g)—pg, pr: Pxx G — P,(p,g9) = p

where a denotes the (right) G-action on P. According to Lemma[7.7] we can conclude that descent
data for the faithfully flat morphism P — X identify with pairs of a B-module M with an A-linear
map
¥: M = pr*(M) = (B®a Og) @ppex M = M ®4 Og,

which is linear over a*: B — B ® 4 O¢, satisfies coassociativity and such that Idy; ® e* oy = Id .
The datum of an A-module M with such a coassociative, counital morphism v: M — M ®4 Og
is called a comodule for the A-coalgebra Og. Let us explain how to make the above more explicit
if G = H for some finite group H. By Example P = Spec(L) — X = Spec(K) for some finite
Galois extension L/K of fields.

Exercise 7.26. Let us assume the setup from above with G = H, H a finite group.

(1) Show that Og = A®z C(H,Z), where C(H,Z) denotes the ring of functions H — Z.

(2) Show that the category of comodules under the A-coalgebra Og is equivalent with the
category of A-modules M with an A-linear H-action.

(3) Show that the category of Og-modules M, such that M is B-module and such that as
above v: M — M ®4 O¢ is a*-linear identifies with the category of B-modules M with
a semilinear H-action, i.e., B-modules M with an action of H such that for m € M,b €
B,h € H we have

h(bm) = h(b)h(m),

where h(b) denotes the H-action of b € B.

By Theorem we can therefore understand in this case Mod 4 concretely by B-modules with
a semilinear H-action.

Remark 7.27. Assume that a discrete group H acts on some affine scheme Y := Spec(B). Then
it still makes sense to consider the category of B-modules with semilinear H-action. In general a
quotient Y/H does not exist, and even if it exists the map ¥ — Y/H need not be an H-torsor
(as H may have fixed points on Y'). However, the stack quotient [Y/H] exists always and the
map Y — [Y/H] behaves like an H-torsor. Making all notations rigorous one can then describe
quasi-coherent sheaves on [Y/H] via B-modules with semilinear H-action. Replacing semilinear
actions by comodules one can similarly argue with H replaced by some group scheme.

As an extreme case let us give the following example.

Exercise 7.28. In Remark set Y := Spec(R) and equip it with the trivial action by G,, =
Spec(Z[T,T~1]). Show that the category QCoh([Y/G,,]) identifies with the category of Z-graded
R-modules. Hint: This exercise asks in more fancy terms for a description of comodules under the
R-coalgebra Og,,, := R|T, T~] with coaction Og,, — Og,, ®r Oc,,, T—>T&T.
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8. GENERALITIES ON ETALE COHOMOLOGY

We need to prove some generalities on étale cohomology, the first is a commutation with filtered
colimits.

Lemma 8.1. Let f: Y — X be a morphism of schemes, and F; € Shay,(Yet), @ € I, a filtered
system of étale sheaves of abelian groups on'Y with colimit F.
(1) If Y is qcgs, then for any n > 0 the natural map
limy H,(Y, F5) — HE(Y, F)
iel
is an isomorphism.
(2) If f is qcgs, then for any n > 0 the natural map
lim R" . (F,) — B £.(F)
iel
is an isomorphism. Here, fi: Shap(Ysr) — Shap(Xe) denotes the pushforward of étale
sheaves.

The proof is quite formal and uses only that each étale covering {Y; — Y };er of a qcgs scheme
Y has a finite refinement {Z; — Y} ;¢ such that each Z;, Z; Xy Z; are again quasi-compact.

Proof. The proof strategy is similar to Lemma [7.17] and Lemma [£.20] The core case is n = 0. Let

P
U = {U; — U}jes be a covering of some U € Y, and denote by hgl the colimit in presheaves. If
J is finite, then the natural map (notation as in Section [5.1)

P
iel iel
is bijective as filtered colimits commute with finite limits. Thus,
P
lim 7(U) == (limy 73) *(U)
iel il
for any U € Y quasi-compact as then finite coverings are cofinal. If i = {U; — U};e is a finite
cover with U;,U; xy Uy quasi-compact, this implies that

p
HA’IF(U,]:Z‘) — F(u, (h_rr;]-})'*)
i€l el

is bijective. In particular, we can conclude that

. .p

lim 7,(U) = (L 7))+ = F(U)

iel iel
whenever U is qcgs. This settles the case that n = 0. To get both statements for all n we can now
argue as in Lemma [7.17] O

Let now X;,i € I, be a cofiltered system of schemes such that for each i < j the transition
morphism h; ;: X; — X; is affine. Then X := @Xi exists in schemes. Let h;: X — X; be the
iel
projection. Let (F; € Shan(Xiet), @i ;¢ hi jFi — F;) be a system of étale sheaves on (X, h; ;).
Set F = hﬂ h; F; with transition maps

iel

h3 (.5

W F = hiht, F 2 e g
for ¢ < j.
Lemma 8.2. We use the above notation. Assume moreover that each X; is qcgs.
(1) For each n > 0 the natural map
ligHth(Xi,}"i) — HL (X, F)
il
is an isomorphism.
(2) For each 0 € I and n > 0 the natural map

lim R"ho i« (Fi) = R"ho«(F) € Shan(Xo,et)
ie1]o

is an isomorphism. Here, I/0 denotes the category of objects over 0 € I.
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The critical ingredient into the proof is that each qcgs étale map Y — X is already the base
change of some qcgs étale map Y; — X; for some ¢, which follows because étale maps are locally
of finite presentation.

Proof. Note that the first statement for n implies the second for n (by evaluating on qgcgs objects
U € Xp¢4 and Corollary . We leave the statement for n = 0 as an exercise (Hint: Use
Lemma|8.1] and that each covering of some qcgs object U € Xgy can be refined by a finite covering,
which is pulled back from some X;.). Using functorial injective resolutions one can reduce to the
case that each F; is injective. In this case, one needs to see that F is acyclic. If n > 1 and
a € H"(X, F), then there exists a covering {Y; — X };e; with a|y, = 0. We may assume that J is
finite and each Y; gcgs. Then this covering is pulled back from some X;,i € I. We may replace [
by I/i and then the usual strategy applies, cf. Lemma For a more general presentation, see
[Stacks, Tag 03Q4]. O

A distinctive property of the étale site is its invariance under universal homeomorphisms.

Theorem 8.3. Let f: Y — X be a universal homeomorphism. Then the functor
Z-X)~(f"2)=ZxxY —=Y)

induces an equivalence Yz — Xt of categories, which identifies the étale coverings on both sides.
In particular, for F € Shay(Xegt) the natural map

RT'(Xet, F) = RT (Y, f*F)
18 an equivalence.

Universal homeomorphisms are exactly the integral, radicial(=universally injective) and surjec-
tive morphisms of schemes, cf. |[Stacks, Tag 04DF].

Proof. Let Z1,Z5 € X¢g. We first check that the map
Homx (Z1, Z2) — Homy (f*(Z1), f*(Z2))

is bijective. This claim is local on X, and by glueing morphisms as well on Z; and Z,. Hence,
we may assume that X, Z;, Z, are separated, e.g., affine. This implies that Y is separated. Via
graphs, we can now identify Homy (Z7, Zs) with the open and closed subschemes I' C Z; X x Z
(note that the diagonal of a separated étale map is an open and closed immersion), such that
the projection I' — Z; is an isomorphism, or equivalently, a universal homeomorphism (as I', Z;
are étale over X and hence I' — Z; is automatically étale). The same topological description of
morphisms applies over Y and we can conclude. Thus, the functor X¢ — Y is fully faithful. We
show essential surjectivity only in the case that f is additionally a closed immersion (thus defined
by some locally nilpotent ideal), refering to [Stacks, Tag 04DZ] for the general case. By the proven
fully faithfulness it suffices to construct the lift of some étale morphism V' — Y locally on X. But
this follows from the (more general) lemma Lemma ]

We used the following lemma on lifting smooth and étale morphisms.

Lemma 8.4. Let S be a scheme and Sqg C S a closed subscheme. Let Xy — Sy be a smooth
(resp. étale) morphism and let xg € Xy be a point. Then there exists an open neighborhood Uy of
xo € Xo, a smooth (resp. étale) S-scheme U and an isomorphism of Sp-schemes Uy 2 U x g Sp.

Proof. First assume that Xg — Sy is smooth. The question is local, and hence we may assume that
So = Spec(R/J) C Spec(R) and Xy = Spec(R/J[T1,...,T,]/a) C Ag = Spec(R/J[T1,...,Ty]).
By the Jacobian criterion we know that in a neighborhood of xy the ideal a is generated by some
polynomials fi,..., f;n € R/J[T1,...,Ty] such that the Jacobian (%)” has full rank at xg.
Now, it is clear how to locally lift Xo: Let b C R[T3,...,T,] be generated by lifts g1, ..., gm of the

fi,--, fm- Now, the Jacobian (g%)” will have full rank at ¢ € X := Spec(R[T1,...,T,]/b). In
particular, X is smooth in a neighborhood U of x. Setting Uy := U xg Sy then solves the claim
in the smooth case. Now assume that Xy — Sj is étale. By the smooth case we can assume that
Xo =2 X xg 50 for some smooth S-scheme X. Now, X is unramified at xg, which implies that the
stalk of /s, at @ vanishes. By Nakayama this implies that Q% /5 vanishes at @, which implies
that X is unramified (hence étale) in a neighborhood U of z. Then replace X by U and X, by

U X5 So. O
9. THE ETALE COHOMOLOGY OF PROPER, SMOOTH CURVES, II

If Y is a scheme, then we denote by G, y the restriction of the representable sheaf G,, =
Spec(Z[T,T~1]) to the (small) étale site Yz of Y.



LECTURE NOTES ON ETALE COHOMOLOGY 57

9.1. G,,-cohomology of smooth curves. Let now k be an algebraically closed field, and let
Y — Spec(k) be a quasi-compact, smooth, connected curve. Taking up Section |§| we want to
understand the étale cohomology of X. More specifically, we have to prove that

H(Y,Gpy) =0, i>2.
Let j: i := Spec(K) — X be the inclusion of the generic point of X, i.e., K := k(X) is the function
field of X.

Lemma 9.2. The natural maps (specified in the proof) define a short exact sequence

0— Gy — j«(Gm EBW @ izl —0
zeY (k)

on Ys.
Proof. Let U € Y be qcgs. Note that U is again a smooth curve over k, and that U xy 7 is the

(finite) set of generic points of U. In particular, the valuations v, at point u € U(k) define an
exact sequence

0= 0*(U) =0 Uxyn) —» P Z-u,
ueU (k)

where the last term can also be written as @ T[(zxyU,Z)= @ i;+(Z2)(U). By Lemma|8.1
zeY (k) zeY (k)
we see

P (..@W)=( P i(2)O).

z€Y (k) z€Y (k)
Because valuations are invariant under étale morphism of curves (uniformizers map to uniformiz-
ers), we obtain an exact sequence

0= Gy — J« (G, EBV’” @ ip 2
z€Y (k)

of étale sheaves. As Weil divisors on smooth curves are Cartier divisors, they are locally principal,

which implies that the morphism @ v, is indeed a surjection of étale sheaves. O
In order to calculate Rj. (G, ,) we will need the following consequence of Tsen’s theorem.

Theorem 9.3. We have

K> i=0

Hét(speC(K)’Gm,n) = {0 i > 0

We will prove Theorem later, when discussing Galois cohomology in a bit more detail. The
cases i = 0 and 7 = 1 are easy or follow from Corollary
In our situation, we get the following corollary.

Corollary 9.4. We have

j*(Gm,n) = Rj*(GM,n)-
Proof. By Corollary [5.40] it suffices to check that for any qcgs U € Yg we have
H (n xy U,G,,) =0

€

for ¢ > 0. Note that n xy U = ][ Spec(XK;), where the K; are the function fields for the different
i=1

connected components of U. Hence, we can apply Theorem [9.3] with K replaced by the K; and

conclude. ]

We can now settle Task[6.5] (and thus, modulo Theorem([9.3] the proof of Theorem [6.6]is finished).
Theorem 9.5. We have

0y(Y), i=0
HY(Y,G,,) = Pic(Y), i =1
0, i>2,

and for each n € Z invertible in k, we have a natural exact sequence

=Z/n()(¥)=pn (K)=2Z/n § )
0— pn (Y) — O3 (Y) & O3 (Y) = HL(Y, pn) — Pic(Y) = Pic(Y) — HZ(Y,Z/n(1)) — 0

and H: (Y,Z/n(1)) =0 fori> 3.



58 J. ANSCHUTZ

Proof. By Corollary [9.4] and Theorem [9.3] we know
R]-—‘ét(}/a .7* (Gm,n)) = RFét(K R]*(Gm,n)) = RFét(SpeC(K)v Gm) = KX [0]
Using that Y was assumed to be qcgs and Lemma [8.1] we get
Rla(Y, B iy+(2)= B Rla(Y.iy.(2)).
yeY (k) yeY (k)
Because k is algebraically closed, we can conclude
iy+(Z) = Riy«(2)
from Corollary [5.40| and hence
Rla(Y, @ iy.@)= @ Z-4l0)
y€eY (k) yeY (k)

This implies all statements, thanks to the long exact sequence associated with Lemma [9.2] O

Corollary 9.6. Ifn € Z is invertible in k, then H (A}, Z/n(1)) =0 fori > 0 and HY, (A}, Z/n(1)) =
fin (k).

Recall from Lemma [6.7] that this statement is falls if n is a prime not invertible in .
Proof. This follows from Theorem because O*(A}) = k* and Pic(A}) = 0. O

At this moment we don’t have the machinery available to proof H}, (A", Z/n) =0if i >0, n is
invertible in £ and m > 2.

9.7. The Brauer group of a field. In this section we follow [8, Arcata, III.1]. Let K be a field.

Definition 9.8. A central simple K-algebra is a finite dimensional K-algebra (not necessarily
commutative), such that the following equivalent conditions are satisfied:
(1) A has center K and no non-trivial two sided non-trivial ideal,
(2) there exists a finite Galois extension L/K such that Ay := A ®k L is isomorphic to some
matrix algebra M, (L),n > 0 (“the extension L splits A”),
(3) A = My(D) for some d > 0 and D/K some finite dimensional K-algebra, which is a
division algebra with center K.
If A= My(D), A" = Mg (D’) are central simple algebras with D, D’ central division algebras, then
A, A" are called (Brauer) equivalent if D and D’ are isomorphic.

Definition 9.9. The Brauer group Br(K) of K is the abelian group of equivalence classes of
central simple algebras A with the group structure given by the tensor product, cf. |Stacks, Tag
03R1].

For example, the inverse of A = My(D) is My(D°P), where D°P denotes the opposite division
algebra. Central simple algebras (of fixed dimension n?) are equivalently torsors on Spec(K)e; for
the group scheme G = PGL,,. If X is a scheme and n > 0, then we denote by

M, (Ox) = Endoy (O%)
the sheaf of (non-commutative) rings of Ox-linear endomorphisms of O%.

Definition 9.10. We define PGL,, as the group valued functor on schemes, which sends X to the
group of automorphisms of M,,(Ox) as an Ox-algebra.

Lemma 9.11. The functor PGL,, is representable by an affine smooth group scheme over Spec(Z)
of relative dimension n? — 1. Moreover, the conjugation by matrices defines a short exact sequence

1-6G,, —-GL, —-PGL,, —»1

of Zariski sheaves on Sch/Spec(Z) (and hence the sequence is exact a fortiori as a sequence of étale
or fpqc sheaves).

We only need this sequence for schemes, which are étale over a field, but we mention its general
version.

Proof. The fact that PGL,, is representable by an affine scheme follows easily from the fact that
M, (Ox) is a finite, free Ox-algebra (with basis given by the elementary matrices E; ;). More-
over, it is clear that PGL,, is of finite presentation. The existence of the “acting by conjugation
morphism”

®: GL,, — PGL,
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is clear. Let A € GL,,(Ox) lie in the kernel of ®. Then on elementary matrices
Ei,j =A- E@j . Ail,

which implies that A is a diagonal matrix, and thus lies in the image of the central morphism
G, — GL,, t — t-1Id. The map GL,, — PGL,, is formally smooth. Indeed, as GL,, =+ PGL,, are
noetherian and of finite type over Spec(Z) it suffices to check formal smoothness for square-zero
thickenings of artinian rings. This can be handled using the Skolem-Noether theorem for matrix
algebras El For details, see |6, Exercise 5.5.5]. The surjectivity of GL,, — PGL,, follows now again
by the Skolem-Noether theorem. O

Corollary 9.12. The étale cohomology set Hj (Spec(K),PGLy,,) identifies with the set of isomor-

phism classes of central simple K-algebras of dimension n?.

Proof. This follows from Lemma and Section More precisely, we can send a cen-
tral simple algebra A over K of dimension n? to the PGL,-torsor (on Spec(K)s) sending U

to ISOmU(Mn(OU),/IU). O

To proceed further, we note the following general lemma.

Lemma 9.13. Let X be any topos and 0 - A — G — H — 1 a short exact sequence of group
objects in X such that A — G is the inclusion of a central subgroup. Then there exists a natural
exact sequence (of pointed sets)

H'(%,G) — H' (X, H) % H*(%, A),
generalizing the usual connecting morphism if G, H are abelian.

Proof. We only sketch the construction. Let A < I be an injection with I an injective abelian
group object in X. Using the centrality of A — G we can construct a commutative diagram

0 A G H 0
Ll
0 1 G’ H 0

of extension of group, where again I — G’ is central. Concretely, we can construct G’ as the
quotient of I X G by the equivalence relation (ia, g) = (i,ag) for i € I,a € A, g € G (the centrality
of A — G is used to check that (i,9)(i',¢") := (i7’,g¢") is a well-defined group structure). An
H-torsor P can now be lifted to a G’-torsor P’ (using injectivity of I and applying |Stacks, Tag
0CJZ] to the gerbe of liftings of P to a G’-torsor). Quotening G’ by its normal subgroup A C I
yields,

G'/JA=T/Ax H,

and this G'/A xG' pl =~ Py x P for some I/A-torsor P;. The image of P; under the connecting
homomorphism

HY(X,I/A) — H*(%, A)
defines now §([P)). O

From Lemma [9.11| we can deduce the existence of a natural connecting map
0,,: H} (Spec(K),PGL,,) — HZ (Spec(K),G,,).

Our interest in these maps lies in the fact that it makes the a priori unaccessible group
HZ (Spec(K),G,,) more concrete via PGL,-torsors respectively central simple algebras (of di-
mension n?).

Lemma 9.14. Let K be a field.
(1) For each n >0 the map 6,,: H} (Spec(K),PGL,,) — HZ (Spec(K),G,,) is injective.
(2) Let a € HZ (Spec(K),G,,), L/K a Galois extension of degree n. If A|spec(r) = 0, then
lies in the image of 0,,.
(3) The 6,, assemble into an isomorphism Br(K) = HZ (Spec(K),G,).

39f k is a field, then any k-linear automorphism of My, (k) is given by conjugation with some element in GLy,
cf. [Stacks, Tag 074R].
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Proof. For the first and third statement, we refer to the literature, e.g., |8, Arcata, I11.1]. Let us
prove the second statement. Fix a separable closure K of K containing L. Set G := Gal(K/K),
H := Gal(K/L) C G, which is an open subgroup. Then the morphism
f: Spec(L)er — Spec(K )et
of topoi identifies with the morphism
m: H — Sets — G — Sets

of topoi (for simplicity we suppress the superscript “cont”), such that 7= restricts a G-action to
an H-action. In particular, the right adjoint m,(=induction of a discrete H-module to a discrete
G-module) is a the exact functor Homgzx)(Z[G], —) on discrete H-modules. We can deduce that
for any H-module M, we have

RT(G,7.(M)) = RT'(H, M),
which is also known as “Shapiro’s lemma”. More precisely,
Spec(K )t =2 G — Sets, F lim F(K")
K'/K finite Galois
with its G-action induced by functoriality. Choosing a basis of L over K yields the a G-equivariant
morphism

(K ®x L)* — GL,(K), x ~ matrix of multiplication by x on K @ L

where G acts via its action on K. We get a commutative diagram
0 — K —— (Kog L) — (Keg L)*/K* —— 0

| l !

0 —— K — GLu(K) —— PGL,(K) —— 1

of G-equivariant short exact sequences, from which we can deduce a commutative diagram (with
exact first row)

HYG,(K 9k L)*/K*) —— H2(G,K") — H*(G, (K ®x L)*)

| I

HY(G,PGL,) ———— H*(G,K")
with h identifying with the restriction HZ (Spec(K),G,,) — HZ (Spec(L), G,,) = HZ (Spec(K), f«(Gy))
because f.(G,,)(K) = (K ®x L)* (or rather for K replaced by the colimits of finite Galois ex-
tensions K’/K in K). A small diagram chase shows the claim. Let us note that the surjectivity
assertion in the third statement is implied by the next lemma and the second statement. |

Lemma 9.15. Let G be a profinite group and M a discrete G-module. Then the natural map
ling HY(G/N,MN) = H'(G, M)

NCG open, normal

is an isomorphism for any i > 0.

As the higher cohomology of a finite group H is killed by |H| (the “méthode de la trace” in
Lemma shows this), we see that higher continuous group cohomology of profinite groups is
always torsion. In particular, H*(G, M) = 0 whenever i > 0 and M is a Q-vector space.

Proof. By Section the cohomology of G is the cohomology of the site/topos of continuous
G-sets S. If S is a finite (continuous) G-set, let us call S “qeqs”. Then each continuous G-set
is a union of qcgs ones. Thus, the cohomology of G is equivalently the cohomoloy of the site of
finite continuous G-sets, e.g., by Exercise [5.34, The argument of Lemma [8.1] then applies and
shows that H*(G, —) commutes with filtered colimits for i > 0. In fact, we can consider the inverse
system {G/N}NC@ open, normal and then the argument for Lemma applies as well because any
finite continuous G-set is the inflation of a finite G/N-set for some N C G open, normal. Writing

M = | MY (as a continuous G-set) reduces to the case that M = M¥ for some N C G. Now,
NC
the argument for Lemma [8:2] applies. O

Brauer groups are interesting arithmetic invariants of fields, e.g., Br(Q,) = Q/Z. In our situ-
ation we are more interested in fields with vanishing Brauer groups as these automatically have
cohomological dimension < 1.
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Lemma 9.16. Let K be a field, K a separable closure and G := Gal(K/K). Assume that for any
finite subestension K'/K of K, the Brauer group Br(K') vanishes. Then

(1) H(G,K*)=0 fori>0,

(2) H(G,M) =0 fori > 2 and any torsion discrete G-module M, i.e., K is of cohomological
dimension < 1.

(3) HY(G,M) =0 fori >3 and any discrete G-module M.

Proof. We show the second statement first. By Lemma [8.I] and the fact that each torsion discrete
G-module is the filtered union of its finite G-submodules, we may assume that M is finite. Filtering
Mby M D/(M D EPMD...D0MM=0,n>> 0, for all primes { we may even assume that
M is an Fg-vector space for some prime ¢. Then the G-action on M factors through a finite
quotient. Let H C G be the preimage of an ¢-Sylow-subgroup of such a finite quotient. Let
md$M = {f: G — M | f(hg) = hf(g) for all g € G, h € H} the induction, with G-action via
right translation on g. The composition

M — ndSM — M, m — (g gm), Z 97 f(9)
HgeH\G

is a composition of G-equivariant morphisms and on cohomology H?, i > 0 the composition is in
fact multiplication by [G : H }lﬂ As [G : H] is by assumption prime to ¢ this implies that H*(G, M)
is zero if and only if H*(H, M) is zero. Indeed, we have the factorization
HY(G,M) — H'(G,Ind$ M) — H'(G, M),
~Hi(H,M)

which is multiplication by [G : H]. After enlarging K we may thus assume that G = H, which
implies that G acts on M by some finite quotient G/N, which is an ¢-group. But then G/N
has a fixed vector in any finite dimensional Fy-representation and using devissage we may assume
that M = F; is actually trivialﬂ If ¢ = char(K) the Artin-Schreier sequence Lemma [6.7| implies
HY(G,F;) =0 for i > 2. If £ € kX, then Fy & i, at least up to potentially replacing K by the
argument above with the prime to ¢-extension K (py). The Kummer sequence and the assumption
imply the second claim. The third claim follows from the second by using that the kernel and
cokernel of M — M ®z Q are torsion, and that the higher cohomology of M ®z Q vanishes, cf.
Lemma The first statement follows from the third, the assumption on H? and the fact that
H} (Spec(K), G,,) = Pic(Spec(K)) = 0, cf. Lemma O

Remark 9.17. The proof of Lemma [9.16] shows that if K is any field of characteristic p > 0, then
H (Gal(K/K),M) =0
for 4 > 2 and any p-power torsion module M, i.e., K is of p-cohomological dimension < 1.

9.18. Tsen’s theorem and consequences. We now attack Theorem [0.3] Tsen’s theorem singles
out a particular arithmetic property of function fields of curves over some algebraically closed field.

Theorem 9.19. Let k be an algebraically closed field k and K/k a field extension of transcen-
dence degree 1. Then K is Cy, i.e., for each n > 0 each non-constant homogeneous polynomial
f(T,...,Ty) € K[Ty,...,T,) of degree d < n has a non-trivial zero.

We follow [8, Arcata, I11.2].

Proof. First assume that K = k(X). Write

f(Ty,...,T,) = > iy, T T

i1yemsin, i1+ Ain=d<n

with a;, .., € k(X). We may assume that each a;, .. ;, € k[X]. Set ¢ := sup{deg(ai,, .. i, )} We

N

coln

Xi; X7 with A; ; € k (not all zero), such that
0

. )Z’!L

are seeking N > 0 and some polynomials g;(X) =
J

\ d-N+6
0=F(gr(X), . gn(X) = D eml((Nij)i=t...njmo....n) X"

m=0

401f € MC is G-invariant, then the claim is clear. The general case follows by using an injective resolution,
noting that Indg preserves injectives (being pushforward for a morphism of topoi)
41This reduction step is also called “méthode de la trace”.



62 J. ANSCHUTZ

If t € k*, then by homogenity of f of degree d

A

t( 2 em((Nij)i=1,...nj=0,.. .N)X™)
tdf(gl(X)v ce 7gn(X))

d-N+6
= 2 em((tAig)i=1,..my=0,..,.N) X,
m=0
which implies that each ¢,, is a homogeneous polynomial of degree d. The polynomials cg, ..., cq.N+s
define a non-empty vanishing locus Z in AZ(NH), as 0 € Z. Moreover, each irreducible component

of Z has dimension > n(N +1) —d- N —J — 1. As n > d, this dimension is positive for N > 0 as
desired.

Now assume that K is general and pick some inclusion k(X) — K. Then K/k(X) is algebraic
by assumption and hence a filtered colimit of its finite subextensions. It suffices to treat the case
that K/k(X) is actually finite. Let f(T3,...,T,) € K[T1,...,T,] be a homogeneous polynomial

of degree d < n. Let ey,..., e, € K be a basis over k(X) and substitute T; = > Ui, je; for some
j=1

m - n indeterminants U; ;. The polynomial
NK/k(X)(f(Tla A ,Tn)) S k[ULJ‘Z = 1, AN ,Tl,j = 1, o ,m]
is homogeneous of degree m - n because

Nic/roo) (F(ET, - tT0)) = Ny (40 (Th, - T)) = 1" Ny (F(Th -, T))
for t € k. By the proven case k(X) we can conclude that Ng i (x)o f and hence f has a non-trivial
Zero. ]

Lemma 9.20. Let K be a Cy-field. Then Br(K') = 0 for any finite extension K' /K. In particular,
K is of cohomological dimension <1, cf. Remark[9.17

Proof. The argument in Theorem implies that K’ is C1, hence we may assume that K = K.
By Lemma it suffices to check that H} (Spec(K),PGL,) = {1} for any n > 0, i.e., that each
central division algebra D/K is isomorphic to D. Let K be a separable closure of K. Choose an

isomorphism ¢: D @ K = M, (K) and set

Nrd, := det o .
As each K-automorphism of M, (K) is given by conjugation, Nrd, is indepentent of ¢ and
Gal(K /K)-equivariant. Thus, it descents to the “reduced norm” Nrd: D — K over K. Now,
Nrd is a homogeneous polynomial of degree n in n? variables, and thus if n > 1 it admits a non-

trivial root * € D. But D is a division algebra and by multiplicativity of Nrd the element z cannot
be a unit. This is a contradiction as desired. O

We have now finished the proof of Theorem [9.3] and thus our discussion of the étale cohomology
of smooth curves.
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10. THE PROPER BASE CHANGE THEOREM

Our main aim for this course is a proof of the proper base change theorem in étale cohomology
(or at least presenting large parts of the proof).

Theorem 10.1 (Proper base change theorem). Let

vy 9y

I

X 45X

be a cartesian diagram of schemes with f proper. Then for any torsion compler K € DV (Yy,Z)
the natural map

9" Rf(K) = Rf.(g""K)
18 an tsomorphism.

Remark 10.2. (1) If F € Shap(Ys) is any abelian sheaf and n € Z non-zero, then Fln] :=
ker(F - F) is the n-torsion of F. The sheaf F is torsion if lim Fln] — F is an

neZ non-zero

isomorphism. Using Lemma [8.] this condition is satisfied if and only if for any U € Y
qcgs the abelian group F(U) is torsion. A torsion complex K € D(Yg,Z) is a complex
such that each H(K), ¢ € Z, is a torsion sheaf. We will denote by Dy, (Y ) the category
of torsion complexes on Y.

(2) We will discuss an example that the proper base change theorem fails for non-torsion
coefficients.

(3) Theorem reduces formally to the case the K is a torsion sheaf (and not a complex of
such), using the usual devissage.

10.3. Stalks of étale sheaves. Similar to the case for topological spaces, we will reduce Theo-
rem to an assertion on “stalks”. For this we have to pass to “points”. In the topos-theoretic
sense this means the following.

Definition 10.4. Let X be a topos. A point of X is a morphism £: (Sets) — X of topoi. Given a
point ¢ and F € X we call F¢ := 71 (F) the stalk of F at £.

Example 10.5. Let us list some examples for points of topoi.

(1) Let T be a topological space, t € T and i;: {t} — T be the inclusion. Then
iv: (Sets) =2 Sh({t}) —» T

is a topos-theoretic point. If T is sober, i.e., each closed irreducible subset has a unique
generic point, then each point of T is isomorphic to i; for some t € T, cf. Remark

(2) Let X be a scheme. A geometric point of X is a morphism £: Spec(Q2) — X with Q a
separably closed field. As Spec(€)g; = (Sets) each geometric point yields a topos theoretic
point of 5(; which we denote again by ¢ if no confusion can arise. The conjunction of
Remark and Remark shows that each topos-theoretic point of )?; is of this form.
Note that if f: Spec(Q') — Spec(Q) with Q' separably closed, then &, o f define equivalent
morphisms of topoi. In particular, if € X denotes the image of £ and k(x) the separable
closure of k(z) in 2, then Spec(k(z)), Spec(§2) define equivalent points of Xa. Hence, it is
usually no harm to assume that Q = k(z).

(3) There exists topoi without any points, cf. |3, Tome 2, Exposé IV.7.4|. If there exists a set
& (Sets) = X,i € I, of points such that a morphism F — G in X is an isomorphism if and
only if F¢, — Ge, is an isomorphism (of sets) for all ¢ € I, then X is said to have “enough
points”. We will check below that étale topoi have enough points (|3, Tome 2, Exposé VIII,
Théoréme 7.9]), and give more explicit formulas for the stalks.

The following two remarks are not necessary for understanding the course, but maybe illumi-
nating for understanding the notion of a point of a topos.

Remark 10.6 (|3, Tome 1, Exposé IV, 4.2.3]). Let T, .S be sober topological spaces. Then each
morphism

p: T — 8
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of topoi is induced by some continuous map f: T'— S. More precisely, the category (!) Hom(f, S )
of morphisms of topoi is equivalent to the (category associated with the) poset Homeont (T, S), where
f<gifandonlyif {f(t)} C {g(t)} for all t € T
Remark 10.7 (|Stacks, Tag 0BN5|). Let G, H be profinite groups with classifying topoi BG, BH
of discrete G-resp. H-sets. Then the category

Hom(BG, BH)
is equivalent to the category Hom(G, H)/H with objects the continuous group homomorphisms

¢: G — H and Hom(p,v) = {h € H | ho(g)h~! = 1(g) for all g € G} for two continuous group
homomorphisms ¢, 9: G — H.

Lemma 10.8. Let X be a scheme.

(1) If Q is a separably closed field, and &: Spec(2) — X a morphism of schemes with image

xz € X, then
Fe=  lm FOU)
Spec(Q)—=U—X

for any F € 5(; Here, the colimit is taken over the “étale neighborhoods of £”, i.e., the
category of diagrams Spec(Q) — U — X with U € X and morphisms given by morphisms
in U, which respect the morphism from Spec(Q)) and the morphism to X.

(2) The topos Xgt as enough points, as witnessed by the family of morphisms T: Spec(k(x)) —
X with x € X and k(x) some separable closure of k(x).

Proof. The first formula follows by evaluating the general formula for the pullback in Lemma [5.21
Let us check the second statement. Assume that ¢: F — G is a morphism of étale sheaves. First
assume that ¢z: Fz — Gz is injective for any of the chosen points T. Assume that U € X and
s1,82 € F(U) such that pu(s1) = pu(s2). It suffices to show that for each u € U there exists an
étale morphism V,, — U with u in the image such that ¢(sijy,) = ¢(s2)v, ). Let € X be the

image of u. Then we can lift Spec(k(z)) — X to a morphism Spec(k(z)) — U with image u as
k(x) is separably closed and U — X étale. As pz: Fz — Gz is injective there exists some étale
neighborhood Spec(k(z)) — V,, — X refining Spec(k(x)) — U — X such that syy, = sgjv,. Asu
lies in the image of V,, — U, this finishes the proof. The argument for surjectivity of ¢: F — G if
each ¢z is surjective, is similar. O

Using points we can now easily establish excision for étale cohomology. Let us note that if
f:Y — X is étale, then Y identifies with the slice topos X4 /Y. By Lemma the functor
f*: Shap(Xst) = Shap(Yar) admits an exact left adjoint fi: Shap(Yer) — Shap(Xest)-

Lemma 10.9. Let
vy .y
T
X 2 X
be a cartesian diagram of schemes.

(1) If f is étale and K € D(Yg,Z), then the natural map f/ o ¢"*K — g* o fiK, adjoint to
the composition ¢*K — f"*g* K = ¢"* f* IK induced by the counit K — f*fiK, is an
isomorphism.

(2) If f is a closed immersion and K € D(Ye,Z), then f. is exact and the natural map
g [« K — flg"*K is an isomorphism.

(3) If f = j is an open immersion with complement i: Z — X and K € D(Xg,Z), then the
natural maps form a distinguished triangle

WK — K — i, K.
Proof. By adlp/nction it suffices to see that the natural map f*¢.F — ¢, f"*F is an isomorphism
for any F € X/,. Let (U = Y) € Y¢. Then
F 9 (F)U =Y) =g (F)U = X)=F(U xx X' = X')
while

G FWU = Y) = ["FU xy Y = Y') = F(U xy Y’ = X').

42Note that if ¢ is a specialization of some t’, then for any F € T there exists a natural map F; — Fy because
each open neighborhood of ¢ contains ¢’.
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Now, Uxx X' 2 U xy Y as Y'Y x x X'. This implies the first statement. By the existence of
enough points Lemma in X/, it suffices to treat the case that X’ = Spec(f2) for some separably
closed field. Let F € Y. Assume that g = £: Spec(Q?) — X factors over the open X \ f(Y'). Then
the étale neighborhoods Spec(2) — U — X of £ such that U x x Y = () are cofinal among all and
hence

(fe(Fle = {x} = filg""F)
because Y’ = ). Now, assume that & factors over Y. Then Y’ = Spec(f2) and ¢ factors uniquely
over a morphism 7: Spec(£2). Now the étale neighborhoods Spec(2) — U xxY — Y of n for some

étale neighborhood Spec(2) — U — X of £ are cofinal among all (by Lemma . This implies
that

(1(F))e = Fy

for any F € 1;; The final statement follows from the first two and Lemma by base changing
along morphism Spec(Q2) — X with Q2 a separably closed field. O

Note that for a general étale morphism f: Y — X the natural map f,f*F — F is not injective
for some F € Shap(Xet), as follows by the first statement and a reduction to X the spectrum of a
separably closed field. In fact, by we can see that

f(F)e = . Fy

n: Spec(Q)—Y lift of £: Spec(2)—X

for any F € Shap(Ye;) and geometric point £: Spec() — X.
Lemma [10.8 motivates the following definition.

Definition 10.10. Let £: Spec(2) — X be a geometric point. Then the inverse limit

sh . .
Xet = 1&1 U
Spec(Q)—»U—X

of all étale neighborhoods of £ is called the strict henselization at &.
Some remarks are in order.

Remark 10.11. (1) The category of étale neighborhoods admits finite limits and hence is
filtered. Moreover, the étale neighborhoods Spec(Q2) — U — X with U affine are cofinal
among all. In particular, X gh exists as a scheme and is affine.

(2) Let fe: Xgh — X be the natural morphism. If F is a sheaf, then F¢ = F(Xgh,fg]:)
as follows from Lemma and Lemma (applied to a cofinal diagram of affine étale
neighborhoods of £).

(3) Write ngh = Spec(A). Then A is necessarily a local ring because each g: Spec(Q2) — U
factors over Spec(Oy,4({0})) the resulting transition maps are local morphisms of local rings.
More precisely, Spec(Oy, 4(103) is the inverse limits of all its affine open neighborhoods, and
each of this is part of the inverse limit defining X gh. The closed point of Spec(A) maps to
the image € X of £&. Lemma 8.4 implies then that the residue field of A identifies with
the separable closure of k(z) in €.

(4) Strict henselizations are particularly useful for calculating fibers of pushforwards. Assume
that f: Y — X is qcqs, K € D(Yy,Z) and &: Spec(2) — X is a geometric point. Then

(Rfe(K))e = RU(X™™ X x Y, K| xonx v)
by Lemma [8:2]

In the following section we will analyze the rings A such that Xgh 2 Spec(A) for some scheme
X more closely.

10.12. Interlude on henselian pairs. Let us call a morphism A — B of arbitrary rings essen-
tially étale if B is a localization of an étale A-algebra.

The motivation for this interlude will be the following theorem, which is important for some
finer properties of étale cohomology that we want to prove.

Theorem 10.13. Let A be a local ring. Then the following two properties are equivalent:

(1) Every essentially étale, local morphism A — B to a local ring B is an isomorphism.
(2) A is strictly henselian.
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Using that étale morphisms are of finite presentation it is easy to see that if X is any scheme,
&: Spec()) — X a geometric point and Xgh = Spec(A), then the ring A satisfies the first property
of Theorem [I0.13]

Let us start by defining the (very useful) henselian property in great generality. For this let A
be any commutative ring and let I C A be an ideal.

Definition 10.14 ([Stacks, Tag 09XE]). The pair (A, ) is called an henselian pair if

(1) I is contained in the Jacobson radical of A,

(2) for any monic polynomial f € A[T] and factorization f = goho with go, ho € A/I[T] monic
generating the unit ideal in A/I[T], there exists a factorization f = g-h in A[T] with g, h
monic and gy = g, ho = h.

Here, the (—) refers to the base change along A — A/I. In other words, a pair (A, I) is henselian
if Hensel’s lemma holds for (A, I).

Definition 10.15. (1) A local henselian ring (or henselian local ring) is a local ring A such
that the pair (A4, m4) is henselian.
(2) A local ring is strictly henselian if it is henselian and its residue field is separably closed.

There are many equivalent characterizations of henselian pairs and henselian local rings. The
next (big) theorem will occupy us for some time. References for it are [Stacks, Tag 09XI|, [Stacks|
Tag 04GG], [24)].

Theorem 10.16. Let A be a ring and let I C A an ideal. Then the following are equivalent:
(1) (A,1I) is henselian.
(2) If A— A’ is étale and o: A’ — A/I a map of A-algebras, then there exists a map A" — A
of A-algebras lifting o.
(3) For any finite A-algebra B the map Idem(B) — Idem(B/IB) is a bijection.
(4) For any integral A-algebra B the map Idem(B) — Idem(B/IB) is a bijection.
(5) I lies in the Jacobson radical of A and every monic polynomial of the form

fO)=T"T-1)+a,T"+...+ao

with a; € I and n > 1 has a root o € 1+ I. (If this condition is satisfied the root « is
unique. This characterization will however not be important for us.)

If A is local, I = my its maximal ideal and k := A/I, then the above conditions are equivalent to
the following:

(6) For each monic polynomial f € A[T] and root ag € k of f with f/(ao) € kX there ezists a
root a € A of f witha = ag.

(7) FEach finite A-algebra B is a product of local rings.

(8) For each monic polynomial f € A[T) the ring B := A[T]/(f) is a product of local rings.

(9) If X — S := Spec(A) is locally of finite type and quasi-finite at © € X, which maps to
the special point s of S, then X, := Spec(Ox ) is open in X and X, — S is finite. (If
X — S is separated, this implies that X, C X is open and closed.)

(10) For each polynomial f € A[T] (not necessarily monic!) and root ag € k of f with ?/(ao) €

k* there exists a root a € A of f with @ = ag.

Here, Idem(C) for a ring C' denotes its set of idempotents. Geometrically, Idem(C) is thus in
bijection with open and closed subsets of Spec(C') by sending an idempotent e € B to its vanishing
locus V(e).

We will prove the theorem in many steps.

Proof of Theorem[10.1¢] (3) = (1). Assume that (A, ) satisfies (3). Let us first show that I lies
in the Jacobson radical of A. Pick m C A maximal and assume that I is not contained in m.
Set B := A/(I N m). Then Spec(B) = V(I)]]Spec(k(m)) as m ¢ V(I). This implies that
Idem(B) — Idem(B/I) is not injective, contradiction.

Now let f = goho € A/I[T] be a factorization of a monic polynomial f € A[T] into monic
polynomials over A/I[T] such that go,ho generate the unit ideal in A/I[T]. Set B := A[T]/(f),
which is a finite free A-algebra. Now, B/I = A/I[T]/go x A/I[T]/hg by the Chinese remainder
theorem. By assumption we can therefore write B = By X B as a product of two finite, locally free
A-algebras By, By with By /I = A/I[T]/go, B2 = A/I[T]/ho by lifting the respective idempotents.
Let a: B — B be the A-linear map of multiplication by the residue class of T in B. Then f(T)
is the characteristic polynomial of . Note that « preserves the decomposition of B = By X By
(as « is B-linear and thus commutes with multiplying by the respective idempotents). Let g, h be
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the characteristic polynomials of o on the finite locally B-modules By and Bz. Then f = gh and

d=go,h =hg as B = By x By reduces to B/I = A/I|T)/go x A/I[T]/ho. O
Proof of Theorem [10.1¢] (3) < (4). This is clear as each integral A-algebra is a filtered colimit of
finite A-algebras and the functor Idem(—) commutes with filtered colimits of rings. O

We can use the proven implications to provide a lot of examples for henselian pairs.

Corollary 10.17. Let (A, I) be a pair of a ring A and an ideal I C A.
(1) If I is locally nilpotent, then (A, I) henselian.
(2) If A is I-adically complete, then (A, I) is henselian.
(3) If (A, I) is henselian and J C A an ideal with V(I) = V(J) (as sets), then (A,J) is
henselian.
(4) If A — C is integral, e.g., surjective, and (A, I) henselian, then (C,I - C) is henselian.

Proof. If I is locally nilpotent, then Spec(A/I) — Spec(A) is a universal homeomorphism. This
implies that for each A-algebra B the map Spec(B/I) — Spec(B) is a homeomorphism. By the
proven implication for Theorem namely (3) = (1), this implies that (A, I) is henselian. If
A is I-adically complete, then A = &A/I” and I lies in the Jacobson radical of A. As I"~1/I"
is locally nilpotent in A/I™, the pair (A/I™, I"~1/I™) is henselian by (1). Applying the definition
of being an henselian pair, we see that we can iteratively lift a factorization of a monic polynomial
f € A[T] over A/I into pairwise prime factors (note that the condition that the factors generate
the unit ideal can be checked module I/I"™, where it holds). This completes (2). Assume (3). If
B is any A-algebra, then we conclude that V(I - B) = V(J - B) as sets as V(I) = V(J) forces that
I and J have the same radical. By the proven implication (3) = (1) for Theorem we can
conclude. Assume (4). If B is an integral C-algebra, then B is an integral A-algebra. This implies
the statement by (3) = (1) in Theorem we win. O

The following statement only uses the Definition [10.14]
Exercise 10.18. If (A;, I;);cs is a filtered colimit of henselian pairs, then (lim A4;,lim[;) is

ieJ =
henselianJE

A sample application of the henselian property is the following.

Exercise 10.19. Let p be a prime and let Z, be the (p)-adic completion of Z. Then Z, contains
all (p — 1)-roots of unity. Hint: The polynomial T? —T factors over F, into distinct linear factors.

On the negative side let us note the following.

Remark 10.20. We note that if (4, I) is henselian and S C A is multiplicative, then in general
(A[S~1], I[S71]) is not henselian, e.g., I[S~!] need not lie in the Jacobson radical of A[S~!], already
if A is a complete discrete valuation ring.

From now on let us assume for the proof of Theorem that A is local and I = my its
mazimal ideal. Set k := A/I.

Proof of Theorem (3) < (7). Assume (3). Then B/I is a finite k-algebra, and hence a prod-
uct of local rings. Lifting the idempotents implies that B is a product By x ... X B, of finite
A-algebras, such that each B; ® 4 k is a local ring. As Spec(B;) — Spec(A) is closed and A local,
this implies that each B; is a local ring.

Assume (7). Note that the functor Idem(—) on rings commutes with products as an idempotent
in a product is exactly a collection of idempotents for the factors. Hence to check (3) we only have
to consider the case that B is a non-zero local finite A-algebra. But then B ® 4 k is local, non-zero
and the claim follows because non-zero local rings have exactly the idempotents 0 and 1. ]

Proof of Theorem[10.1¢ (1) < (8). When proving (3) = (1) we only needed the case of B =
A[T)/(f) for f € A[T] monic. This implies that we’ve already checked (8) = (1). If (1) holds,
then we can factor f(T) = f1(T)... f-(T) into monic polynomials such that for each i =1,...,r
the ring A[T]/(f:(T)) is local, i.e., f;(T) € k[T] is a power of an irreducible polynomial, and the f;
are pairwise prime. Indeed, we just have to lift iteratively the similar factorization of f. Now the

2

natural map A[T]/(f) — [] A[T]/fi:(T) is an isomorphism (by the Chinese remainder theorem or
i=1

using Nakayama and checking this mod I). O

43 This implies, for example, that the ring of integers in any algebraic extension of Q,, is henselian along (p) (but
not necessarily p-adically complete).
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Proof of Theorem[10.1¢] (8) < (3). Assume (8). Let B be a finite A-algebra. Then I - B lies
in the Jacobson radical of B as Spec(B) — Spec(A) is closed and A local. This implies that
Idem(B) — Idem(B/I - B) is injective. Indeed, checking that two idempotents agree means to
check that they agree in the residue field of each maximal ideal.

We know that B/I - B is a product of local rings. Let e € B/I - B be an idempotent, such that
its vanishing locus V' (e) has one point (i.e. e is 0 in exactly one factor). Let € B be a lift of e
and let f € A[T] be a monic polynomial with zero x. Define C' := A[T]/(f(T")), which comes with
the map C' — B, T +— z. Let ¢ € C/I - C be the residue class of T. The pullback of V(¢) under
the map Spec(B/I) — Spec(C/I) is V(e). Now V(c) is an open and closed subset of Spec(C/TI)
as C/I is a finite k-algebra and hence (on topological spaces) V(c¢) = V(d) for some idempotent
d € C/I. As by assumption C is a product of local fields we may lift d to an idempotent in C and
the image of this idempotent in B will lift e. O

Being more careful with the last arguments shows that actually (5) implies (3) in Theorem [10.16}
cf. [Stacks, Tag OEMO|. Note that (1) = (5) holds trivially.

At this stage we have proven (1) & (3) & (4) & (7) & (8) (and mentioned that this is
equivalent to (5), when using some more care with the above arguments).

For the next implications we need some preparation.

Remark 10.21. Assume that B is a finite free A-algebra, e.g., B = A[T]/(f) for a monic polyno-
n

mial f(T) € A[T]. Choose a basis ey, ...,e, of B. Let b= > A\je; € B. Then we can write
i=1

B =b=> gi(A,..., An)es
i=1

for certain polynomials g;(71,...,T,) € A[T1,...,T,]. This implies that the functor Idemp,4 on
A-algebras

C + Idemp a(C) :=={z € C®4 B | 2> =x}

of idempotents for (base changes of) B is representable by a scheme over A, written Idemp, 4 —
Spec(A). More concretely, it is represented by

SpeC(A[Tlv cee 7Tn}/(gl(T1, cee 7Tn)a s 7gn(T17 cee >Tn)))a

and hence in particular affine and of finite presentation. If J C C is a nilpotent ideal, then
Idemp,4(C) — Idemp,4(C/J) is bijective as idempotents can uniquely be lifted along nilpotent
thickenings (more geometrically Spec(C/J ® 4 B) — Spec(C ® 4 B) is a homeomorphism). This
implies that Idemp,4 — Spec(A) is formally étale and thus represented by an étale A-algebra.

Proof of Theorem[10.1¢ (2) = (8). Set B := A[T]/(f) for some monic polynomial f € A[T]. It
suffices to check that Idem(B) — Idem(B/I) is surjective. Take e € Idem(B/I). Set A’ :=
Idemp,4 as the functor of idempotents for B, which was constructed in Remark Then
A — A’ is étale. By definition, e € Idem(B/I) defines an A/I-valued point of A’| i.e., a morphism
o: A — AJI of A-algebras. By assumption o can be lifted to a morphism A" — A. But this
exactly means that e € Idem(B/I) can be lifted to an idempotent in B. O

Let us now check the implications that are left and easy before moving to the hard implications
(6) = (2) and (7) = (9).

Proof of Theorem [10.1¢ (9) = (2), (2) = (10), (10) = (6). The implication (10) = (6) is trivial.
Thus assume (9). Let X := Spec(A’) — S = Spec(A) be an étale morphism, and let 2 € X (k) be a
point defined by a morphism A" — A/I = k of A-algebras. Now, (9) implies that X, is open in X
and that X, — S is finite. Replacing X by X, we reduce to that case that A — A’ is finite étale
and A’ local with residue field k. But then the map k — k ® 4 A’ is necessarily an isomorphism,
and hence A — A’ is an isomorphism (by Nakayama it is a surjection of A onto a non-zero finite
free A-module, hence an isomorphism). This proves (2). Now we assume (2) and prove (10). If
f € A[T] is a polynomial as in (10), then C := A[T,1/f']/(f) is étale at the k-rational point
ag € Spec(C/I). Thus a suitable open neighborhood Spec(A’) of ag is étale over Spec(A). By (2)
we may find a section A" — A, and then the image of T' € C under C — A’ — A yields the desired
solution of f. O

We are now left with the two implications (6) = (2) and (7) = (9) (we will follow |24, Chapitre
VII, Proposition 3] now). To prove them we need Zariski’s main theorem.
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Theorem 10.22 (Zariski’s main theorem). (1) Let f: X — S be a morphism of schemes. Let
U C X be the set of points where f is quasi-finite, i.e., those x € X such that x is open in
f~Y(x). Then U is open in X.

(2) Let f: X — S be a quasi-finite and separated morphism. Then f is quasi-affine. More

precisely, if S is additionally qcgs, then there exists a factorization X 2> 8" =5 S with j a
quasi-compact open immersion and T a finite morphism.

Proof. This is [Stacks, Tag 01TI] and [Stacks, Tag 05K0]. The affine version of the theorem states
the more precise version that if A — B is a morphism of finite type, A’ C B the integral closure of
A in B and Spec(B) — Spec(A) quasi-finite at the point = € Spec(B), then the map Spec(B) —
Spec(A’) is an open immersion near z. This version is proven in |24, Chapitre IV.Théoréme 1]. O

Unfortunately, the proof of Theorem |10.22|is rather long (but not exceptionally difficult, i.e., it
does not use methods that we did not use yet). For this reason we have to skip its proof, and only
mention the following analog for complex analytic spaces.

Exercise 10.23. Let f: Y — X be a morphism of complex analytic spaces. Show that the set of
points y € Y such that f is quasi-finite at y is open. Hint: Embed locally Y — X x C", and use
projections as well as induction on n. If n =1 use Weierstraf$ preparation.

We can now prove one of the remaining implications.

Proof of Theorem[10.1¢ (7) = (9). We assume (7), i.e, that each finite A-algebra B is a product
of local rings. Now let f: X — S = Spec(A) be a morphism of locally finite type, which is
quasi-finite at x € f~1(s), where s = Spec(k) is the closed point of S. We may assume that X is
affine, and then by the first point of Theorem that f is quasi-finite as the quasi-finite locus
is open. By Theorem we can then assume that X is an open subset of some S-scheme S’
with S’ = Spec(B) — S finite. By assumption S’ is a disjoint union of spectra of local rings. Now,
X, C S’, but X NS’ is open, contains z and z € f~1(s). This forces X, = S.. In particular, X,
is open and closed in X as S’ is open and closed in S. O

Before proving (6) = (2) we give the following definition.

Definition 10.24. Let A’ be an A-algebra. Then A’ is called a standard étale A-algebra if
A" = A[T,1/g]/(f) for some monic polynomial f € A[T] and some g € A[T], such that the
derivative f’ of f is invertible in A’.

Clearly, each standard étale A-algebra is étale by the Jacobian criterion. Indeed, as the derivative
f" of f is invertible in A’ we exactly make the Jacobian criterion work and A’ is smooth over A.
But A’ is also quasi-finite over A, and hence étale. We now prove an easy case of (6) = (2).

Proof of Theorem (6) = (2) for standard étale A-algebras. Assume that A" = A[T,1/¢]/(f(T))
is standard étale and that o: A’ — k is an A-algebra morphism. This implies that f € k[T] has a
root ag, and moreover that ?/(ao) # 0 in k. By our assumption (6) we can lift ag to a zero a € A.

Sending T to a € A defines a morphism A[T]/(f) — A and as f/(ao) € k> and A is local, this
morphism will factor over A’. Hence, we produced the desired lift. |

Thus we have reduced (6) = (2) (and thus the final step of the proof of Theorem [10.16) to the
following general theorem, cf. |24, Chapitre 5, Théoréme 1|, [Stacks, Tag 00UE].

Theorem 10.25. Let g: X — S be a morphism and v € X a point such that g is étale at x.
Then there exists an open neighborhood U = Spec(A’) of © with image contained in an open affine
Spec(A) C S such that A" is a standard étale A-algebra.

Proof. To explain the statement let us first assume that S = Spec(k) is the spectrum of a field k.
Then X is a disjoint union of spectra of finite separable field extensions {/k. Localizing on X we
assume that X = Spec(l) for [/k a finite separable field extension. Now the theorem of the primitive
element implies that [ is generated by an element = € [ as a k-algebra. Thus [ = k[T]/f(T) for the
monic minimal polynomial f of z. Now f is separable which implies that f’(z) # 0 € [, and thus
1= K[T,1/f']/f is standard étale.

Now assume that S is a general scheme. Let s € S. By spreading out an isomorphism to a
standard étale of X x g S, from S, to an open neighborhood (this is possible by first shrinking X, S
to be qecgs and g to be locally of finite presentation), we may assume that S = Spec(A) for some
some local ring A with maximal ideal I. Let k := A/I be the residue field of A, corresponding to
the closed point s € S. We want now to lift from the case S = Spec(k) handled before. As X is
étale at x it is quasi-finite at . We may replace X by an open neighborhood of x and hence by
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Theorem [10.22] we may assume that X — S is quasi-finite, and in fact an open subset of a finite
S-scheme S’. Replacing X by S’ reduces to the case that g: X = Spec(B) — S = Spec(A4) is
finite. Now, B/I - B is a finite product of local k-algebra, one of which is k(x) as g is étale at x.
The extension k(x)/k is finite separable, and hence k(z) = k[T]/f(T') for some monic separable
polynomial f € k[T]. Let b € B/I be the element, which is zero in all factors, except for k(z),
and such b maps to the residue class of T' for the factor k(z). Let ¢ € B be a lift of b and set
C := Alc] € B. Let y € Y := Spec(C) be the image of x € X := Spec(B) under the map
h: X =Y. We claim that the map X, — Y, is an isomorphism. First, x is the only preimage
of y. Indeed, if z € Spec(B/I - B) maps to x, then the element ¢ € C is invertible in k(z), and
hence by definition of ¢ we can conclude that z = z. The morphism h: X — Y is finite (as
X — S is finite), and as shown, h~1(y) = {z}. This implies that X, =Y, xy X and hence that
X; — Y, is finite. Note that the map k(y) — k(x) is surjective (because ¢ mapsto to T'), and
hence an isomorphism. By Nakayama this implies that X, — Y}, is a closed immersion. However,
C — B is injective and hence X — Y is schematically dominant. Because X, = Y, xy X this
implies that X, — Y, is an isomorphism as claimed. As B is finite over A this implies that
C[1/d] = B[1/d] for some element d € C with d(y) # 0 (in k(y)). This implies that we may replace
B by C and assume that B = A[b] is generated by some element b € B (and finite over A). Let
r :=dimy B/I - B. Then 1,b,... ,5“1 generate B/I - B, which implies by the Nakayama lemma
that 1,b,...,b" ! generate B as an A-module. This implies that b” can be expressed in terms of
the 1,b,...,b" ! and hence that we have a surjection A[T|/(f(T)) — B for some monic polynomial
f € A[T]. As Spec(B) — Spec(A) is étale at x, the derivative f’ cannot vanish at z, and hence we
obtain a surjection A[T,1/f']/(f(T)) — B. The locus where Spec(B) — Spec(A) is étale, is open in
Spec(B) (by the Jacobian criterion), and hence there exists some g € A[T] such that B[1/g] is étale
and = € D(g) C Spec(B). We obtain the surjection A[T,1/(f'g)]/(f) — B[l/g] whose source is
standard étale. Geometrically, Spec(B[1/g]) — Spec(A[T,1/(f'g)]/(f)) is a closed immersion and
étale by Lemma But this implies that h: Spec(B[1/g]) — Spec(A[T,1/(f'g)]/f(T)) is the
inclusion of an open and closed subset. We may now localize A[T,1/(f'g)]/f(T) at the respective
idempotent e to reduce to the case that A is an isomorphism. Note that this localization does not
destroy the property of being standard étale as we can equivalently also localize at (f'g)"e € A[T)
for some n > 0. O

In the above proof we used the following useful observation.

Lemma 10.26. Let Y % X L S be morphisms of schemes and assume that f is unramified.
Then g is unramified (resp. étale resp. smooth) if and only if f o g is so.

Proof. The argument is standard by factoring g: ¥ — X over its graph Y — X xg¢ Y and using
that the graph is a base change of the diagonal of f. The essential point is that the diagonal A
of f is an open immersion as f is unramified, and hence étale. |

We can now prove our initial aim Theorem [10.13]

Proof of Theorem[10.13. Set k := k(m,). Assume that A satisfies (1). We check Theorem
(2), which then implies that A is henselian. Because as A/I = k is a field we may localize the
given étale A-algebra A’ at ker(o) and apply the assumption. Assume now that k’'/k is a finite,
separable field extension. By Lemma (applied to S = Spec(A) and Sy = Spec(k)) there exists
an étale A-algebra A’ with A’ ® 4 k = k' as k-algebras. By localizing we may assume that A’ is
local and essentially étale over A. By assumption A — A’ admits then a section, but after base
change to k this implies that & — &’ has a section, i.e., k = k’. Thus, k is separably closed.
Conversely, assume that A is strictly henselian and A — A’ is a local, essentially étale morphism.
Write A" = B, for an étale A-algebra B and some ¢ € Spec(B) (lying necessarily over my). By
Corollary (1) = (9) we get that A — A’ is actually finite, and hence finite free. As A — A’
is étale and A’ local we can conclude that k' := k(ma/) 2 k®4 A’. As k is separably closed, we
must have k = k’. But this implies that A — A’ is surjective by Nakayama’s lemma. Being a flat
local morphism of local rings it must finally be injective, and hence bijective. This finishes the
proof. O

Let us mention a non-obvious cohomological consequence of Theorem [10.16

Lemma 10.27. Let f: Y — X be an integral morphism of schemes. Then the pushforward
fx: Shap(Yer) — Shap(Xet) is exact, and commutes with any base change X' — X.

In particular, the statement of Theorem holds if f is an integral morphism (and then
without the restriction to torsion complexes).
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Proof. We may assume that X (and consequently Y) is affine. Let £: Spec(2) — X be a geometric
point and F € Shap(Yzt). Then

(Rfe(F))e = RF(XEh XX Ya]:|xgh><XY)

by Remark Using Lemma again (and Lemma to write F as a colimit of sheaves,
which arise via pullback from finite level), we may assume that ¥ — X is finite. By Theorem
we see that Xgh X x Y is a product of strictly henselian local rings. But Theorem implies
that T'(Spec(A), —) is exact for any strictly henselian local ring A. More precisely, we see that

f*(‘/—:)f = H‘an
i=1

where 71, ...,m,: Spec(2) — Y are the pairwise different lifts of £: Spec(©2) — X to Y. This
formula shows that f. commutes with any base change X’ — X because it commutes with base
change to geometric points. O

After having proven (most of) Theorem [10.16] we check for completeness that each analytic
algebra (in the sense of Definition [3.30]) is henselian.

Lemma 10.28. Let A be an analytic algebra. Then A is (strictly) henselian.
For alternative (more direct) proofs see |24, Chapitre VII, Proposition 4] or |10, Lemma 1.7].

Proof. We may assume that A = C{zy,...,2,} (by Corollary [10.17] (4)). Let A’ be an essentially
étale A-algebra. Then we can find a quasi-finite analytic A-algebra B with an injection A’ — B of
A-algebras (embed Spec(A’) into some Agy . 4), then we can use the exact same equations to define

a complex analytic space Z in C"™™ and take B as the local ring in Z defined by the closed point
of Spec(A’)). By Proposition we can conclude that A’ is a finite A-algebra (using that A is
noetherian) and then that A — A’ is an isomorphism as A’ has residue field C. By Theorem
this implies that A is (strictly) henselian. O

Henselian pairs exist in abundance.

Lemma 10.29 (|Stacks, Tag 0A02]|). Let A be a ring and I C A. Then there exists a unique (up
to unique isomorphism) A-algebra A% such that A% is henselian along I - A% and the natural map
AJT — AM/I - A% is an isomorphism. Moreover, it B is any A-algebra which is henselian along
I - B, then there exists a unique morphism A’} — B of A-algebras.

The A-algebra A%/I- A% is called the henselization of A in I.

Proof. We can define A% is the colimit over all factorizations A — B — A/I with A — B étale
such that B/I - B = A/I. By Theorem [10.16] we can conclude that A? is henselian along I - A%
and that it satisfies the universal property. O

For a generalization of the procedure of henselization, which also includes strict henselizations,
see |4, Definition 2.2.10]. Namely, for any ind-étale A/I algebra C, e.g., A/I = k a field and
C = k a separable closure, one can consider the colimit Hens4(C) of B’s running over diagrams
A — B — C of A-algebras with A — B étale.

10.30. Etale cohomology with Z-coefficients. In this section we want to calculate some exam-
ples of étale cohomology with Z-coefficients and in particular explain why the proper base change
theorem fails for non-torsion coefficients.

We start with the following observation on (continuous) group cohomology.

Lemma 10.31. Let G be a profinite group. Then

Here, the action of G on Z,Q/Z is trivial.

Proof. Consider the short exact sequence
0-Z2—-Q—-Q/2—0

of discrete G-modules (with trivial action). By we can conclude that H*(G,Q) = 0 for i > 1.
Using that Q = Q¥ — Q/Z = Q/Z¢ is surjective, the claim follows. O
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Remark 10.32. By H'(G, Z)) classifies Z-torsors P in the topos of discrete G-sets. As P =2 Z
(as sets with simply transitive Z-action) one checks easily that H'(G,Z) = Homeon(G,Z), and
the latter group vanishes because G is profinite and Z discrete.

We can draw the following consequence for étale cohomology.

Lemma 10.33. Let X be a scheme and i: {x} — X be the inclusion of a point.
(1) Hg(X,ix(Z)) =0.
(2) Assume that X is irreducible and that for each geometric point : Spec(Q2) — X the strict
henselization Xgh is irreducible. |f| Then H} (X,Z) =0.

Proof. Consider the distinguished triangle
i.(2) > Ri.(2) = Q
in D(X¢,2Z). Then Q € DZ1(Xg,Z) and thus we obtain an injection
0 — Hy(X,i4(2) = Ha(X, Riv(2)) = He ({2}, 2).

By the latter group vanishes. This shows (1).

Let n € X be the generic point, and i: {n} — X the inclusion. We claim that the natural
morphism Z — 4.(Z) is an isomorphism. This may be checked on stalks over geometric points
&: Spec(?) — X. But Xgh X x 1 is exactly the set of generic points of Xgh because Xgh is a
cofiltered inverse limit of étale maps over X. As X ‘gh is irreducible by assumption, this shows that
i+(Z2)¢ = Z as desired. Using (1) we can conclude that

HE (X, 2Z) = Hg(X,i.(2)) =0
as claimed. O

Example 10.34. By the same calculation as in [£:29] shows that for the nodal curve X =
Spec(k[x,y]/(y*> — x® — 2?)) — Spec(k) over some algebraically closed field k of characteristic # 2
we have H} (X,Z) = Z. Hence, the assumption on the strict henselizations in [10.33| cannot be
dropped.

We can now give an example that the proper base change theorem fails for Z, cf. |2, Exposé
XII, Section 2].

Example 10.35. Let & be an algebraically closed field, and consider a proper morphism f: Y — X
of relative dimension 1 with X a non-singular curve and ¥ — Spec(k) smooth. Assume that
z € X is a closed point, f is smooth over X \ {z} and that f~!(z) is an irreducible curve with
a unique singularity, which is an ordinary double point. Then HZ (Y,Z) = 0 by because Y
is regular, and in particular, geometrically unibranch. Using the same argument for preimages of
étale neighborhoods of x, we see that R!f.(Z), = 0. On the other hand, H'(f~!(z),Z) = Z by
[[0.34] and thus the proper base change theorem fails.

To get a concrete example, one can take X = AL = Spec(k[t]) with char(k) # 2 and Y C P% as
the vanishing locus of the homogeneous polynomial zy? — x3 — 222 — t23.

Let us try to understand the Z-cohomology of a smooth curve over some algebraically closed
field k.

Assume that j: {n} — Y is the inclusion of the generic point of some (qcgs) integral curve YV

over k.

Lemma 10.36. Let F € Shap(Yet) and assume that j*F = 0. Then the natural map

F— H Gy i F

y€Y closed
yields an isomorphism F = @ iy .iyF. In particular, H: (Y,F)=0 fori>0and H} (Y, F) =

y€Y closed
;%
in(F).
y€Y closed

Let 77: Spec(k(n)) — Y be a geometric point with image n € Y. The assertion j*F = 0 is
equivalent to F = 0 by

445uch a scheme is called “geometrically unibranch”, cf. [Stacks, Tag 0CB4], |Stacks, Tag 06DM]. For example,
X could be normal, cf. [Stacks, Tag 0BQ3|.
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Proof. The last assertion follows from the first using that k(y) is algebraically closed and
Let V' — Y be qcgs étale and s € F(V) a section. Because s; = 0, there exists an étale
morphism W — V' with open, dense image such that s,y = 0. This implies that the morphism
F—= 11 iy «iyJ factors over the injection

y€Y closed
B iy F— ] i F
y€Y closed y€Y closed
That the resulting morphism F — €  i,.i;F is an isomorphism can be checked on stalks,

y€Yclosed
where it is easy (using[10.9). |

Lemma 10.37. Assume that F € Shap(Yet) is an étale sheaf of Q-vector spaces. Then HE (Y, F) =
0 fori>2.

Proof. By we can calculate that
R'j.(j*F) =0
for i > 1 because the stalks are calculated by Galois cohomology of a Q-vector space. We get that
He(X, (5" F)) = He({n}, 5" F) = 0
for i > 1. Let K,Q, H be the kernel resp. image resp. cokernel of F — j.(j*F). Then
JFK=35"H=0
and thus K, H have no higher cohomology by We can conclude
Hi (Y, F) = Hy (Y, Q)

for i > 1, and H (Y, Q) = HL (Y, j.j*F) for i > 2. This concludes the proof. O

Set Z' := Z[1/p] if char(k) =p > 0 and Z' := Z if char(k) = 0.

Lemma 10.38. Assume that Y — Spec(k) is additionally smooth and connected. Then

Z,i=0
(2= |
H; *(Y,Q/Z), i=2,3
0, 1> 4.
Moreover,
Q/Z', i=0
i ~ JPic(Y)ior|l/p], i =1
i, (v,Q/z)) = { e el /2]
Q/Z,i=2
0, i > 3.

Proof. We can use the short exact sequence
0-Z—-Q—Q/Z—0

on Yz. Then the claim follows from [10.33 and More precisely, we can write Q/Z" =
li$r1 1/nZ/Z and use to calculate Q/Z’-cohomology via O
n prime to p

Let us note the following variant for torsion coefficients.

Lemma 10.39. Let k be a separably closed field and Y — Spec(k) a gegs finite type morphism of
dimension < 1. Then H} (Y, F) =0 fori >3 and any torsion abelian sheaf on Y.

Proof. By we may assume that k is algebraically closed. Moreover, we can reduce to Y being
integral, e.g., by passing to the normalization. By [0.17] [9.19] and [10.36] we can conclude. O
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10.40. Interlude on formal geometry. In order to follow the quite illustrative proof of the
proper base change theorem in |8, Arcata IV] we need some formal geometry. Thus, we do a short
glimpse on formal schemes, without developing their theory from scratch.

Let X be any scheme and Z C X a closed subscheme defined by some quasi-coherent ideal
Z C Ox. Then I™t! is quasi-coherent for n > 1, and defines a closed subscheme Z,, of X.
Clearly, Z = Zy and Zy C Z,, is a thickening, i.e., the closed subscheme Z; in Z, is defined by
some nilpotent quasi-coherent ideal sheaf. Now intuitively, a formal scheme ) is given by some
ind-system

YoCricrvC...

of thickenings of schemes, and as the most prominent example the formal completion X z of X
along Z is given by the ind-system

Z0CZ1CZsC ...

Clearly, we’d expect to have a natural morphism ay : X7 — X of formal schemes. In order to
realise this heuristic rigorously there are two possible approaches, cf. [Stacks, Tag 0AHY]:

(1) Let (Sch) — Fun((Sch), (Sets)), Y — hy be the Yoneda embedding. Set
9 :=lim hy,,

where the colimit is taken as fppf- or fpgc-sheaves.
(2) Define 9) as the locally topologically ringed space with underlying topological space || :=
|Yo| 22 |Y,,| and structure sheaf
Ogy = £l_ Oyn.

n

Both approaches have their advantages and disadvantages. For example, the first is quite intu-
itive, while it is easier to define sheaves and their cohomology via the second approach. Assume
now that X = Spec(A) is affine and Z = V(I) for I C A some ideal, which we assume finitely
generated. In this case the formal completion of X along Z is given by the ind-system

Spec(A/I) C Spec(A/I?) C Spec(A/I?) C ....
This motivates to consider the I-adic completion E[ = @A/I", which is an adic ring in the

following senseﬁ

Definition 10.41. An adic ring B is a complete topological ring whose topology is J-adic for
some ideal J C B.

In both approaches to formal schemes the local building blocks are given by Spf(B), where B
is an adic ring. In the functorial approach, Spf(B) is defined as the functor

R — Homeont (B, R) = li_I)nHom(B/J", R)

on rings. Here, R is given the discrete topology and the functor extends uniquely to all schemes
by the fpqc-sheaf property. In the other approach, one defines the underlying topological space of
Spf(B) as the set of open prime ideals of B and equips it with a suitable sheaf Ogy¢(p) of topologial
rings, e.g., Ospr(p) (Spf(B)) = B. In both cases, one then defines (adic) formal schemes by glueing
the (adic) affine formal schemes Spf(B)’s along open formal subschemes. Let us note that

Homformal schemes(Spf(C)a Spf(B)) = HomCOIlt (Ba C)

in either case. In particular, the category of schemes embeds fully faithfully into the category of
formal schemes.

Definition 10.42. A formal scheme X is locally noetherian if locally X = Spf(B) for B a noetherian
adic ring.

If X is a locally noetherian scheme, then the structure sheaf Oy is coherent and (using the second
approach) we get a nice abelian category Coh(X) of coherent (’)x—modulesm More concretely, if
X = Spf(B), then the functor

{finitely generated B-modules} — Coh(%X), M — M ®p Ox

45This uses that I is finitely generated.

46 priori, one might want to put topologies on the coherent sheaves for which they are complete, but for finitely
generated modules over an adic noetherian ring this is not necessary - the adic topology is here already complete
and each morphism is strict.
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is an equivalence. If X = X z is the formal completion of X along Z and Z,, the thickenings of Z,
then Coh(X) is equivalent to inverse systems F,, with F,, a coherent Oz -module such that the
transition map F,4+1; — F,, induces an isomorphism

Jrn+1 ®Oz OZ g-/__.na

n+1 n
cf. [Stacks, Tag 087W].
Assume now that A is a noetherian ring and f: X — S := Spec(A) is a proper morphism. Let
I C A be an ideal and assume that A is I-adically complete. Set

S, := Spec(A/I"™), X, := X x5S,
for n > 1. By definition, the formal completion of S along Spec(A/I) is Spf(A). Let X = X be
the formal completion at Z := Spec(A/I) xg X. Then we obtain a commutative (in fact cartesian)
diagram of formal schemes
X X X
fl Jf
Spf(4) 22 S.
The theorem of formal functions and Grothendieck’s existence theorem now imply the following
“formal GAGA” statement.

Theorem 10.43. (1) For any M € Coh(X) and i > 0 the natural map
®: abR f.(M) = R [ (o M)
is an isomorphism. In particular,

H'(X, M) = lim H'(X,,, M/T"*' M).

(2) The functor o : Coh(X) — Coh(X) is an equivalence.

Proof. Statement (1) is also called the theorem of formal functions and it is proven in [Stacks, Tag
087U]. More precisely, the second assertion implies the first. Namely, a§: Coh(S) — Coh(Spf(A))
is an equivalence because any finitely generated A-module is already complete (A is adic noether-
ian). Thus, it suffices to check ® is an isomorphism on global sections. Here, the LHS identifies
with H(X, M) and the RHS with l'ngi(Xn, M /I M) (this is a property of the coherent co-

n
homology of a proper formal scheme, cf. [12| IIT.Corollaire 3.4.4]). The fully faithfulness statement
in (2) follows from (1), cf. [Stacks, Tag 0883]. Essential surjectivity is proven in [Stacks|, Tag 088C|
by a reduction to the case of X = P’. O

Let us note the following corollaries.

Theorem 10.44. With the assumptions of [10.43, the following hold:
(1) The map mo(Xo) — mo(X) is a bijection.
(2) The functor Y =Y xx Xo induces an equivalence

®: {Y — X finite, étale } — {Yo — Xo finite, étale.}

Proof. Let us prove statement (1). It suffices to see that the map I'(X, Ox) — I'( Xy, Ox,) induces
a bijection on idempotents. As |Xy| = |X,| for any n > 1, we see that

Idem(Jim T'(X,, Ox,,)) & Idem(I'(Xo, Ox, ).

By
(X, Ox,) = T(X,0),

and the claim follows. As in the proof of [8:3] we can prove that the functor @ is fully faithful by
using Indeed, if Y, Y are finite étale over X, then X-morphisms Y — Y identify with open
and closed subsets I' C Y xx Y’ such that I' — Y is locally free of rank 1. Now, statement (1)
applies as Y x x Y’ is proper over S. Let now go: Yy — Xy be a finite, étale morphism. By [8.3
for any n > 0 the categories of étale X,,-schemes and étale Xy-schemes are equivalent (via the
base change from X,, to X(). This equivalence preserves finite étale schemes, e.g., by |Stacks| Tag
09ZV] or using Zariski’s main theorem to see that qcgs separated, universally closed étale
morphisms are finite. This implies that Yy lifts uniquely to a finite étale scheme g,: Y, — X,.
The inverse system g, Oy, defines now a coherent module A on the formal completion X of X,
in fact a finite, locally free Ox-algebra. By Grothendieck’s existence theorem A = o B for
some finite, locally free Ox-algebra B and then Y := Spec, (B) defines an X-scheme such that
Y xx Xo 2 Y,. This implies that Y — X is finite étale and thus the claim. O
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10.45. First cases of the proper base change theorem. By [10.8] and [I0.11] the proper base
change theorem [10.1]is equivalent to the following theorem.

Theorem 10.46. Let A be a strictly henselian local ring, S := Spec(A) and s € S the unique
closed point. Let f: X — S be a proper morphism and F a torsion abelian sheaf on Xe. Let
i: Xs:= X Xg 8 — X be the inclusion of the special fiber. Then the natural map

Hi (X, F) — Hi (X, F)
is an isomorphism for any i > 0.

Using approximation techniques (for X, A and F) one reduces to the case that A is noetherian,
and even the strict henselization of a finite type Z-algebra. In this case, the ring A is excellent. For
the details of this reduction, we refer to the literature, e.g., |2, Exposé XII|. Instead of following
[Stacks, Tag 095S], we will follow [8, Arcata IV] as the arguments there are quite illustrative.

We first want to explain the case of [10.46[ when F = A is a constant sheaf (with A some torsion
abelian group, when necessary), and i = 0, 1.

Note that

HY (X, A) = Homeont (m0(X), A)
for the connected components my(X) of X.
Hence, the special case i = 0 and F = A of [[0.46] follow from the following theorem.

Theorem 10.47. Let A be a local henselian, noetherian ring, S := Spec(A) with closed point s
and f: X — S a proper morphism. Then the map

7T0(X0) — 7T0(X)
18 a bijection, where Xg = X; = X X g s denotes the special fiber.
Proof. Let A™ be the completion of A and X’ := X x g Spec(A”) By [10.44] we know that
70(Xo) = 7o(X')

(note that A"/I =2 A/I and hence X’ xg Spec(A/I) = X,). The properness of f implies that
B :=T(X,0) is a finite A-algebra. Flat base change implies that

B®y AN F(X/, OX/).
As A is noetherian and B finite over A we see that B ®4 A" is the m4-adic completion B” of B.
As A is local henselian the finiteness of B over A implies

Idem(B) = Idem(B/mB)
by [10.16] This implies that

Idem(B) = Idem(B/mB) = Idem(B") = Idem(T'(X’, Ox/))
as desired. (As a warning let us mention that B/mB need not be isomorphic to I'(Xy, Ox,)). O
Next we discuss the case that ¢ = 1 and F = Z/n for some n € Z\ {0} of[10.46
Theorem 10.48. Let A be a local henselian, noetherian ring, S := Spec(A) and s € S the closed
point. Let f: X — S be a proper morphism and Xy := X Xg s the special fiber. Then the functor
®: {Y — X finite, étale} — {Yy — Xy finite, étale}, Y =Y xx Xo

is an equivalence of categories. In particular, for any finite group G the map

Hélt(Xv Q) - He’}t(X(),Q)
s a bijection.
Proof. The last assertion follows from the first because for G a finite group each G-torsor over
a scheme Z is represented by some finite étale Z-scheme. As in the proof of we can prove
that the functor @ is fully faithful by using [10.47] Indeed, if Y,Y” are finite étale over X, then
X-morphisms Y — Y’ identify with open and closed subsets I' C Y xx Y’ such that I' — Y is
surjective. Now, applies as Y x x Y’ is proper over S. Let as in the proof of [10.47] A" be
the completion of A at its maximal ideal m4, and X’ := X x g Spec(A”"). By [10.44] we see that it
suffices to see that for each finite étale X’'-scheme Y’ there exists a finite étale X-scheme Y such

that Y/ xx» Xog Y xx Xy. Using approximation by finite type schemes over Z, we may assume
that A is a local henselian, excellent ring. Now, consider the functor

B +— {isomorphism classes of finite étale schemes over X xg Spec(B)}.

Then Artin approximation [10.49|applied to it implies the existence of Y. This finishes the proof. [
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Here is the statement of Artin approximation that we used, cf. |5, Lemma 2.1.3].

Theorem 10.49. Let A be a local henselian, excellent ring with completion A™. Let F: (Alg,) —
(Sets) be a functor, which sends filtered colimits of A-algebras to filtered colimits. Then for any
element £ € F(A") and any n > 1 there exists an element n € F(A) such € =n € F(A/m™).

Proof. The essential ingredient is Popescu’s theorem, cf. [Stacks, Tag 07GC]: any flat morphism
R — R’ of noetherian rings, whose geometric fibers are regular, is a filtered colimits of smooth ring
maps with source R.

By excellency of A this can be applied to A — A", ie., AN = ligAi for some filtered system

iel

of smooth maps A — A;. Now, let £ € F(A"). By assumption on F' there exists some ¢ € I, such
that £ is the image of some ¢&; € F(4;) along F(4;) — F(A"). We know that A/m™ = A" /m™.
As A is henselian, the resulting morphism A; — A/m™ lifts to a section A; — A by Now we
can conclude because the image 7 of &; along F'(A4;) — F(A) does the job. O

Lemma 10.50. Let A be a local henselian ring, B a smooth A-algebra and n > 1. Then any
morphism B — A/w" of A-algebras lifts to a morphism B — A of A-algebras.

Proof. For simplicity, we assume n = 1 (this case is sufficient for us to prove . The general
case is proven in |16} p. I.8] (even for general henselian pairs). Set k := A/mA and let x € Spec(B)
be the image of the section Spec(k) — Spec(B). As A — B is smooth there exists an affine open
neighborhood U of z and an étale morphism U — Spec(A[T1,...,T,,]) such that  maps to the
zero section. Now, we may replace B by B @41, ... 1,,] A, where T; — 0 € A, and reduce to the
case that A — B is étale. Then the existence of the lift B — A is one characterization of a local

henselian ring, cf. O

10.51. The constructible topology. Let X be a qcgs scheme. Then the underlying topological
space of X is spectral, i.e., it is quasi-compact, each closed irreducible subset has a unique generic
point and there exists a basis of quasi-compact open subsets, which is stable under finite intersec-
tions, cf. [Stacks, Tag 08YG]. Now each spectral space admits a certain finer topology, namely the
constructible topology.

Definition 10.52 ([Stacks, Tag 08YF]). Let S be a spectral space. Then Scons is the topological
space with underlying set .S and the coarsest topology on S such that for each quasi-compact open
U C S the sets U and S\ U are open.

Clearly, the identity is a continuous map Scons — S.

Theorem 10.53. Let S be a spectral space. Then Scons is profinite, i.e., compact Hausdorff and
totally disconnected.

Proof. This is |Stacks, Tag 0901]. Admitting that each spectral space S is a cofiltered inverse limit
Hm S; of finite Ty-spaces ([Stacks|, Tag 09XX]) a slick proof can be given as follows: By definition of
il

tﬁe inverse limit topology a quasi-compact open subset of S is exactly the inverse image of an open
subset of some S;. This implies that the constructible topology on S is the inverse limit topology
when each 5; is given the discrete topology. Indeed, the constructible topology on a finite Ty-space
is the discrete topology. But this implies that S.ous is profinite. |

Example 10.54. Spec(Z)cons identifies with the one-point compactification of N.

A continuous map S’ — S of spectral spaces is continuous for the constructible topology if and
only if it is spectral, i.e., quasi-compact.
Definition 10.55. Let S be a spectral space. A subset U C S is called

(1) ind-constructible if U is open in Sgons,
(2) pro-constructible if U is closed in Scons,
(3) constructible if U is open and closed in Scons.

Thus, a subset U C S is constructible if and only if it is a finite union of VN S\ W for VW C S
quasi-compact opens.
Lemma 10.56 (|Stacks, Tag 0903]). Let S be a spectral space and U C S a subset.

(1) If U is pro-constructible and stable under specializations, then U is closed in S.
(2) If U is ind-constructible and stable under generalizations, then U is open in S.
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Proof. Passing to complements it suffices to show (1). Let x € U. Let B be the basis of quasi-

compact open neighborhoods of 2. Recall that [ V is the set of generalizations of . We claim
veB

(VU #0.

veB
Now, V.U C Scons for V' € B are closed and hence each V N U is a compact, Hausdorff space by
Theorem As each V N U is non-empty (as x € U) their intersection is therefore non-empty,
cf. [Stacks, Tag 0A2R]. This finishes the proof. O

that

The following is Chevalley’s theorem.

Theorem 10.57. Let f: Y — X be a morphism of qcqs schemes, which is of finite presentation.
Then feons: Yeons — Xcons S open and closed.

Using [10.56] and [10.57] we can conclude that each generalizing quasi-compact morphism of
schemes, which is locally of finite presentation is open. This proves [5.24]

Proof. The closedness is easy. Namely, if S’ — S is any spectral map of spectral spaces, then
S! s — Scons 18 a continuous map of compact Hausdorff spaces and hence closed. The openess is

proven in [Stacks, Tag 054K]. O

One motivation for introducing constructible subsets is approximation. If X = @Xi is a
el
cofiltered inverse limit of qcqs schemes X; along affine transition maps, then each constructible
subset of X is the pullback of some constructible subset of some X;.
For a noetherian topological space S each open set is quasi-compact, and hence the constructible
subsets of S are exactly the finite unions of locally closed subsets. In this case one can give the
following characterizations of constructible subsets, which we already used in [3.38]

Lemma 10.58. Let S be a noetherian topological space. Then a subset U C S is constructible if
and only if for any closed irreducible subset Z C S the intersection Z NU is either not dense in Z
or contains a non-empty open subset of Z.

Thus, if U is constructible, then U N Z cannot just be the generic point of Z.

Proof. This is |Stacks|, Tag 053Z]. O
10.59. Constructible sheaves. Let X be a scheme.
Definition 10.60 ([Stacks, Tag 05BE]). (1) A sheaf of abelian groups F € Shap(Xegt) is

called finite locally constant if it is represented by some finite étale X-scheme, or equiv-
alently (by descent, [7.13)) that there exists an étale covering {X; — X};c; such that
Fx, & M for some finite abelian group M.

(2) A sheaf of abelian groups F € Shap(Xes) is called constructible if for any affine open
U C X there exists a finite decomposition U = [[ U; of U into constructible locally closed

i=1
subschemes, such that Fy, is finite locally constant.
We denote the full subcategory of Shap(Xgt) of constructible sheaves by Sh..(Xgt).

Note that by B3] the U; can without loss of generality be assumed to be reduced. We will
mostly be interested in qcgs schemes. Here, the decomposition into constructible locally closed
subschemes exists globally.

Lemma 10.61 ([Stacks, Tag 095E]). Assume X is qcgs. Let F € Sha(Xet). The following are
equivalent:

(1) F is constructible,
(2) there exists an open covering X = |J U; such that Fjy, is constructible,
i€l
n
(3) there exists a partition X = [] X; into constructible locally closed subschemes, such that

i=1
Fix, is finite locally constant for each i.

Proof. Clearly, (1) implies (2). Assume (2). Then there exists a finite covering X = |J V; with
j=1
V; € X affine open and decompositions V; = [[ V; i into constructible locally closed subschemes,
k

such that .7-"% . are finite locally constant. Now each Vj ; is constructible in X because Vj i cons C
Vj.cons € Xcons are open and closed. Now [10.62] applies and yields the desired X;.
Now assume (3). If U C X is open, then we can take U; := U N X;. O
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Lemma 10.62 ([Stacks, Tag 09Y4|). Let T be a spectral space and T = |J V; with V; C T
j=1

n
constructible. Then there exists a finite constructible decomposition T = [] T; with T; C T con-
i=1
structible and locally closed such that each V; is a union of T;’s.
Proof. For a subset Z C T we set Z¢ := T \ Z. After refining the V; we may assume that
V; = U; N W7 for some quasi-compact open subsets U;, W; C T'. Let I be the finite set of closed
subsets of T' consisting of 0, T, U £, W5 for j =1,...,m and finite intersections of these. Then each
Z € 1 is constructible and closed in T'. For Z € I set

,:=2\ |J Z

z'el, 2'CZ
Then Tz C T is constructible and locally closed, and T'= [] Tz. Let now t € T and set
Zel
Zv= (] Z
zZel, teZ

Assume t € V; = U; N W75 for some j = 1,...,m. We claim that T, C V;, which will finish the
proof. Note that Z; C ch because t € ch. Assume now that there exists some z € Tz, \ V.
Then z € Uf (because z € Tz, C W¥). By definition of Tz, we get that ¢t € Uf, which is a
contradiction. O

One motivation for introducing constructible sheaves is approximation. If X = @Xi is a cofil-
iel
tered inverse limit of qcgs schemes along affine transition maps, then by the third characterization
in each F € Sh.(Xg) is the pullback of some constructible sheaf F; on some X;. Together
with 8.1} [8-2] and [10.65] this allows approximation in the proof of the proper base change theorem
by noetherian schemes, even of finite type over Z.
We can draw further consequences.

Lemma 10.63. Let X be a scheme.

(1) If F € Shan(Xet), then F being constructible can be tested Zariski-locally on X .

(2) The category of finite locally constant F € Shay(Xet) is closed under finite limits, finite
colimits and extensions. In particular, it s abelian.

(3) The category She(Xet) C Shap(Xet) is closed under finite limits, finite colimits and exten-
sions. In particular, it is abelian.

(4) If f: Y — X is a morphism of schemes, then f~1(Sh.(Xeg)) C She (V).

Proof. The first part follow from the second assertion of[I0.61] The second assertion holds for finite
locally constant abelian sheaves on any topos. The crucial statement is each morphism of finite
locally constant sheaves is locally constant, and hence the kernel /cokernel are locally constant, too.
By (1) the last assertions are local on X and hence we may assume that X,Y are qcgs. Now note

that two finite decompositions X = [[ X; = [[Y; into constructible locally closed subschemes
i=1 j
admit the common refinement X = [[X; NY;. This implies that (3) follows from (2). As the

i,
base change of a constructible locally closed decomposition is again a constructible locally closed

decomposition, (4) holds. O
The typical example of a constructible sheaf is the following.

Lemma 10.64. Let f: U — X be an étale morphism of qcqs schemes, and F € Shay(Us) finite
locally constant. Then fiF is constructible on X.

Proof. If f is finite étale, then fiF = f.(F) (e.g., by checking on stalks using [10.27)) and f.(F) is
finite locally constant on X. Indeed, this claim is étale local on X and hence one can reduce to
n
the case that U = [] X is just a disjoint union of copies of X.
i=1
We now reduce the general case to the finite étale case by passing to a stratification on X. As
the claim is Zariski-local on X we may assume that X is affine. By approximation we may assume
that X is noetherian. By noetherian induction it suffices to find some open, dense subset V C X
such that U xx V' — V is finite étale, as then we can refine the decomposition X = V[ X\ V
further using induction. But over the (finitely many) generic points of X, the morphism f is finite
étale (using to assume that X is reduced). Spreading out, this shows the existence of V. O
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Note that each constructibe sheaf is a torsion sheaf. Conversely, we get the following.

Lemma 10.65. Assume that X is qceqs. Let F € Shap(Xet) be a torsion sheaf. Then F is a
filtered colimit of constructible sheaves.

Proof. As F is torsion, 7= lm F [n], and we may assume that F is a sheaf of Z/n-modules

7 NoNn-zero

for some non-zero n € Z. Using that qcgs étale morphisms U — X form a basis for X¢ and
we can write F as a cokernel of a map

D firz/n) = @ g50(2/n),

el jeJ
where f;: Uy = X, g;: V; = X are qcgs étale morphisms and I, J sets. Taking a filtered colimit
over finite subsets of I, J, then shows the claim by using and |10.63 O

Another motivation for introducting constructible sheaves is a reduction to constant coefficients.
The precise statement that we need is the following.
Theorem 10.66. Let X be a scheme.
(1) If f: Y — X is a finite morphism of finite presentation and F € Sh.(Ys), then f.(F) is

constructible.
(2) Let F € Shap(Xet). If F is constructible and X qcgs, then there exists finite and finitely
presented morphisms f;:Y; — X, i =1,...,m, finite abelian groups M; and an injection
F o [] £i-(AL).
j=1

If X is noetherian, the converse holds.
In order to be able to prove this theorem, we need some preparations.

Lemma 10.67. Let X be a noetherian scheme and F € Sho(Xet). If G C F is a subsheaf, then G
is constructible.

Proof. Using noetherian induction, we can reduce to the case that X is integral and F finite locally
constant. It suffices to show that G i is finite locally constant for some open, dense subset U. To
show this we may étale localize on X and hence assume that F is constant. Let 1 be the generic
point of X and 77 be a geometric point of X with image 7. Now, after replacing X by some étale
neighborhood of 77 the stalk G C 5 can be spread out to some finite constant subsheaf F "C g
with the same stalk at 7. Evaluating on connected V' — X étale shows that 7/ = G as subsheaves
of the constant sheaf F. ]

Lemma 10.68. Let X be a Noetherian scheme, F € Sh.(Xe). Assume that F; C F,i € I, is a
filtered system of subsheaves of F. Iflig]:,- = F, then F; = F fori> 0.
iel

Proof. Fix ig € I and replace I by the filtered category ig/I. Argueing on a decomposition we
may assume that F and F;, are locally constant (for F;, we use here). Enlarging ig we may
then even assume that F;, = F because checking whether a morphism of locally constant sheaves
is an isomorphism can be done at a point for each of the finitely many connected components of
X. This implies the claim. O

Lemma 10.69. Let X be a gcgs scheme and F € Shap(Xe) be a torsion sheaf. Then F is
constructible if and only if the functor Homgy,,  (x,,)(F,—) commutes with filtered colimits.

Proof. 1If F is constructible, then F is the cokernel of a morphism

P finz/mi) = @B 1;:(2/my)

i=1 j=1
for some f;: ¥; = X qcgs étale morphisms and m; € Z\ {0}. Indeed, this claim is Zariski local on
X and then can by approximation by shown for X noetherian. Then it follows from and the
proof of|10.65| Now, each Hom(f;1(Z/m), —) = Hom(Z/m, f}(—)) commutes with filtered colimits
by [B-I] as the Y; are qcgs. This implies the same for F by the 5-lemma and exactness of filtered
colimits. Conversely, assume that Hom(F, —) commutes with filtered colimits. By F is the
filtered colimit of its constructible subsheaves F;. But then the identify 7 — F must factor over
some F; and F = F; is constructible. O

We can now prove [10.66)
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Proof of[10.66. We show (1). By Zariski localization and approximation, we may assume that
X is noetherian. By noetherian induction it suffices to show that there exists a non-empty open
dense subset U C X such that f.(F )|U is constructible. Note that the statement is invariant
under universal homeomorphisms by [8-3] and that universal homeomorphisms of finite presentation
spread outﬂ Generically, Y — X is a finite étale morphism (up to universal homeomorphisms).
This reduces the statement to [[0.64

Now we prove (2). By absolute approximation we may assume that X is noetherian, cf. |Stacks],
Tag 01ZA]. Assume that F is constructible. By it suffices to show that for any geometric
point T of X with image x, there exists a finite morphism f,: Y — X, a finite abelian group
M and a morphism F — f,M whose stalk at T is injective. We may assume that z € X is
the generic point by replacing X by the closure of z. As F is constructible, there exists a finite
extension K /k(x) such that Fispec(x) = M is constant. Let f: Y — X be the normalization of X
in Spec(K) (note that this morphism is integral, but not necessarily finite - we’ll take care of that
in a second).

Let j: Spec(K) — Y be the inclusion. Then j.(M) = M by normality of Y, cf. Consider
the composition

F = [(fPF) = LG F) = (M) = fu(M).

By we can conclude that Fz — (f.(M))z is injective.

Now write Y = @K — X as a cofilterd limit of finite morphisms f;: ¥ — X, cf. [Stacks, Tag

iel

0817]. Then f.(M) = @f,*(M) by Now by [10.69| the morphism F — f,(E) will factor over
el

some f; .(E) as desired. Finally, {10.67and (1) the converse holds. O

10.70. Reduction to constant coefficients. We now explain how to reduce the proper base
change theorem to constant coefficients.

Proposition 10.71. Let X be a noetherian scheme and Z a closed subscheme. Assume that for
any finite morphism X' — X, any n € Z\ {0} the map
Hi (X', Z/n) — Hi(Z xx X', Z/n)
is bijective for i = 0 and surjective for i > 0. Then for any torsion sheaf F on X the map
Hét(‘xv]:) — Hgt(Z7]:|Z)
1s bijective for any i > 0.
In order to prove this proposition, we need to investigate some homological algebra.
Definition 10.72. Let C be an abelian category, and T: C — (Ab) be a functor. The functor T is

called effacable if for any A € C and any « € T'(A) there exists a monomorphims u: A — M such
that T'(u)(a) = 0.

The basic example is the following.

Lemma 10.73. Let X be a gcgs scheme and C = Sh.(Xes). Then T(—) := H} (X, —) is effacable
for any i > 0.

Proof. Let F be a constructible sheaf. Then nF = 0 for some n > 1. Let now F — Z be an
injection with Z an injective sheaf of Z/n-modules. Then H,(X,Z) = 0 and by [10.65|Z is a colimit
of its constructible subsheaves. By and [B.1] we can conclude. O

Now, by [10.66] the following lemma implies [I0.71] by taking
T.(_) = Hé.t(Xﬂ _)7 S.(_) = H.(Z7 (_)IZ)7 C= ShC(Xét)

and & as the class of constructible sheaves of the form [] f;.(M;), where f;: X; — X is a finite
i=1
morphism and M; a finite abelian group.

Lemma 10.74. Let C be an abelian category and ¢®: T®* — S*® be a natural transformation of
cohomological §-functors (with values in abelian groups). Assume that T® is effacable fori > 0 and
let £ C C a class of objects such that each A € C can be embedded into some E € £. Then the
following properties are equivalent:

(1) ¢ : T'(A) — S*(A) is bijective for any i >0 and A € C.

(2) For E € & the map oY, is bijective, and ¢ is surjective for i > 0.

47The critical point is spreading out the surjectivity of the diagonal, cf. |Stacks, Tag 07RR], which implies
universal injectivity.
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Proof. The implication (1) = (2) is trivial. Let us assume (2). We argue by induction on i > 0.
Let A € C. Let A — E be an injection with E € £. As T°(A) — T°(E),S°(A) — SY(E) are
injective, we see that ¥ is injective. The injectivity of <p?4 /E then implies bijectivity of ©% by
the 5-lemma. Now assume that statement is known for some ¢ > 0. Consider the commutative
diagram

TY(E) —— TYE/A) —— TH(A) —— THYE) —— TY(E/A)

i i i+1
N

SHE) —— SHE/A) —— S1(A) —— SHY(E) —— Si+1(E/A)

1R

with exact rows. Let a € T (A) with ¢ (a) = 0 € S"+1(A). By effacability of T°+! we may,
after possibly changing E, assume that a maps to 0 in T+1(E). Then a diagram chase reveals
that @ = 0. Using that LszH is surjective and gogr/lA injective (this we have shown already for any

object in C) a diagram chase shows that gpfjl is surjective. O

We can draw the following corollary.

Lemma 10.75. Proper base change holds in cohomological degree 0 for any proper morphisms and
for any torsion abelian sheaf.

Proof. Using the usual approximations the proofs of [I0.74] and [I0.71] reduce this to [10.47} O

10.76. End of the proof. We now finish the proof of [I0.1}
Consider a commutative diagram

"

y 2 v

]
X Ly x
A
s -2 S
with both squares cartesian. If[10.1] holds for f and h, i.e., for the two inner squares, then it holds
also for f o h, i.e., the outer (cartesian) square. This can be checked directly.

Lemma 10.77. The following are equivalent:
(1) Proper base change holds for f and any torsion abelian étale sheaf on X,

(2) For any prime £, any injective sheaf F of Fg-modules on X and any q > 0 the sheaf
Rifl(g"*F) on S’ is trivial

Proof. That 1) implies 2) is trivial. The reverse implication is a usual dévissage: First one reduces
to sheaves of Fy;-modules. Then one can use [10.74] O

Lemma 10.78. Assume that proper base change holds for h and f o h, and that h is surjective.
Then proper base change holds for f.

Proof. We useand pick some injective Fy-sheaf 7 on Xg;. We have to show that R?f,(¢"*T) =
0 for ¢ > 0. Let h*Z — J be an injection with 7 an injective Fy-sheaf on Y. Then the adjoint
map Z — h.(J)(= Rh.(J)) is injective as can be checked on stalks using that h is surjective. As
7 is injective, this injection split and it suffices to show the claim for Z replaced by the injective
Fe-sheaf h, (7). Now, our assumptions imply

RfL(g""h.(T)) = Rf.(RK,(g"*T)) = R(f' o I').(¢"*(T)) = g"R(f © h).(F) € D=°
as desired. 0

Checking on stalks, reduces the proof of proper base change for f to the case that S is affine.
By Chow’s lemma there exists a diagram

y oy x

N

with & projective, surjective, and foh projective. By[I0.78 we can thus assume that f is projective.
Picking some closed immersion ¢: X — P§ — S reduces to the case that X = P% (using that the
proper base change theorem holds for closed immersions by [10.9)).
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Lemma 10.79. Let A be any ring and let Fy, ..., F, € Alz1,y1,...,Tn,yn] be the polynomials
such that

n

H(xit +y;) = Fot" + Ft" '+, . +F, € Alt,z1,91, -, T, Yn)-

i=1
Then for S := Spec(A) the morphism
On: Py Xg...xs Py —=PL ((x1:9v1),. o (@0 i yn)) = (Fo:...: Fy)

18 finite surjective.

Proof. Tt suffices to show that ¢ is quasi-finite, which reduces us to the case that A = k is a field.
Take

z2=1(20:...:2,) € PG.
Note that o, *(D%(29)) is the locus where each z; # 0, i = 1,...,n. The resulting morphism
g _>Ag’ (yla-~-7yn) = (017~-~7Un)
is given (up to sign) by the elementary symmetric polynomials o1, ..., o, in the y;. This morphism

is finite free of degree n!. Hence, we may assume that z € V*(zg). But ¢ 1(V*(2)) is
TIPS xs ... xs VF(@i) xs...P§ = Pet = V¥ (z) C PE.
i=1

because Fy = x7 ...x,. On each direct summand on the left identifies with ¢,,_;. Hence, induction
reduces to the case that n = 1. Here, the morphism is just the identity. ]

Thus by we can reduce to the case for Py — S. In this case, we can apply to see
that it suffices to check that the following assertion.

Assume that A is a local henselian, noetherian ring, S = Spec(A4) and s € S the unique closed
point. Let f: X — S be a proper morphism, whose special fiber X, has dimension < 1. Then for
n > 1 the map

H(X,Z/n) — Hi(Xo,Z/n)
is bijective for i = 0 and surjective for i > 0.

If i = 0,1, then the assertion follows from and

Now, the case i > 3 is trivial by [I0.39] Hence, assume i = 2. Clearly, one may assume that n
is a prime power p”. If p = char(k), where k is the residue field of A, then Artin-Schreiter theory
implies H (Xo,Z/p") = 0, cf. Thus, assume that n is invertible in k.

As X has dimension < 1, the map

5x,: Pic(Xo) = HE, (Xo,Gp) — HZ (Xo, 2/721/(1))
=Z/n
is surjective (in fact this reduces to the case by passing to normalizations and perfections as
the Frobenius on Pic(X() induces multiplication by p and n is prime to p). By naturality of the
connecting morphism ¢ _ it suffices to check the next theorem.

Theorem 10.80. Let A be a local henselian ring, S := Spec(A) and s € S the unique closed point.
Let f: X — S be a separated morphism of finite presentation and assume that the special fiber
Xo =X xg s is of dimension < 1. Then Pic(X) — Pic(Xy) is surjective.

Proof. For simplicity, we assume that X is integral and that A is noetherian. The general case
is proven in 13| Corollaire (21.9.12)]. As X is quasi-projective (because X is of dimension < 1
and separated), each line bundle on X can be represented by some Cartier divisor. Indeed, it
is sufficient to construct a rational section of a line bundle and for this it suffices to see that
the finite set of associated points of X is contained in some affine open, cf. |13, Proposition
21.3.4]. But the last assertion is implied by quasi-projectivity of Xy. Hence, we have to see that
the map Div(X) — Div(Xy) on Cartier divisors is surjective. Each Cartier divisor on Xj is a
linear combination of Cartier divisors, which are support at a single point in X, because Xy is of
dimension 1. Hence, let Dy be an effective Cartier divisor with support a closed point xy € X
and pick a section ¢ty € Ox, », such that Dy = V() in an open neighborhood of zy in Xy. On
some affine open U C X of zy we may find some ¢t € Ox (U) restricting to to. As we assume that
X is integral the element ¢ is regular on U. Set Y := V(¢) C U. After shrinking U we may assume
that Y N Xg = {zo}. Then Y — S is quasi-finite at z. By we may write Y = Y7 [[ Y2 with
Y1 — S finite and Yo N Xy = (. Replacing U by its open subset U \ Y7, we can assume that Y — S
is finite. As X — S is separated, Y is therefore closed in X. Now, Y is an effective Cartier divisor
on X, namely X =UUX \Y and Y is an effective Cartier divisor on Y and the empty divisor on
X \ Y. This finishes the proof. O
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At this point we have finished the proper base change theorem@

11. APPLICATIONS OF THE PROPER BASE CHANGE THEOREM

As in [£:22) the proper base change theorem implies that we can define a reasonable theory of
exceptional pushforward, or cohomology with compact support.
More precisely we use Nagata’s theorem on compactifications.

Theorem 11.1. Let f: X — S be a separated morphism of finite type. Assume S is qcqgs. Then
there exists a commutative diagram

with j an open immersion and h: X — S proper.

Proof. This is [Stacks, Tag 0F41]. |

Definition 11.2. Assume that f: X — S is separated of finite type and S qcgs. We define
Rfi: D (X) — D L(9)

tor
as Rh, o j for any compactification of f as in [I1.1]
As the category of compactifications of f: X — S is cofiltered (by taking fiber products over
S) this definition does not (up to isomorphism) depend on the compactification, cf.
If S = Spec(k) with k a separably closed field, then we also write
RTo(X, =) = Rfi(-)
and
H: (Xa _)
for the “compactly supported cohomology”.
The next lemma uses proper base change (and solves an exercise from [4.21)).

Lemma 11.3. Assume that g: Y — X, f: X — S are separated and of finite finite type and that
S is gcgs. Then there exists an isomorphism

R(fogh = RfioRg: D

tor

(Y) = D (S)
of functors.

Proof. We can construct a diagram

Ix

y Ly z
Rﬁ l’t
XTY
Kﬁ

S

with f,g and h proper and jy,jx open immersions and the top right square cartesion. Namely,
start with a compactification X of X. Then let Z be a compactication of the morphism ¥ —
X — X and define Y := X X~ Z. The resulting morphism ¥ — Y is then an open immersion
as because the composition with the open immersion j% is an open immersion. Let L € Dt (Y).
Then the natural map

xR, (L) = Rhy(jx (L))
is an isomorphism. Indeed, after applying j% it is clearly an isomorphism (using that the diagram
is cartesian and . After restricting to X \ X both sides are 0. For the left hand side this clear
and for the right hand side this follows by the proper base change If now K € D;f (Y), then
we can calculate
Rf o Rgi(K)
Rf*.]X,'Rg* (jY,!K)
Rf.Rh.j jy, K
R(f o h).(jx o jy WK
R(fog)(K)
using that Y — Z is a compactification of Y over S. |

1R 1R 1R

48veah!
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Example 11.4. Let f: X — S be separated and of finite type with S qcgs.

(1) There exists a natural transformation Rf; — Rf,, which is an isomorphism if f is proper.
Indeed, this can be constructed using the natural transformation ji — Rj. for an open
immersion.

(2) If f is étale, then using and one checks that Rf) = f,, where the LHS refers to
and the RHS to the fi used in[10.9]

As in we get the following very useful version of proper base change.

Theorem 11.5. Consider a cartesian diagram

x -9 x

o
s —2 8
of qcgs schemes with f separated and of finite type. Then there exists an isomorphism
g Rfi == Rf{g""
of functors Dt .(X) — Dy

tor tor (Sl) :
Proof. This reduces to the case that f is proper or an open immersion. The proper case is handled
by and the open immersion case was proven in [10.9 (|

If g =¢&: 5 = Spec(2) — S for some separably closed field with image s € S, then the stalk
Rfi(K)¢ can easily be calculated as RI'.(X xg Spec(Q2), K| xxsspec(n)). Now, Rfi can also be
calculated locally on X, e.g., if X = U UV is a union of two opens and S = Spec(k) with k a
separably closed field, then there exists a distinguished triangle

RL.(UNV,Kjyav) = RU(U,K|y) ® RT.(V, K|v) = RI'.(X, K)
for any K € Dt (X). These two properties make Rf; much more accessible than Rf,.

tor
As an illustration let us prove the following theorem.

Theorem 11.6. Let f: X — S be separated and of finite type with S qcqs and all fibers of
dimension < n. Then

R fi(F)=0
for all F € Shyor(X) and all i > 2n.

Proof. By we may assume that S = Spec(k) with k separably closed. Then we can find an
affine open U C X such that X \ U is of dimension < n. Using excision and induction this reduces
to the case that X = U is affine. Then we can embed X C A] for some m > 0. Now, the
projections

AP — APt . — AL — Spec(k)
show that X can be written as an iterated relative curve. This reduces to the case that n < 1,
where we proved the result in

O
Theorem 11.7. Let f: X — S be a separated morphism of finite type and S qcgs. If F € Sho(Xet
is constructible, then R f\(F) is constructible for each i > 0.

Proof. This is |8, Arcata, IV.(6.2)]. Note that constructibility of R!f.(F) can not be tested on
geometric points of S. Hence, the argument proceeds by localizing on X and then reducing to the
case that f: X — S is a proper, smooth curve. O

Now assume that X is a scheme of locally finite type over Spec(C). By we get a morphism
of topoi
a: Xan =2 Xon — X
of topoi such that (—)*" := o* sends an étale morphism Y — X to its analytification f2":Y?" —

X?" from [3.24] The next theorem compares compactly supported étale cohomology of schemes
with Betti cohomology.

Theorem 11.8. Let f: X — S be a separated morphism of finite type of schemes of finite type
over Spec(C). Then for any K € Dt (X) there exists an isomorphism

tor

(RAK))™ — R (E™).
In particular, RT (X, K) = R[.(X?", K°").
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Proof. Using the proper base change theorem on both sides reduces to the case that X is a proper,
smooth curve over S = Spec(C) and K = Z/n for some n > 1. Then we can conclude by |§| and
the GAGA theorem, |3.50 O

Finally, let us prove the important projection formula.

Theorem 11.9. Let f: X — S be a separated morphism of finite type with S qcqs. Let A be a
torsion ring. Then there exists an isomorphism of functors

Rfi(—) ®% (=) = RA((—) @ f*(=)): DT (X, A) x DT (See, A) — DT (S, A).

Proof. We may reduce to the case f is a quasi-compact open immersion or proper by using com-
patibility of both sides with compositions in f. The case that f is a quasi-compact open immersion
can easily be checked on stalks. More generally, the case that f is qcgs étale can be reduced to
checking that the natural morphism

A=) &% [7(=) = fi(=) ®F ()
is an isomorphism, by checking this on stalks. If f is proper, then there exists a natural map
Rf.(A) ®% B — Rf.(A®x f*B)
for A € DT (Xg,A) and B € DT (Sg, A). Now, one can reduce to the case that B = ¢ (A) for some
qecgs étale map g: U — S. Let ¢': X' := X xgU — X and f': X’ — U be the projections. Now
we calculate (using the projection formula for g, ¢’ and proper base change)
Rf.(A) @ gi(A)
9(9"Rf«(A))
9(Rf(g"A))
Rfi(g/(g""A))
Rf(A®] gi(A))
RA(A @K f*g1(A))

as desired. O

1R 1R 1R 1R

12. 6-FUNCTOR FORMALISMS AND POINCARE DUALITY

This section is rather sketchy and the reader is advised to consult [30] for definite statements.

We assume that k is an algebraically closed ﬁelﬂ and that all schemes in this section are
separated and of finite type over Spec(k). We fix some n > 1, which is invertible in k and for a
scheme X (subject to our conventions for this section) we set

D(X) :=D(X¢, Z/n).

Under our restrictions, we get further cohomological vanishing results.

Theorem 12.1. Assume that X is affine and F € Shyor(Xst). Then
Hg (X, F) =0
for each i > dim(X).
Proof. This is [8, Arcata IV.(6.4)]. Let’s do the reality check that X is a smooth curve and
F =2Z/n. Let j: X — X be the canonical compactification of X with non-empty boundary
i: Z — X. We claim that R'j.(Z/n) is isomorphic to the skyscraper sheaf i,(Z/n). This can be
checked by passing to the strict henselizations, which are spectra discrete valuations rings (as X
is a smooth curve over k). Let R be such a strict henselization with fraction field K, and let us
identify Z/n = p,,. Then
Hyy (Spec(K), pin) = Z/n
generated by the image of a uniformizer 7 € K* under the map K* — H} (Spec(K), y,) coming
from Kummer theory. On the other hand, H},(Spec(R), uun,) = 0 because R is strictly henselian.
This shows the claim. Given that R'j.(Z/n) = i.(Z/n) we consider the resulting distinguished
triangle
Z/n = Rju(Z/n) — in(Z/n)[-1],
which yields an exact sequence
Pz/n-e. - HL(X,Z/n) - HE (X, Z/n).
2€Z =Z/n

49By 8.3| we could equivalently assume k separably closed as the base change to the algebraic closure would not
change the étale site.
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Now, HZ(X,Z/n) = Z/n is generated by the Chern class of the line bundle O(z) for each point
x € X and one checks that each e, mapsto the Chern class of O(z) (up to some sign). O

implies that for any K € D(X) the natural map
K — Rlim7="K

is an isomorphism, cf. [Stacks, Tag 0D6S]. This allows to extend the proper base change theorem
and the projection formula to all of D(X), and thus to define Rf on all of D(X).
Now, the association X +— D(X) is an example of a “6-functor formalism”. This refers to the
following data:
(1) for each X the tensor product functor —®x — := — ®§/n —: D(X)x D(X) — D(X), and
the internal Hom-functor RHomx (—,—): D(X)°? x D(X) — D(X),
(2) for each f: Y — X a pullback functor f*: D(X) — D(Y'), which admits the right adjoint
Rf.: D(Y) — D(X),
(3) for each f:Y — X the “exceptional push forward” Rf: D(Y) — D(X), which admits a
right adjoint f': D(X) — D(Y),
such that for f: Y — X the projection formula

Rfi(-) ®x (=) = RA(-) ®y ()
is satisfied. Actually, Liu/Zhen and Mann have introduced a very precise notion of a 6-functor
formalism, which is discussed nicely in Scholze’s lectures on 6-functor formalisms in WS22/23 at
the university of Bonn.
The existence of the “exceptional pullback” f' (which does not exist on the abelian level!) follows
formally from the fact that Rfi commutes with all direct sums in D(Y'), cf. [Stacks, Tag 0A8G].
From now on we assume that the functors Rfi, Rf.« are derived, and therefore we drop the R.

Example 12.2. It follows formally from the theory of localization for topoi, cf. and
that if f: Y — X is étale, then f' = f*.

We want to better understand the functor f'. For X let 1x € D(X) be the unit for the tensor

product, i.e., 1x = Z/n is the constant sheaf associated with Z/n. Given a map f:Y — X and
A € D(X) there exists a natural map

F(A) @ f'(1x) = f'(A).
Indeed, by adjunction we have to construct a map

projection formula
~

AU (A) @ f(1x)) = A® fi(fi(1x) — A
and here we can take the one induced by the counit fi(f'(1x)) — 1x (using that 1x ® A = A).
The object f'(1x) is also called the dualizing complex for f.
Definition 12.3. We say that f: ¥ — X is weakly cohomologically smooth if
(1) for any A € D(X) the map f*(A) ® f'(1x) — f'(A), which constructed above, is an
isomorphism.
(2) the object f'(1x) € D(Y) is invertible with respect to ®, and compatible with any base
change, i.e, for any cartesian diagram

y 2y
fl lf
X s X
the natural maplﬂ g f'(1x) = f"(1x) is an isomorphism.

If any base change of f: Y — X along some X’ — X is weakly cohomologically smooth, then f is
called cohomologically smooth.

For example étale morphisms are cohomologically smooth (with f'(1x) = Z/n)), and in [12.15
we will see that more generally any smooth morphism is cohomologically smooth.

Exercise 12.4. We leave it as an exercise that the class of cohomologically smooth morphisms is
stable under base change and composition.

Let us first clarify how invertible objects in D(X) look like.

base change

50 Adjoint to f[’g’f!(lx) = g*fif'(1x)) = ¢*(1x) = 1/ with the second map induced by the counit.
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Lemma 12.5. Let X be a scheme and assume that n is a prime power. Then L € D(X) is

invertible for ® if and only if there exists an open closed decomposition X = [[ X; and Z/n-local
iel
systems L; of rank 1 on X; such that L)x, = L[n;] for some n; € Z.

Proof. The proof can be found in [Stacks, Tag OFPY]. O

It is a nice observation of Zavyalov |30] that checking cohomological smoothness is actually
rather easy!

Let f: Y — X be a morphism, and let p1,p2: Y Xx Y — Y be the projections, and A: Y —
Y xx Y the diagonal.

Definition 12.6. A trace-cycle theory on f is a triple (wy,trs,cla) of
(1) an invertible object w; € D(Y),
(2) a morphism try: fiwg — 1x, called “trace morphism?”,
(3) a morphism cla: Ajly — piwy, called “cycle map”,
such that the diagrams
ly —— priA(ly)

:\L lpu (cla)

ly — p1(P3wy)

and

I~ " 1 (Id®cla) « «
wp —— pay(piws ® Ai(ly )T =— Doy (piwy ® phwy)

J, trp2 Ry l

wf —= Ix @wy +——— p2,1pjws @ wy
commute. Here, tr,, denotes the base change of try. More precisely,
N base fcilange N IR G
trp, pLa(p(ws)) = fThlwy) T =T f(x) =1y
and similarly for trp,.

Now, Zavyalov’s observation is the following.

Theorem 12.7 (|30, Theorem 3.3.1, Remark 3.3.2]). A morphism f:Y — X is cohomologically
smooth if and only if f admits a trace-cycle theory.

Proof. Assume that f is cohomologically smooth. Then by definition w; := f'(1x) is invertible in
D(Y). Let try: fi(wy) — 1x be the counit. Consider the cartesian diagram

Y xxY —25Y

J{Pl J{f
y —F ,x

Then p; is cohomologically smooth by assumption, with dualizing complex

wp, = pi(1y) 2 ph(wy).
This implies that 1y 2 A'pi(1y) 2 A'(p3(wy)), whose adjoint Ai(1y) — piws we set as the cycle
map cla. Now one checks that (wy, try, cla) is trace-cycle theory.
The converse in |30, Theorem 3.2.8] uses a bit more formalism, that we won’t develope here. In
the end we need to see that the functor f*(—) ® wy is adjoint to fi(—). Now, the map

. projecti% formula I1d®tr ¢
K (=) @wy) & (- ® filws) =" (=)
will serve as the counit, and the unit will constructed using cla. The two diagrams in the
yield the triangle equalities needed for the adjunction. O

Let us construct the basic example of a trace-cycle theory.

Example 12.8. Consider f: Y = P} — Spec(k) and assume that n is prime. Byand the fact
that any finite, étale cover of Y = P,1€ splits, we see that the invertible objects in D(Y") are exactly
the Z/n[i] with i € Z. As f is proper, we have fi = f.. We claim that an interesting trace-cycle
theory for f can only exist if ¢ = 2 (and then it does exist!). Now, fi(Z/n[i]) =2 Z/n[i]®Z/n[i - 2].
Because n is prime, we thus have only the possibilities ¢ = 0,2 to construct some non-zero trace
map

F(Z/nli]) = Z/n[0] = Lspecqt
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and then we have (up to multiplying by some unit in Z/n) take the respective projection. Let
us analyze our possibilities for cycle class maps, i.e., maps Ajly = A,ly — p5Z/nli] = Z/n[i].
Let U =Y Xgpecr) ¥ \ A(Y) be the complement of the diagonal. Then we have a distinguished
triangle
RHomy xy (i.Z/n,Z/n[i]) = RHomy xy (Z/n,Z/n[i]) — RHom(jZ/n,Z/nli]).
Now,
RHomy wy (Z/n,Z/nli]) = Z/nli] ® Z/n®%[i + 2] @ Z/n[i + 4]
by the Kiinneth formula (which is implied by the projection formula here), and
RHom(j1Z/n,Z/nli]) = R (Ust, Z/nli]).
If © = 0, then we get a short exact sequence
Homy xy (Z/n,Z/n) —» T(Y x Y,Z/n) = T(U,Z/n),
which shows Homy «y (Z/n,Z/n) = 0. In particular, we can only expect some trace-cycle theory
on Y fori=2.

In order to finish the construction of a trace-cycle theory for P}, we introduce cohomology classes
associated to divisors.

First we formalize the concept of an n-th root of a section a line bundle. For the next lemmata
we can assume that X is a general scheme, i.e., not separated and of finite type over Spec(k). Let
m > 1.

Lemma 12.9. Let X be scheme, L a line bundle on X and s € T'(X, LZ™). Then the functor

F: (Sch/X)°P — (Sets), (T L X) s {x € f*(L) | 2™ = s € £L5™)
is representable by some finite, locally free scheme Zp s over X with a pm,-action, which makes

Zr.s into a pum-torsor if (and only if) s: Ox — L™ is an isomorphism.

If m is invertible on X and s an isomorphism, then the f,,-torsor Z. s is finite, étale and hence
defines a class cl(Zzs) € HL (X, fim).

Proof. First note that p,, acts on the functor F', via

pom (T) X F(pim) = F(pm), (¢ 2) = ¢ .

Given this, all the claims are local on X and hence we way assume that £ =2 Ox and X = Spec(A)
is affine. Then F' is represented by Spec(A[T]/T™ — s), which is finite, free over X. If s € A is
invertible, then after replacing A by any faithfully flat A-algebra B such that s admits an m-th
root, e.g., B = A[T]/(T™ — s), we may assume that there exists some x € A* such that z™ = s.
Then o y
AITI/(T™ — 5) = AT/ (™ - 1), T - T/a,
fin-equivariantly. Now, Spec(A[T]/(T™ — 1)) 2 u,, over Spec(A), which finishes the proof. O
We now construct classes associated with divisors.

Definition 12.10. Let X be a scheme and 7: D — X the inclusion of an effective Cartier divisor
with complement j: U — X.

(1) For a sheaf F € Shap(Xg) of Z/m-modules we set Hi,(Xg, F) := Homx (i.(Z/m), F[j])
and call it the cohomology of F with support in D.
(2) Let s: Ox — Ox(D) be the section defining D. Then we set

(D) € Hp(Xet, pm)
as the image of CI(ZOX(D)‘U,S‘U) € HL (U, tim)-
Note that the distinguished triangle 0 — 5Z/m — Z/m — i.Z/m — 0 yields a distinguished
triangle
RHomx (i.(Z/m), F) — RHomx (Z/m,F) — RHomx (ji(Z/m),F),
which in turn yields a long exact sequence
.= HL(U,F) = B N(X, F) —» H WX, F) — HPNU, 7" F) — ...

because RHomx (jiZ/m, F) =2 RHomy (Z/m, j*F) = Rl (U, j*F). This defines the natural map
alluded to in [2.100

Remark 12.11. The image of cl(D) € H% (X, pm) in H(X, f1,,) under the natural map (induced
by Z/m — i.(Z/m)) is by construction the first Chern class ¢; (Ox(D)).
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Remark 12.12. If f: Y — X is a morphism, such that D xx Y is again an effective Cartier
divisors, then f*(cl(D)) = cl(D x x Y'). Thus, cycle classes of effective Cartier divisors are natural.

Now, let us come back to and in particular again assume that all schemes are separated
and of finite type over Spec(k).

Example 12.13. We continue with and fix an isomorphism pu, = Z/n. We have an exact
sequence

Hi (Y xY,Z/n) = Hi(U,Z/n) — HA(Y xY,Z/n) = HZ (Y x Y,Z/n) = HE (U,Z/n)
=0
and we can use this to construct interesting morphisms i.(Z/n) — Z/n[2]). By the Kiinneth

formula HZ (Y xY,Z/n) =Z/n-cl(Y x {oo}) ®Z/n - cl({oc} x Y). We claim that « is injective.
For this we consider the composition

ar: HE (Y xY,Z/n) — HZ(U,Z/n) — HE (U \ {oc} x Y, Z/n),
which kills the class cl({oo} x Y) (by naturality of the cycle classes, [12.12]). On the other hand
a1(cl(Y x {oo})) restricts to cl({0} x {oo}) on U N ({0} x Y) = P\ {0} and this class in
H{, oy (Pi\{0},Z/n) = Hjy (P \ {0,00},Z/n) = Z/n
is the class of the divisor oo in P} \ {0}, which corresponds to the p,-torsor of n-th roots of T on
Pi \ {0,00} = Spec(k[T,T~1]). Here, we used Hj (At,Z/n) = HZ (AL, Z/n) = 0, cf. to get
H{2OO}(P,1€ \ {0},Z/n) = H}, (P} \ {0,00},Z/n). Using now the map

az: HA(Y X Y, Z/n) — HL(U,Z/n) — HL(U\ Y x {oc},Z/n)

€

with an analogous calculation, we see that « is injective. As a consequence of the injectivity of a
we can conclude that (canonically)

Homy wy (An(Z/n), in[2]) 2 HA(Y X Y, i) = Hey (U, pn) = Z/n,
generated by the class cl(A).
We can now construct the trace-cycle theory for P}C.
Lemma 12.14. Let f: Y := Pj — X := Spec(k) and set wy := p,[2]. Let
try: Rfo(wy) = 1x
be the unique morphism mapping the first Chern class c1(Op1 (1)) € H2(Pi, pn) = HO(Rf.(wy)) to
1€Z/n=H1x). Let
Aa: Au(ly) = pylwy) = pinl2

be cl(A) € HA(Y X Y, pp) = Hom(A,(Z/n), pin[2]). Then (wy,try, cla) is a trace-cycle theory for
Pi.

Proof. First note that trp, ,trp,, are similarly the unique maps such that the first Chern classes of
Oy xy (Y x {o0}) resp. Oy xy ({0} X Y) map to the element 1 € Z/n. The commutativity of

ly —— piAi(ly)

:\L lpu (cla)

ly — p1(P3wy)

can be checked after base change to closed points on Y. Let y € P} be closed, then composition
on the right identifies with the map

cl({y}) tr
Z/n J H{2y}(P11c7Mn) _>H2(Plia:u'n) 4 Z/'nﬂ
and this is the identity because Oy (y) = Oy (1). The commutativity of

o L(Id@cla)
wi —— pai(piwr @ Ai(ly)) —— pa.(pfws @ piwy)

7J = trpy Wy * J,
wp s Ix Quyp «————— p21piwr QO wy

can be checked after restricting to the fiber of py over some y € Pj. closed. Then the composition
along the right side of the diagram identifies with the map

. tr
pn[2] 2= RT(PL, 10 [2]®iy,4(Z/n)) = RU (P, pn[2]@pn[2]) = RT(P, i [2]) @i [2] = Z/n@ 2],
which is the identity because the class of y mapsto 1 € Z/n under try. ([l
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For d € Z and a scheme X we define the d-th Tate twist 1x(d) := Z/n(1)®?, where Z/n(1) = py,
denotes the étale sheaf of n-th roots of unity (which secretely is isomorphic to Z/n after choosing
a primitive n-th root of unity in @

We can deduce the following.

Theorem 12.15. If f: Y — X is smooth, then [ is cohomologically smooth and, if f has constant
relative dimension d, then the dualizing complex wy is naturally isomorphic to p242d).

Proof. Note that and the fact that étale morphisms are cohomologically smooth,
that every scheme étale over some relative A% is cohomologically smooth over X. Using descent
of oco-categories, one checks that the property of being cohomologically smooth is local on Y, cf.
[30, Lemma 2.3.16]. The identification of wy is discussed in [30, Section 4]. This finishes a sketch
of an argument. |

We can deduce now easily that Poincaré duality holds.

Example 12.16. Assume that f: X — S := Spec(k) is proper and cohomologically smooth. In
particular, Rf, = Rf and for A € D(X), B € D(Spec(k)) = D(Z/n) there exists an isomorphis
RHomg(Rf.(A), B) = RHomx (4, f*(B) @ f(Z/n)).

Now, assume that A = Z/n, B~ Z/n. Using f'(Z/n) = Z/n(d)[2d] := p®¢[2d] we obtain
RHomg , (RT'(Xs,Z/n),Z/n) = RHomx (Z/n, f*(Z/n) ® Z/n(d)[2d]) = RT'(X¢, Z/n(d)[2d]).
Now we look at the i-th cohomology object for some i € Z. Using that Homgz,,(—,Z/n) is an

exact functor (Z/n is injective as an Z/n-module by Baer’s theorem), we get

HomZ/n(He_t’L(X7 Z/?’l), Z/n)

Homg,,(H ™" (RI'(Xe, Z/n)), Z/n)

Hi(RI(Xer, Z/n(d)[2d))

HE™(X,Z/n(d)).

Taking ¢ € [—2d, 0] shows that f satisfies Poincaré duality if it satisfies a much stronger form of
the usual Poincaré duality for compact (real or complex) manifolds.

[P ramr:

In particular if S = Spec(k), then
Homg ,, (Hy(X,Z/n),Z/n) = H*¥7*(X, Z/n(d)).
for d := dim(X). This allows us to compute the cohomology of AZ.

Example 12.17. We have

i o )Z/n,i=0

Indeed, we know RT.(A¢,Z/n) = Z/n(d)[2d] (by induction and embedding into P¢ for example).
Now we can use [12.16]

For further applications of Poincaré duality we refer to |30, Section 1.3].
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